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Preface

This book has grown out of an approach to establishing the large
deviation principle (LDP) for probability measures that originates
from viewing the LDP as an analogue of weak convergence of prob-
ability measures and develops tools for proving it along the lines of
the ones used in weak convergence theory. Let us recall that, given a
Hausdorff topological space E equipped with Borel o-algebra B(FE),
a function I : E — [0, 00] such that the sets {z € E: I(z) < a} are
compact for a € Ry, a net {P;,$ € ®} of probability measures on
(E,B(E)), and a net of non-negative numbers {r4, ¢ € ®} such that
re — 00 as ¢ € ®, the net {Fy, ¢ € @} is said to obey the LDP with
rate function I for scale r if

1
limsup — In Py(F') < — inf I(z) for F' being a closed subset of F,
PED 7”¢ zeEF

1
liminf — In P4(G) > — inf I(z) for G being an open subset of £.
$ed T4 2€G

The definition being modelled after the definition of weak conver-
gence of probability measures, it is not surprising that there are sim-
ilarities between methods of deriving the LDP and weak convergence,
e.g., both theories make use of characteristic functionals, projective
limit arguments, continuous mappings, characterisation of relative
compactness in terms of certain tightness conditions, and others.
Our purpose is to explore this analogy in more depth and sys-
tematically build on it for studying properties of the LDP. The first
important step is to recognise and treat the rate function as a limit
case of the probability measure rather than merely as an asymptotic
value. More precisely, we consider the set function II(A) on E de-
fined by II(A) = sup,c4exp(—I(z)) as an analogue and a limit of
probabilities, so we call it “a deviability”. We next look for proper-

xi
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xil

ties of II that are inherited from probabilities in the hope that this
will help us to identify it, e.g., we are interested in an analogue of
the martingale property.

A distinctive feature of deviability is that it is “maxitive” in that
II(AU B) =TI(A) v II(B). Maxitive set functions have been known
as possibility measures in possibility theory and idempotent mea-
sures in idempotent measure theory (also referred to by the names
“max-plus calculus” and “min-plus calculus”). We adopt the name
“idempotent measure”; on the other hand, the notation II, which is
used not only for deviabilities but also for general idempotent mea-
sures “of mass 17, is borrowed from possibility theory. Developing
“a stochastic calculus” for idempotent measures is the subject of
part I of the book. We start with basic axioms, consider extension
theorems, measurability issues, idempotent expectations and condi-
tional idempotent expectations, topologies on spaces of idempotent
measures, and other analogues of the constructions of probability
theory. The axioms for an idempotent measure are mostly the same
as the ones used in possibility theory and idempotent measure the-
ory so we recover some of the results of these theories. Besides, we
extensively analyse the 7-smoothness property of idempotent mea-
sures that requires a certain type of “continuity from above” and
has been prompted by the fact that deviabilities are T7-smooth with
respect to decreasing nets of closed sets. We also undertake a study
in the spirit of the general theory of stochastic processes of idempo-
tent analogues of stopping times, filtrations, stochastic processes, Ito
differential equations, martingales and semimartingales (which we
call maxingales and semimaxingales, respectively), and martingale
problems (referred to as maxingale problems). Being motivated by
applications to large deviation theory, by no means do we consider
analogues of all standard probability topics, the most notable omis-
sions being analogues of the theory of limit theorems and theory of
Markov processes. Our focus is on developing weak convergence the-
ory for idempotent measures and those parts of “maxingale theory”
that are instrumental in deriving large deviation limit theorems.

Part 11 studies the large deviation setting. In order to emphasise
the view of a deviability as a limit of probabilities, we refer to “the
LDP for the P4 with rate function I” as “large deviation (LD) con-
vergence of the Py to II”. Thus, the P, are said to LD converge to

© 2001 by Chapman & Hall/CRC
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II at rate ry if

limsup Py(F)/"¢ < TI(F) for F closed, (0.0.1)
peD

ligliq)lrlde)(G)l/qu > TII(G) for G open. (0.0.2)
€

In our study we actually use a different form of the definition of LD
convergence that states that the P, LD converge to II (at rate ry) if

lm / h(z) dP¢(z)>1/ " sup h(=)T1(2) (0.0.3)
ped z2€ER
E

for all Ry -valued bounded and continuous functions h on E. For
general Hausdorff spaces properties (0.0.1) and (0.0.2) are stronger
than (0.0.3). One could draw the line by referring to (0.0.1) and
(0.0.2) as narrow large deviation convergence and (0.0.3) as weak
large deviation convergence. However, for Tihonov spaces (i.e., com-
pletely regular T}-spaces), which we mostly consider and which seem
to suffice for concrete large deviation settings, the two forms are
equivalent; so we refer to the property specified by (0.0.3) as large
deviation convergence. The advantage of using definition (0.0.3) is
that many proofs can be significantly shortened (which fact is ex-
plained to some extent by both the limit and pre-limit objects being
certain norms).

We explore general properties of LD convergence in the form
(0.0.3) in the first section of part II, where our methods are similar
to those of studying weak convergence of measures and idempotent
measures. The rest of part II considers LD convergence of the distri-
butions of semimartingales for the Skorohod topology on the space
of right-continuous with left-hand limits R?-valued functions on R .
Here we are able to implement the approaches used for deriving con-
vergence in distribution for semimartingales such as characterisations
of limits in terms of their finite-dimensional distributions and as so-
lutions to martingale problems. We interpret the limit deviabilities
as distributions of idempotent processes and state the results in the
form of LD convergence in distribution of semimartingales to semi-
maxingales. For example, we formulate the LDP for diffusion pro-
cesses with small diffusion terms as LD convergence in distribution
to an idempotent diffusion. We give applications to LD convergence
of Markov processes and processes arising in queueing systems. Our

© 2001 by Chapman & Hall/CRC
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results for queues are in the same theme as corresponding weak con-
vergence results. As a byproduct, the results of part II show that
possibility theory can be viewed as a large deviation limit of proba-
bility theory.

The book concludes with two appendices. Appendix A proves
certain auxiliary results invoked in the main body of the book. Ap-
pendix B contains additional comments on the results and biblio-
graphical notes; the latter reflect the author’s view of the related
work and are by their very nature subjective, nor do we make any
claim to completeness of the list of references.

© 2001 by Chapman & Hall/CRC



Basic notation

R, = [0,)
Ry = [0,00]
aVb the maximum of ¢ and b
at = aVvo0
alNb the minimum of ¢ and b
la] the integer part of a
fog the composition of functions f and g
N the set of natural numbers
Z4 the set of non-negative integers
Ty the inner product of vectors z and y
|z the Euclidean norm of a vector z
ol the transpose of a matrix o
llo]] the operator norm of a matrix o
o? the pseudo inverse of a matrix o
ol/? the square root of a positive semi-definite symmetric matrix o
A° the complement of a set A
AB the collection of functions from a set B to a set A
P(A) the power set of a set A
Q(A) the collection of finite subsets of a set A
1(A), 14 the indicator function of a set A
int A the interior of a subset A of a topological space
clA the closure of a subset A of a topological space
B(E) the Borel o-algebra on a topological space E
B(Ry) the Lebesgue o-algebra on Ry
B([0, 1)) the Lebesgue o-algebra on [0, ¢]
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Theory
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Chapter 1

Idempotent probability
measures

In this chapter we introduce idempotent analogues of basic objects of
probability theory such as probability measures, random variables,
expectations, conditional probabilities and expectations, and others,
and study their properties.

1.1 Idempotent measures

In this section we define the notion of an idempotent measure and ob-
tain an extension theorem. We also introduce idempotent analogues
of a measure space and probability space.

Let 2 be a set and &€ be a collection of subsets of 2, which contains
(. Let P(€2) denote the power set of 2. We reserve symbols ¢ and
¥ to denote directed sets, and J to denote arbitrary index sets.

Definition 1.1.1. A set function p: P(2) — Ry is an idempotent
measure on ) if the following conditions hold:

(10) u(0) =0,
(k1) p(AUB) = p(A) Vv u(B),

(12) p(UpAg) = supy u(Ag)
for every increasing net {Ag, ¢ € @} of subsets of ).

If, in addition,

© 2001 by Chapman & Hall/CRC



6 Idempotent probability measures

M) u(®) =1,
the idempotent measure is called an idempotent probability measure

or idempotent probability, for short, and denoted by IL.
If, in addition to (10), (pl) and (u2),

(u3) u(NgFy) = infy p(Fy)
for every decreasing net {Fy, ¢ € ®} of elements of £,

then we say that the idempotent measure is T-smooth relative to &,
or, for short, is an E-idempotent measure.

Remark 1.1.2. Throughout, we use the terms “increasing” and “de-
creasing” as synonyms of “non-decreasing” and “non-increasing”,
respectively.

Remark 1.1.3. Property (ul) shows that p is an increasing and
subadditive set function in that p(A) < u(B) if A C B and p(A U
B) < u(4) + u(B).

The following characterisation of idempotent measures is a
straightforward consequence of the definition.

Lemma 1.1.4. Conditions (ul) and (u2) are equivalent to the con-
dition
n(lJ 45) = supp(4y) (1.1.1)
= J
for every collection {Aj, j € J} of subsets of Q, which in turn is
equivalent to the representation

p(A) =supp({w}), ACQ. (1.1.2)
weA

The function p({w}) is called the density of p. We also refer
to property (u2) as 7-smoothness along increasing nets (it should
not be confused with 7-smoothness, which concerns decreasing nets
of elements of £) and to property (1.1.1) as 7-maxitivity. For set
functions that are only defined on subsets of {2 we use a similar
terminology introduced by the following definition.

Definition 1.1.5. A set function p : & — Ry is mazitive (re-
spectively, T-mazitive) on € if p(AU B) = pu(A) V u(B) for every
A€ & and B € € such that AU B € £ (respectively, ,u(UjeJAj) =
sup,c ;s t(A;) for every collection of sets Aj € &, j € J, such that
UjesAj € ).

© 2001 by Chapman & Hall/CRC



Idempotent measures 7

Given a collection &, we denote by &, (respectively, &;) the col-
lection of arbitrary unions (respectively, intersections) of elements of
E. If finite unions (respectively, intersections) of sets from £ belong
to &, then we may and often do assume that the sets in an infinite
union (respectively, intersection) of elements of £ form an increas-
ing (respectively, decreasing) net relative to a directed set. We also
denote &, = (&;), and observe that it coincides with &, = (Eu);-
The collection &, is clearly closed under the formation of arbitrary
unions and intersections.

We recall the following definitions.

Definition 1.1.6. A collection € of subsets of 2 is called a paving on
Q if it contains O and is closed under the formation of finite unions
and intersections. A collection £ of subsets of Q2 is called o w-system
if it is closed under the formation of finite intersections.

The next lemma shows that if ;1 is an idempotent measure that
is 7-smooth relative to a paving &, then the values of y on &, are
uniquely specified by the values on & so that there is at most one
extension of u from & to &;,.

Theorem 1.1.7. Let £ be a m-system containing ) and p be an &-
idempotent measure. Then

p(A) = sup u(B), A€ &,
Beé&;:
BCA

u(B) = inf u(F), BEE:
FOB
The proof follows by 7-maxitivity and 7-smoothness of u, and
the fact that each set in &; is an intersection of a decreasing net of
elements of £.
The following simple fact is useful for extension theorems (see
Theorem 1.1.9 below). We give the proof to show a typical argument.

Lemma 1.1.8. If an idempotent measure u is T-smooth relative to
a w-system & containing (), then it is T-smooth relative to &;.

Proof. Let {Ay,® € ¥} be a decreasing net of elements of &;, i.e.,
Ay = ﬂ¢€<l>¢ Fyg, where Fyy € £. Let A be the collection of fi-

nite sequences 0 = {(Vs, ¢i,), (Vi biy), - - ., (Vi b5, )}, where Vi, €V,
Vi, < iy, < .00 < 9y, and ¢ € (1)1/)1 for I = i1,49,...,1x. We say

© 2001 by Chapman & Hall/CRC



8 Idempotent probability measures

that § < ¢ if all the pairs (¢ ¢) that appear in ¢ are also con-
tained in §'. For 6 € A, let Bs = ((y4)es Fvo- Then A is a di-
rected set and {Bs,0 € A} is a decreasing net. Also B; € £ and
ﬂwew Ay = sea Bs, so, since p is an £-idempotent measure,

u( N A¢> = inf u(Bjs). (1.1.3)

0eA
pew

For arbitrary 6 = { (v, ¢i,), (Yiy Pin)s - -+ (Vi b))}, let s > by, j =
L,...,k. Then, since {Ay,1 € ¥} is a decreasing net, it follows that

Bs D Ayy; hence,

> > i — _
w(Bs) 2 p(Ay;) 2 ind p(Ay) = inf p(4y)

Thus, in view of (1.1.3),

u( N Aw) 2 Inf p(Ay).
pew

O

We consider now the issue of extending set functions to idempo-
tent measures.

Theorem 1.1.9. Let £ be a paving on Q. Let p be an R, -valued
mazitive function on € such that p(0) = 0.

1. The set function p can be extended to an idempotent measure
w* on Q if and only if it is T-smooth along increasing nets, i.e.,
for every increasing net {Fy} of elements of £ whose union
belongs to €& we have

n(JFs) = sup u(Fy).
¢ ¢

The extension is uniquely specified on &,.

2. The set function u can be extended to an £-idempotent measure
w* if and only if the following condition holds.

(S) If{F14} and {F>y} are respective increasing and decreas-
ing nets of elements of € such that

UF17¢ D) ﬂFQ#,,
o (U

© 2001 by Chapman & Hall/CRC



Idempotent measures 9

then

Sl;)pu(fw) 2 inf p(Fyy).

The idempotent measure u* is then also T-smooth relative to & and
is uniquely specified on ;.

Proof. We first consider part 1. Necessity of the condition is obvious.
We prove sufficiency. We first note that in view of maxitivity of p
and the fact that £ is closed under the formation of finite unions the
condition of 7-smoothness along increasing nets implies T-maxitivity
of pon &. For w e Q, let

p({wy) = jnf u(F), (1.1.4)
weF

and for A C Q let

w(A) = sup " ({w})- (1.1.5)
weA

Clearly, p*(A) is an idempotent measure. We prove that p* agrees
with g on €. Let F € £. By (1.14) p*({w}) < p(F) if w € F, so
by (1.1.5) p*(F) < p(F). Conversely, given € > 0, let F¥ € & for
w € F be such that w € F“ and p*({w}) > p(F¥) —e. Then by
(1.1.5) p*(F) > supy,ecp p(F*¥) —e€. Since F' = |, p(F' N F¥), where
FNFY €& by the fact that £ is closed under the formation of finite
intersections, and pu is T7-maxitive and increasing on &,

pu(F) = sup p(FNFY) < sup p(F*) < p*(F)+e.
weF weF

Part 1 is proved.

We prove part 2. It is obvious that if there exists an idempotent
measure p*, which is 7-smooth relative to £ and coincides with x4 on
&, then condition (S) holds. For the converse, we note that condition
(S) implies the condition of T-smoothness of u relative to increasing
nets of elements of £ in part 1. Therefore, by part 1 the set function
p* defined by (1.1.4) and (1.1.5) is an idempotent measure, which
extends . We prove that p* is an &;-idempotent measure. Note
that since p is maxitive on £ and £ is closed under the formation of
finite unions, condition (S) extends to the case where {F 4} is an

© 2001 by Chapman & Hall/CRC



10 Idempotent probability measures

arbitrary collection of elements of £. Next, by Lemma 1.1.8 it suffices
to check (u3) for decreasing nets of elements of £. Let Fyy | F', where
Fy € €. Given € > 0, we choose for every w € F sets F¥ € £ as
in the proof of sufficiency in part 1. Since U,cpF¥ D NyFy and
condition (S) extends to arbitrary collections {F7 ;} of elements of
&, we conclude that sup,epo p(FY) > infy p(Fy) so that p*(F) >
supyep 1 (F%) — e > infy, p(Fy) — €, which completes the proof.
The fact that pu* is unique on &, follows by Theorem 1.1.7. [J

Remark 1.1.10. If £ is a ring, i.e., closed under the formation of
differences, then condition (S) is equivalent to continuity of p at 0:
if Fy 10, then u(Fy) L 0. Theorem 1.1.9 is then an analogue of
Caratheodory’s theorem, see, e.g., Halmos [58].

Remark 1.1.11. Wang and Klir [133, Theorem 4.9] prove an ex-
tension theorem in the theme of part 1 for the case where the collec-
tion & is not necessarily closed under the formation of finite unions
and intersections. Then the requirements on u of maxitivity and
T-smoothness along increasing nets are replaced by the following P-
consistency condition:

if a collection {F;} of elements of £ and F € & are such that
F C U;F}, then p(F) < sup; p(Fy).

Similarly, part 2 admits a version for collections € that have the
only property of including the empty set. Condition (S) then has to
be replaced by the following condition:

(8') If {F1,} is a collection of elements of € and {F5y} is a de-
creasing net of elements of £ such that

U Flyj D) m F2,¢,
J (i
then

sup p(F5) 2 10f pu(Fyy).
J

Condition (S") is necessary and sufficient for p to be extended to an
E-idempotent measure. If £ is o w-system, then by Lemma 1.1.8 the
extension is T-smooth relative to E. We note also that condition (S")
implies the P-consistency condition.

© 2001 by Chapman & Hall/CRC



Idempotent measures 11

Finally, if in part 2 we only omit the requirement that £ be a
w-system, then the extension p* also exists and is an E-idempotent
measure.

We will be interested in more special collections of subsets of €2
than pavings and m-systems. The following notion plays a central
part in our analysis below.

Definition 1.1.12. A collection A of subsets of §) is a T-algebra if
it contains O and is closed under the formation of complements and

arbitrary unions. The elements of A are referred to as A-measurable
subsets of 2.

The power set P () is obviously a T-algebra, we refer to it as the
discrete T-algebra.

Definition 1.1.13. A collection &€ of subsets of 2 is said to be atomic
if it has a subcollection &' = {A,}, consisting of non-empty subsets
of Q, such that either Ay N Ay =0 or Ay = Ay for every a and o,
and F € & if and only if F = UAq, where the union is taken over
Ao CF, A, € E'. The elements of £ are called the atoms of £.

The structure of T-algebras is revealed by the next theorem, which
follows from the definition.

Theorem 1.1.14. A collection A, which contains () and 2, is a
T-algebra if and only if it is atomic.

We denote as [w] 4 the atom of a 7-algebra A that contains w € Q.
We note that A € A if and only if A = U,eca[w]a, where an empty
union is assumed to be empty.

Remark 1.1.15. The relation R on Q defined by (w,w') € R if
w' and w belong to the same atom of a T-algebra A is obviously an

equivalence relation. We denote this by w' ~ w (or o' 2w if we want
to emphasise the T-algebra to which the equivalence relation refers).
Note that W' ~ w if and only if W' € [w]4 if and only if w € (W4 if
and only if [w)a = [w']4.

The following simple observation is frequently used below.

Corollary 1.1.16. A set A C Q is an element of a T-algebra A on
Q if and only if [w]4 C A for every w € A.

© 2001 by Chapman & Hall/CRC



12 Idempotent probability measures

Definition 1.1.17. We say that a T-algebra A’ is a sub-T-algebra of
a T-algebra A if A" C A.

Lemma 1.1.18. A 7-algebra A’ is a sub-t-algebra of a T-algebra A
if and only if the atoms of A" are unions of the atoms of A.

We refer to the smallest 7-algebra containing a collection £ as
the 7-algebra generated by £ and denote it as 7(£). It is obviously
unambiguously defined.

Definition 1.1.19. We say that a collection £ of subsets of Q2 is a
semi-T-algebra if it includes 0, is a w-system, and F¢ € &;, for every
Feé&.

The structure of semi-7-algebras is similar to that of 7-algebras.

Lemma 1.1.20. A w-system &, which includes 0, is a semi-T-algebra
if and only if & is atomic and the union of the atoms of &; equals €.

Proof. 1t is obvious that if & is atomic and its atoms make up {2,
then £ is a semi-7-algebra. For the converse, given w € (2, we take as
the atom about w the intersection of all elements of £ that contain
w. ]

The preceding proof also proves the following lemma.
Lemma 1.1.21. If £ is a semi-T-algebra, then 7(€) = &;y.
Theorem 1.1.9 and Remark 1.1.11 yield the following fact.

Corollary 1.1.22. Let u be a set function on a semi-T-algebra £
such that (D) = 0. If condition (S') holds, then p has a unique
extension to an &;-idempotent measure on the T-algebra generated by

.

Proof. We only need to extend p to a maxitive set function on the
collection of finite unions of elements of £ by setting

k

w(UJ F) = max u(F) (1.1.6)
Y

and apply part 2 of Theorem 1.1.9. The fact that the extension
(1.1.6) is unambiguously defined follows from condition (S”). O
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Idempotent measures 13

The notion of a 7-algebra is obviously an analogue of the notion
of a o-algebra. The next definition paraphrases the definition of
complete o-algebras.

Definition 1.1.23. We say that o T-algebra A is complete with re-
spect to an idempotent measure p on Q (or p-complete, for short) if
every w € § such that p({w}) =0 is an atom of A.

Definition 1.1.24. We call the completion of a T-algebra A with
respect to idempotent measure pu the T-algebra that has as its atoms
all the elements of idempotent measure 0 and the atoms of A without
the elements of idempotent measure zero. We denote the completion

by AH.

Remark 1.1.25. Clearly, A" is the smallest complete T-algebra con-
taining A.

Definition 1.1.26. A set 2 with o T-algebra of subsets of 2 is called
a T-measurable space and is denoted as (€2, A).

We now define an analogue of a measure space.

Definition 1.1.27. A triplet (2, A, ), where Q is a set, A is a 7-
algebra of subsets of Q and p 1s an idempotent measure on S, is called
an idempotent measure space. We denote the idempotent measure
space (Q,P(Q),p) as (Q,p). If 11 is an idempotent probability, we
refer to (Q, A,II) as an idempotent probability space.

Definition 1.1.28. Given an idempotent measure v and a T-algebra
A on Q the set function pg defined by pa(A) = p(A), A € A, is
called the restriction of p to A.

Remark 1.1.29. As we will see, it is often the case that an idempo-
tent measure is originally specified on a T-algebra. Though by The-
orem 1.1.9 it can always be extended to an idempotent measure on
P(Q), this extension might not be unique, which justifies restricting
our consideration to the elements of A. To emphasise this we refer
to u as an idempotent measure on (2, A). We note, however, that
ambiguity in extending p does not necessarily lead to ambiguity in
the end results. In the sequel, we use the same symbol p to denote
some extension of p from A to P().

On the other hand, given an idempotent measure space (2, A, i),
where p is uniquely specified on A, we could reduce it to a space
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14 Idempotent probability measures

with the discrete T-algebra by introducing the factor-space of Q with
respect to the equivalence relation specified by the atoms of A. In this
sense considering arbitrary T-algebras does not give anything new.
However, it comes in useful if we need to deal with o collection of T-
algebras on the same set as in Chapter 2, where T-algebras are used
to keep track of “the history of a process”.

1.2 Measurable functions

In this section we introduce measurable maps of spaces with idem-
potent measures. Let 2 and Q' be sets, and £ and £’ be respective
collections of subsets of €2 and €', both containing (.

Definition 1.2.1. For a function f : Q — ', we define the col-
lection of subsets of ) generated by f as the collection f~Y(E') =
{f71(B), Bc¢&'}

We also refer to functions defined on idempotent probability
spaces as idempotent variables. The following lemma is a conse-
quence of the definition.

Lemma 1.2.2. If £ is a 7-algebra (respectively, a m-system, a
paving, a semi-T-algebra) on ', then f~1(E') is a T-algebra (respec-
tively, a w-system, a paving, a semi-T-algebra). The collection of the
atoms of the T-algebra f~1(E') is the collection {f~1(A")}, where A’

are the atoms of the T-algebra £'.

Definition 1.2.3. A function f : Q — Q' is said to be E/E'-
measurable if f (') C £.

The following result is obvious.

Lemma 1.2.4. A function f: Q — Q' is £/}, -measurable if and
only if it is Ey, /E'-measurable.

As a consequence, a function f : Q@ — Q' is A/ A’-measurable,
where A and A’ are T-algebras on respective sets 2 and ', if and
only if the inverse images of the atoms of A’ belong to A. Thus, we
have the following.

Corollary 1.2.5. A function f : Q — Q' is A/ A'-measurable if and
only if every atom of A is mapped into a subset of some atom of A'.
In particular, f is A/P(Q')-measurable if and only if it is constant
on the atoms of A.
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Measurable functions 15

In the sequel, we refer to A/P(€)-measurable functions as A-
measurable functions or idempotent variables on (€,.4). Note that
A C Qis A-measurable if and only if 1(4) : @ — Ry is A-

measurable.

Lemma 1.2.6. Let (2, A, ) be an idempotent measure space and
A be the completion of A with respect to p. If f: Q — Q' is A*-
measurable, then there exists an A-measurable idempotent variable
I such that f' = [ p-a.e.

Proof. Let [w]4 be an atom of A. We define f'(w') = f(@) forall ' €
[w]a, where @ € [w]4 is such that p(@w) > 0 if p([w]a) > 0 and @ is
an arbitrary element of [w] 4 otherwise. Then f’ is A-measurable and
f' = f p-a.e. by the construction of A" (see Definition 1.1.24). O

The next lemma is a version of Doob’s result.

Lemma 1.2.7. Let a 7-algebra A on Q be generated by a function
f: Q= where Q is equipped with a T-algebra A'. A function g :
Q — Q" is A-measurable if and only if there exists an A’-measurable
function h : Q' — Q" such that g =hof.

Proof. Sufficiency of the condition is obvious. We prove the necessity.
Since A is generated by f and g is A-measurable, for arbitrary w” €
Q" there exists A’ , € A’ such that g~'(w”) = f~1(A! ). Since the
sets g~ !(w") are disjoint, the sets A/ ,, w” € Q", are also disjoint.
Therefore, letting h(w') = w"” for " € Q" and ' € A, and h(w') =
@ for w' € (UyreqrAl,)", where & is a fixed element of Q”, defines
h unambiguously. Clearly, hof(w) = g(w), w € Q. O

We have the following corollary for functions assuming values on
the real line.

Corollary 1.2.8. Let A be a T-algebra on Q. If functions f;: Q —
R, j € J, are A-measurable and F : R) — R, then F((fj)jes) is
A-measurable. In particular, sup; f; and inf; f; are A-measurable,
and if ® is a directed set, then limsupycg fo and liminfyeo fp are
A-measurable.

We now consider images of idempotent measures under mappings.
Let 1 be an idempotent measure on 2. The next lemma is straight-
forward.
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16 Idempotent probability measures

Lemma 1.2.9. Let f : Q — Q. Then the set function u' on Q'
defined by p'(A") = p(f 1(A")) for A’ C Q' is an idempotent measure
on .

Definition 1.2.10. The set function p' as defined in the lemma is
called the image of pn under f and denoted by pof~1.

For the image of a 7-smooth idempotent measure to be a 7-
smooth idempotent measure, we need to impose conditions on the
mapping. By Luzin’s theorem in measure theory a real-valued func-
tion of a real argument is Borel-measurable if and only if it is con-
tinuous on “large” sets (closed or compact). We turn the theorem
into the definition of a measurability concept. The first step is to
introduce an abstract analogue of the concept of a tight measure.

Definition 1.2.11. Let p be an E-idempotent measure. We say that
a collection T of subsets of S is tightening for u if TNF € & for
TeT and F € &, and for arbitrary € > 0 there exists T € T such
that u(T°¢) < e. We then also say that p is tight relative to T, or
T -tight, for short.

We next define “Luzin measurability”.

Definition 1.2.12. Let T be a tightening collection for an -
idempotent measure p. A function f : Q — Q' is called Luzin
(&, T)/E -measurable if the restriction of f to an arbitrary T € T
is Er /&' —measurable, where Er = {T(F, F € £}.

Remark 1.2.13. FEquivalently, f : Q@ — Q' is Luzin (£, T)/E" -
measurable if f~Y(FYNT € & for every F' € & and T € T. Note
also that E/E&'-measurability implies Luzin (€,7T)/E'-measurability.
On the other hand, the collection T = {Q} is trivially a tightening
collection for p so that €/E'-measurability is a specific case of Luzin
(&,T)/E -measurability.

We refer to Luzin (€, T)/E'-measurable functions as Luzin mea-
surable functions if the collections £, T and &£’ are understood. The
purpose of introducing the concept of Luzin measurability is seen
from the following theorem.

Theorem 1.2.14. Let p be an E-idempotent measure and T be a
tightening collection for p. If a function f : Q — ' is Luzin
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Modes of convergence 17

(&,7T)/E"-measurable, then the image p' = pof~ of p under f is a
T-smooth relative to &' idempotent measure on Q. If f(T)NF' € &'
whenever T € T and F' € &', then u' is f(T)-tight.

Proof. By Lemma 1.2.9 4’ is an idempotent measure. We check
property (u3). Let Fj € & be a decreasing net. Given € > 0, let
T € T be such that u(7°) < e. Then

W(F) = p(f (7)) < w(f (g () T) +e.

Since the Fy decrease, the f *1(Fé)) (7T decrease as well. Therefore,
since f_l(Fg;) (T € &, by T-smoothness of

s EHNOT) = n(OE ENT)) < () F)
¢ ¢

proving (p43).
The fact that the idempotent measure u' is f(7)-tight provided
f(T)NF'" € & whenever T € T and F’ € £’ follows since p is T-tight

and ! (F(T)) = u((f~1(F(T))°) < u(T9). O
We fix some more terminology.

Definition 1.2.15. Let (,II) be an idempotent probability space
and f: Q — Q' be an Q' -valued idempotent variable. The idempotent
probability TLo f~1 is called the idempotent distribution (or idempo-
tent law) of f under I1. If Q' is a metric space and lim, o, II(f ¢&
B.(z)) = 0, where z is a fized element of E and B,(z) denotes the
closed r-ball about z, then f is called a proper idempotent variable.

1.3 Modes of convergence

We consider idempotent analogues of convergence in measure and
convergence almost everywhere. Let (€2, ) be an idempotent mea-
sure space. Let fy and f denote idempotent variables on 0 with
values in a metric space £ with metric p.

Definition 1.3.1. We say that a net {fy,¢ € @} converges p-a.e.
to f if

iw € Qs folw) A fw) =0.
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18 Idempotent probability measures

More generally, we say that a property concerning elements of )
holds p-a.e. (or a.e. if p is understood) if the idempotent measure
of the set where the property does not hold equals 0.

Definition 1.3.2. We say that a net {fy,¢ € @} converges to f in
idempotent measure p (or in idempotent measure if i is understood)
if for every e > 0

Jim nw € p(fe(w), f(w)) >¢€) =0.

Note that since u(p(f,9) > £) < p(plf f5) > £/2) + i(plg ) >
€/2), the limit in idempotent measure is unique p-a.e. The same fact

is of course true for convergence p-a.e. We denote convergence in
: A
idempotent measure by fs — f.

Lemma 1.3.3. (“Borel-Cantelli”) Let {Agy, ¢ € @} be a net of sub-
sets of Q. If p(Ag) — 0, then ,u(lim SUPyco A¢) =0.

Proof. The claim follows since

lim su A = ( A ) < inf su A
u( msup 6) =1 ﬂ U p ¢,6%>$u( 0)-
¢ ED P>¢

O

Theorem 1.3.4. (“Egorov”) fy L F if and only if for ev-
ery € > 0 there exists a set A such that p(A%) < € and

supyea, P(fp(w), f(w)) = 0.

Proof. If {fs, ¢ € ®} is a net such that f, £ #. then for every § > 0
there exists ¢5 € ® such that p(p(fg, f) > 0) < € for all ¢ > ¢
hence, p(fs, f) < 6 on the set A, = {w € Q@ : u({w}) > €}. The

converse is obvious. U

Theorem 1.3.5. If fs & f, then fy — f p-a.e.

Proof. By Lemma, 1.3.3 u(limsup¢ p(fe f) >€) =0. O
The next result gives a partial converse.

Theorem 1.3.6. If fy — f,¢ € @, p-a.e., then there exists a net
{hy,¥ € W}, which converges to f in idempotent measure and is
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such that {hy(w),v € ¥} is a subnet of {fy(w),¢ € @} for every
w € .

If {fn,n € N} is a sequence such that f, — f p-a.e., then for
every w € ) there exists a subsequence ky(w) such that ky(w) > n
and fr, 5 f.

Proof. Let U = {(¢,e) : ¢ € P,e € Ry }. We turn ¥ into a directed
set by defining that (¢,e) < (¢',¢') if ¢ < ¢',e > €' For ¢ = (¢, €),
we define xy(w) as ¢’ > ¢ such that p(fz(w), f(w)) < € for all o >¢
if such a ¢’ exists and xy(w) = ¢ otherwise. Let hy(w) = fy, ) (W)
Clearly, {hy(w),®y € ¥} is a subnet of {fs(w),¢ € @} for every
w € €. Since fg — f p-a.e., ¢’ exists for almost every w € €; hence,
p(hlﬁ(w), f(w)) < € for almost every w € Q if 4 > 1.

In the case of sequences, we define k,(w) = min{l > n :
p(filw), f(w)) <1/n} and ky(w) = n if no such [ exists. O

Remark 1.3.7. Generally speaking, convergence p-a.e. does not
imply convergence in idempotent measure. Consider the following
example. Let Q = [0,1] and p({w}) =1 for w € [0,1]. Let fp(w) =
nw,w € [0,1/n], folw) =2 —nw,w € [1/n,2/n] and f,(w) = 0
elsewhere. Then fp(w) — 0 as n — oo for every w € [0,1]. However,
p(w: falw) =1) = 1.

We now consider Cauchy nets.

Lemma 1.3.8. If u(p(f, for) > €) = 0 as ¢,¢' € @ for every e >0
and (E, p) is complete, then {fs} converges p-a.e.

Proof. In analogy with the proof of Lemma 1.3.3, for ¢ > 0,

w(N U {els fo) > 2})

¢ ¢'>¢
< inf sup pu(p(fy, f¢r) > €) = 0.
¢ ¢>¢

Thus, the net {f,} is Cauchy p-a.e., so it converges p-a.e. by com-
pleteness of (£, p). O

Theorem 1.3.9. If u(p(fg, for) > €) = 0 as ¢, ¢’ € ® and (E,p) is
complete, then {fy} converges in idempotent measure.
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20 Idempotent probability measures

Proof. By Lemma 1.3.8 f4 — f p-a.e. Let us choose xy as in the
proof of Theorem 1.3.6. Then, for ¢ > 0, taking ¢ = (¢,€¢/2) and
using the inequalities p(fy,, f) < ¢€/2 p-a.e. and xy(w) > ¢,

1(p(fo, ) > €) < plp(fo, fry) > €/2) V u(p(fxy, ) > €/2)
< u(;g%p(f@ fo) >¢€/2) = slg%u(p(f@ fe) > €/2).

The latter term goes to 0 as ¢ € ® by hypotheses. U

The last result of the section shows that for 7-smooth idempo-
tent measures and decreasing nets of R -valued Luzin measurable
functions convergence p-almost everywhere implies convergence in
idempotent measure. Let U denote the paving on R; consisting of
intervals [a, 00), where a € R, and 0.

Theorem 1.3.10. Let i be T-smooth relative to a collection £ and let
T be a tightening collection for p. If {£4,¢ € @} is a decreasing net
of Luzin (€, T)/U-measurable Ry -valued functions, which converges
p-a.e. to 0, then {&4, ¢ € @} converges to 0 in idempotent measure.

Proof. Let § > 0, € > 0 and T' € T such that u(7° < e. Then
n(és 2 0) < p({és > 0} NT) + e Since {¢ > 6} NT € &, by
T-smoothness of p relative to €& we have that p({{s > 6} NT) —
p(Ng{&p > 03NT) =0. O

Remark 1.3.11. The result is a counterpart of the fact in probability
theory stating that a monotonic sequence of non-negative random
variables that converges to zero in probability also converges to zero
almost surely.

1.4 Idempotent integration

In this section we develop an idempotent analogue of integration
theory. Let (€2, 1) be an idempotent measure space such that () <
0o. We adopt the convention that oo -0 = 0.

Definition 1.4.1. For a function f on Q with values in Ry we define
the idempotent integral of f with respect to p by

\/ fdp = sup apu(f>a)

0 a€R ¢
For A C Q, welet \/, fdu=\g f1(A)dp.
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Idempotent integration 21

Idempotent integral is called idempotent expectation if p is an
idempotent probability. In the sequel we also denote idempotent in-
tegrals as \/ f(w) dpu(w) and, if p is an idempotent probability, as
Sf,Sf(w), or Sy f, the latter notation is used to emphasise the idem-
potent probability II for which the idempotent integral is evaluated.
The next lemma, follows by definition.

Lemma 1.4.2. Let f : Q — Ry. The following equivalent represen-
tations hold.

\/ fdu= sup ap(f = a) = sup f(w)p({w})

Q aeﬁ_,’_ weN

= sup f(w)u([w]f—l(P(R+)))'
we

Remark 1.4.3. If i is originally defined on a T-algebra A, then the
value of the idempotent integral of a function f depends generally
speaking on what extension of p to P(Q2) we consider. However, if
[ is A-measurable, then \/(, fdp is defined unambiguously, which
follows by the last equality in Lemma 1.4.2. To emphasise this we
sometimes denote the integral as \/¢, fdpa, Vg f(w)dpa(w) and, if
II is an idempotent probability, as Su,f and Su,f(w), where pa
and I1 4 denote the respective restrictions of p and I to A. A careful
examination of the proofs below shows that if we require that the
functions and sets considered in the statements be A-measurable, then
the results are insensitive to the particular extension of u to P(Q).

The results below whose proofs are omitted directly follow from
Lemma 1.4.2. We consider only R, -valued integrands, the corre-
sponding properties for R -valued integrands are derived similarly.

Theorem 1.4.4. Let f,g be Ry -valued functions on Q. The follow-
ing properties hold.

(JS0) \/ 0dp =0
Q

(781) \/ fdp < \[gdp if f < g
Q Q
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22 Idempotent probability measures
(752) \/(cf)dp=c\/ f dp, c € R+
Q Q
(783) \[(f v g)du=\/ fduv'\/ g dp
Q Q Q
(754) \/(f +9)du < \/ fdp+\/ g dp
Q Q Q

(JS5) |\/de - \/gdu| < \/|f — gl du provided the left-hand side is
Q Q Q
well defined

(JS6) \/ sup fj du = sup \/ f;du, where f;: Q> Ry, jeJ
o J€J JeT g

The following Chebyshev-type inequality plays as important a
role below as its counterpart does in probability theory.

Lemma 1.4.5. If f : Q@ — Ry, then

w(f>a) <=\ F1(F > a)dy, a>0.

a
Q

We also have an analogue of the change-of-variables formula in
the Lebesgue integral.

Theorem 1.4.6. Let u' be an idempotent measure on a set Q' such
that ' = pof~' for some f : Q — Q. Then, for a function
g: U >Ry,

\ gdu' =\/gof du.
(94 Q

The following “Holder” inequalities are also useful. For f: Q —

Ry and p > 0 we define ||, = (Vo /? du)'” and ||f]lec =
SUPy: ({w})>0 f (@)

Lemma 1.4.7. Let f,g: Q@ — R,.

1. Letp € [1,00] and q € [1,00] be such that 1/p+1/q=1. Then
Vo fadu < Iflpllgllq-

2. If p() =1, then, for 0 <p <gq, [fllp < [Ifll¢

© 2001 by Chapman & Hall/CRC



Idempotent integration 23

We are interested in convergence properties of idempotent inte-
grals, so we study an analogue of the concept of uniform integrability.

Definition 1.4.8. We say that a function f: £ — Ry is mazimable
(or p-mazimable if the idempotent measure needs to be emphasised)
if Vg f dp < 0o and, moreover, \/, f 1(f > a)dp — 0 as a = oo.

The following version of La Vallee-Poussin’s theorem holds.

Theorem 1.4.9. A function f: Q — Ry is mazimable if and only if
there exists a monotonically increasing function F : Ry — Ry such
that F(x)/z — oo as  — oo and \/o F o f du < oo.

Proof. We prove that the condition is sufficient for f to be max-
imable. Given € > 0, let a > 0 be such that z/F(z) < ¢ for z > a.
Then

\ f1(f >a)du < e\ Fof 1(f > a)du < e\/ Fof dp.
Q Q Q

Conversely, let f be maximable. Since there is no loss of generality
in assuming that ||f|| . = oo, we define

x
F(z) = .
@ Vi
Then F' is monotonic and F(x)/z — oo as £ — oo by maximability
of f. Also, /o Fofdu<1. O

Definition 1.4.10. A collection {f;,j € J} of Ry -valued functions
on 2 is said to be uniformly mazimable (or p-uniformly mazimable)

if

sup\/f] (fj >a)dp — 0 as a — oo.
e g

Theorem 1.4.11. A collection {f;,j € J} is uniformly mazimable
if and only if the following conditions hold:

(i) sup\/ f; dp < oo,
el &

(ii) for everye > 0 there exists n > 0 such that sup,c; \ 4 fjdp < e
for every set A such that u(A) < n.
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Proof. Let {f;,j € J} be uniformly maximable. Then (i) and (ii)
follow by the inequality

V fidn < \J f1(f; > a) dutapu(4), a > 0.
A Q

The converse follows by the fact that since for all j € J and a large
enough

< anjdﬂ <
a

p(fi > a) < 7,

where 7 is chosen as in condition (ii), we have \/(, f; 1(f; > a)dp <
€, 5 €J. O

Corollary 1.4.12. Let f : Q@ — Ry be maximable. Then the set
function A — \o f1(A)dp, A C R, is absolutely continuous with

respect to u in the sense that for every € > 0 there exists 6 > 0 such
that \/, f 1(A) dp < € for all A such that p(A) < 6.

Theorem 1.4.13. A collection {f;,j € J} of Ry-valued functions
on § is uniformly mazimable if and only if sup;c ; f; is mazimable.

Proof. Sufliciency of the condition is obvious. Conversely, let {f;,j €
J} be uniformly maximable. For € > 0, let > 0 be chosen as in part
(ii) of Theorem 1.4.11. By “the Chebyshev inequality” u(sup; f; >
a) < sup; Vq fjdp/a, the latter supremum being less than 7 if a is
large enough in view of condition (i) of Theorem 1.4.11. Then by
Theorem 1.4.4 and the choice of n we have \/,sup; f; L(sup; f; >

a)dp = sup; \q fj L(supj fjr > a)dp < e. O

The following analogue of La Vallee-Poussin’s theorem is a simple
consequence of Theorem 1.4.9 and Theorem 1.4.13.

Corollary 1.4.14. A collection {fj,j € J} of Ry -valued functions
on § is uniformly mazimable if and only if there exists a monoton-

ically increasing function F': Ry — Ry such that F(z)/xz — oo as
z — 00 and supjc; Vo F ofjdu < oco.

The next easy corollary gives simple conditions for uniform max-
imability.

Corollary 1.4.15. A collection {fj,j € J} is uniformly mazimable
if either one of the following conditions holds:
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1. fj < f,7 € J, where f is mazimable,

2. sup\/ fjHE dp < oo for some € > 0,
i€l &

3. sup\/exp()\fj) dp < oo for some A > 0.
i€l &

We now consider uniformly maximable nets.

Definition 1.4.16. A net {fs, ¢ € ®} of Ry -valued functions on §2
s said to be uniformly maximable if

limsup\/fd) 1(fy > a)dp — 0 as a — oo.
2 I
We have the following analogues of the properties of uniformly

maximable collections of functions. Similar proofs apply.

Theorem 1.4.17. A net {fg, ¢ € ®} is uniformly mazimable if and
only if the following conditions hold:

(i) limsup\/f¢ dp < oo,
pee )

(ii) for every e > 0 there exists n > 0 such that
lim supyeq VA¢ fodp < € for every net of sets {Ag, ¢ € O}
such that limsup,eq p(Ag) < 1.

Corollary 1.4.18. A net {fy,¢ € ®} is uniformly mazimable if
either one of the following conditions holds:

1. limsup\/féﬁ dp < oo for some € > 0,
ped ()
2. lim sup\/exp()\fd)) dyp < oo for some A > 0.
ped ()
We now study convergence of idempotent integrals.

Theorem 1.4.19. Let {fy,¢ € ®} be a net of Ry -valued functions
on Q and f be an Ry -valued function on Q.

1. (“the Fatou lemma”). If liminfycq fy > f p-a.e., then

liminf\/ fsdu > \/ f dp.
¢ Q Q
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2. (“the Lebesgue dominated convergence theorem”). If fy N f
and the net {fy} is uniformly mazimable, then

I?VMWZVNM
Q Q

3. (“the Lebesgue monotone convergence theorem”). If fo 1T f
W-a.e., then

I?VMWZVN%
Q Q

4. Let u be T-smooth relative to a collection £ of subsets of & and
T be a tightening collection for p. Let fg be Luzin (€,T)/U-
measurable and mazimable functions. If fo | f p-a.e., then

I?VHWZVN%
Q Q

Proof. We only prove part 4. Since {fs,¢ € ®} is uniformly max-
imable and g is 7T-tight, we can and do assume that the f; are
bounded by some N and £/U-measurable. Let for m € N

)-

1 1 1 1
= -1 > = —1(f> —
rm. i:f?iﬁw m (fd) - m)’ Jm z':gl?.fr(nN m (f -m

We have that |g,.¢ — fs| < 1/m and |g, — f| < 1/m so that

I\/mw¢du \/J@du|< gz, I\/gmdu \/fd < B2 )

On the other hand, using properties of  and the facts that the fy4
decrease and {fy > i/m} € £, as ¢ € @,

\Q/g""‘z’d“ T ‘T“’:’&NWW 2 b e a2 )

= \/gm dp.
Q

We have the following useful consequence.
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Corollary 1.4.20. Let p be an E-idempotent measure with a tight-
ening collection T. Let f : Q — Ry be Luzin (€, T)/U-measurable
and p-mazimable.  Then the set function p' defined by p'(A) =
Vo f1(A)dp, A CQ, is an E-idempotent measure, which has T as
a tightening collection.

Proof. 1t is obvious that p’ is a finite idempotent measure. It is
T-smooth relative to £ by Theorem 1.4.19. It is T-tight since for
a€Ry and T €T

p(T) < ap(T)+\/ f 1(f > a) dps.
Q

O

The following lemma establishes connection between convergence
in idempotent measure and in “Lq(u)”.

Lemma 1.4.21. Let {f4,¢ € @} be a net of Ry -valued functions on
Qand f: Q—Ry.

1. If g |f — foldu — 0, then fu 5 f.

2. If fe L F and the net {fs} is uniformly mazimable, then
Volf = foldu — 0.

Proof. Part 1 follows by “the Chebyshev inequality”. For part 2,
note that if fy £ f and the net {fs} is uniformly maximable, then
f is maximable by Theorem 1.4.19. Hence, by the inequality

V 1F=Fsl 1S = fol > a)du < \J[F 1(f > @)+ 14 1(fy > @)l dps
Q Q

the net {|f — fs|} is uniformly maximable, so \/, |f — fg|du — 0 by
Theorem 1.4.19. O

We now prove an analogue of Daniell’s representation theorem,
see, e.g., Meyer [88], stating that idempotent integral is specified by
properties (JS2) and (JS3).

Theorem 1.4.22. Let H be a set of Ry -valued functions on 2, which
contains the zero function and is closed under multiplication by non-
negative scalars and the formation of mazimums and minimums. Let
& denote the paving on Q consisting of the sets {f > a},f € H,a €
R, and ). LetV : H — Ry be a non-negative homogeneous mazitive
functional, i.e., V' has the properties
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(V1) Vief) =cV(f), ceRy, f X,
(V2) V(fvg) =V(fIvV(g), f,g €H.
Then the following holds.

1. There exists an idempotent measure p on §2 such that

V(f)=\/Fdu, f e,
Q

if and only if V is T-smooth along increasing nets in the sense
that for every increasing net { f4} of bounded functions from H
such that supy fy € H we have

V(sup fp) = sup V(fp)-
¢ ¢

The idempotent measure p is uniquely specified on &,. It is
an idempotent probability if H contains the function identically
equal to 1 and

(Vo) v(1) =1.
2. Let H, in addition, have either one of the following properties:

(a) if f € H, then (f —1) V0 €€ H,
(b) if f € H, then fA1 € H, and H is closed under multipli-

cation.

Then there exists an E-idempotent measure p on §2 such that

V(f)=\/Fdu feH,
Q

if and only if the following condition holds:

(VC) for every nets {fy} and {gy} of bounded functions from
H, which are increasing and decreasing, respectively, and
such that supy fg > infy gy, we have

sup V(fg) > inf V(gy).
é (U
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The idempotent measure p is also T-smooth relative to & and
is uniquely specified on ;.

If, in addition, for every f,g € H, we have (f —g)V0 € H and
V(f+g) <V(f)+V(g) if f+g € H, then condition (VC) is

equivalent to Daniell’s condition:

(VD) if f4 1 0, where the fy are bounded functions from H, then
V(fe) 0.

Proof. We first deal with the necessity parts. The condition of 7-
smoothness of V' along increasing nets is necessary for existence of
p in part 1 by Theorem 1.4.19. Let us show necessity of (VC) for
i being a 7-smooth idempotent measure. The condition follows by
Theorem 1.4.19 (with 7 = {Q}) if we note that every f € H is
& /U-measurable so that

sup\/ fodu = \/(sup f¢) du, inf\/f,/, dp = \/(inffd,) dp.
¢ g @ LIPS (4

Q Q

We prove sufficiency in part 1. Let ©; be the set whose elements are
sets [0,a) x {w}, a € Ry, ,w € Q. For R;-valued functions f on €,
let Wy ={[0,a) x {w} : a < f(w)}. We define & = {W;, f € H}.
By the assumptions on H the collection & is a paving on ;. We
set U(Wy) = V(f). Then the set function U is maxitive on &; and
satisfies the hypotheses of part 1 of Theorem 1.1.9 (in particular,
since V(0) = 0 by (V1), it follows that U() = U(Wy) = V(0) = 0).
We define an extension of U to a set function on P(£2;) as in the
proof of Theorem 1.1.9 by

U*([0,a) x {w}) = fi€n7£: U(Wy), (1.4.1)
flw)za
U*(A) = sup  U*([0,a) x {w}), 41 C Q.

[0,a)x{w}eAr

By part 1 of Theorem 1.1.9 U* is an idempotent measure on {2y,
which extends U.

Since by (V1), for ¢ € Ry and f € H, U (Wy) = Vicef) =
cV(f) = cU(Wy), equality (1.4.1) implies that

U*([0,ca) x{w}) = cU*([0,a) x{w}). (1.4.2)
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Now, for A C 2, we define pu(A) = U*([0, 1) x A). Clearly, p is an
idempotent measure on €. Also, for arbitrary f € H, by 7-maxitivity
of U* and (1.4.2)

v =vwy =v( J {000 x {w}})

weN:

a<f(w)
= sup U*([0,a) x {w}) = sup aU*([0,1) x {w})
well: well:
a<f(w) a<f(w)

= sup f(w)u({w}) = \/fdu

Part 1 is proved.

We prove part 2. Note that under (V' C) the set function U sat-
isfies condition (S) of part 2 of Theorem 1.1.9. Therefore, U* is an
&1-idempotent measure. We check the 7-smoothness property for u.
Let condition (a) of part 2 hold. Since for f: & — Ry and a >0

: f +
1(f >a)= inf (z =—z+1 1.4.3
(fza)= inf (v —at1) (1.4.3)
and the functions in the infimum belong to H, the sets Wy s>q)
belong to & ; for f € H and a > 0. Now, let {fy > ay}, fs € H, P €
®, be a decreasing net of sets from £. We prove that

inf u(fy 2 ag) (ﬂ{fas > %}) (1.4.4)

It is sufficient to consider the case agy > 0. Then by (1.4.3)
Wl(f¢2a¢) = ﬂweq, Fy, for some Fy, € &, where ¥ = Ry.
For finite subsets ®y and ¥y of ® and WV, respectively, we define

G‘Poy‘l’o ﬂ¢€‘1>0 F¢ - Then
pe¥y

Gao,w0 O m m Fyoy = m Wl(f¢2a¢) 2 Wl(f¢/2a¢/)7
pedPy Yev folSod)

(1.4.5)
where ¢ is such that ¢ < ¢ for all ¢ € ®. Also g, g, Gogwy =
N Wi(s,>a,)- Since {Gag,wy, (Po, Vo) € Q(P) x Q(¥)} is a decreas-
ing net of elements of £ with respect to the partial order on the
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pairs (®p, ¥p) by inclusion and U* is 7-smooth relative to &,

‘Dlor,l\goU (G‘Po,\l’o = ( ﬂ Gfbo,\lfo) =U" (Q Wl(f¢2a¢)>

$o,¥o

=U (Wl (ﬂ¢{f¢2a¢})> - U*< U ([O,a) % (O{fd) = a¢})>>

a€0,1)

= sup GU*([Oa ) x ({fs = %})) = M(ﬂ{qu > a¢}>-
¢ ¢

a€0,1)

Also by (1.4.5) infq>07\1;0 U*(Gq)o’\po) Z inf¢ N(fgb Z a¢). Therefore,

u(Q{ﬁp > %}) > igfﬂ(ﬁ) > ag),

and (1.4.4) follows. Now, p is an &—idempotent measure by Lemma
1.1.8.

If the condition that (f — 1) V0 € H for f € H is replaced by
the conditions that f A1 € H for f € H and H is closed under
multiplication, the same proof applies except that (1.4.3) is replaced
by the equality 1(f > a) = infyen(f/a)® A L.

To end the proof, let us assume that (f —g) V0O € H if f,g € H,
V' is subadditive, i.e., V(f +g) < V(f) +V(g) if f,g,f +9 € H,
and (VD) holds. We check that (VC) holds. Let fs 1, gy | and
supy fy > infy gy, where the f; and gy are bounded functions from
H. Then

Vigy) < Vigy Vi) < VI(fs)+V((gy—Ffs)VO0).

Since (gy — fg) V0 € H and tends monotonically to zero, an appli-
cation of (VD) yields (VC). O

Remark 1.4.23. Under the hypotheses of part 1 (respectively, part
2) of Theorem 1.4.22 the functional V' has a unique extension to
a non-negative homogeneous mazitive functional on the set of &,-
measurable (respectively, Ei,-measurable) Ry -valued functions on .

Remark 1.4.24. If H, in addition to the hypotheses of Theo-
rem 1.4.22, is such that (1 — f)V 0 € H for every f € H, then
& is a semi-T-algebra, hence, &, is a T-algebra, which is also gener-
ated by sets {f = a}, f € H,a € Ry. In particular, by the preceding
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remark under the hypotheses of part 2V has a unique extension on
the set of Ry -valued functions that are measurable with respect to the
T-algebra generated by the elements of H.

Remark 1.4.25. Theorem 1.4.22 implies Theorem 1.1.9 if we take
H={cl(F), Fe&ceR} and V(cl(F)) = cu(F) (note that
(cL(F)) Al=(cA1)L(F) and (c1(F) —=1) VO = ((c—1) V0) 1(F)
sothat fALE€H and (f —1)VOeH if f € H).

Remark 1.4.26. Similarly to Theorem 1.1.9 (see Remark 1.1.11),
Theorem 1.4.22 admits a version where the collection H need not
be closed under the formation of mazimums and minimums. Then
the mazitivity condition (V2) and the T-smoothness condition along

increasing nets should be replaced in part 1 by the following condition:
if a collection {f;} of elements of H and f € H are such that f <

sup; fj, then V(f) < sup; V(f;).
In part 2, condition (VC) would have to be replaced by the fol-
lowing:

(VC") If{f;} is a collection of bounded functions from H and {gy} is a
decreasing net of bounded functions from H such that sup; f; >
infy, gy, then sup; V(f;) > infy, V(gy).

Condition (VC") is necessary and sufficient for p to be T-smooth
relative to €. If H is closed under the formation of minimums, then
the extension is T-smooth relative to &;.

1.5 Product spaces

This section considers products of idempotent measure spaces.

Definition 1.5.1. Let (Q,A) and (¥, A") be T-measurable spaces.
We define the product T-algebra as the T-algebra on £ x Q' with the

atoms [w] 4 X [w'] ar. It is denoted by AQ A'. The T-measurable space
(Qx QAR A is called the product of (2, A) and (', A).

Remark 1.5.2. The product T-algebra A @ A’ is generated by the
semi-T-algebra consisting of the rectangles A x A', where A € A and
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A e A'. Since AQA' is also generated by the collection of sets Ax )
and Q x A', where A € A and A" € A, the T-algebra A ® A’ is the
smallest T-algebra A on Q x ' such that the projections (w,w") = w
and (w,w') = ' are A/ A-measurable and A/ A'-measurable, respec-
tively.

Lemma 1.5.3. Let A € AQ A'. Then the projection proyA = {w' €
' (w,w') € A for some w € Q} and cross-sections A, = {w' € Q' :
(w,w') € A}, where w € Q, are elements of A'. Also, if f: QxQ —
Ry is A® A’ -measurable, then the cross-section f,(w') = f(w,w') is
A'-measurable as a function of w'. Conversely, if A, € A" for every
weQand Ay € A for every ' € Y, then Aec AR A.

Proof. We start with cross-sections. Let w' € A,. Then (w,w') € A
and by Corollary 1.1.16 [w]4 X [w']a4 = [(w,w')]acwa € A. Thus,
w4 € Ay and by Corollary 1.1.16 A, € A’. The case of the pro-
jection is considered similarly. One could also use the representation
prorA = UyeqAy, and the definition of a 7-algebra. Measurability
of f, follows since f !(z) = (f_l(x))w for + € Ry. For the final
statement, we first note that the cross-sections A, depend only on
the atom to which w belongs for otherwise there would exist w; € €2,
wy € Q and W' € Q' such that w; 4 wy, W € A, and W' & A,,,
which would imply that w; € A, but wo € A, so that A, & A.
The required now follows by the equality A = U,eqlw]a X A, and
the definition of A ® A'. O

Definition 1.5.4. Let (2, A) and (¥, A") be T-measurable spaces.
A function k : Q@ x P(Q') — [0,1] is called an idempotent transition
kernel from (2, A) to (U, A") if the following holds:

(a) for every w € Q, the function k(w, A"), A" C ', is an idempo-

tent probability measure on €,

(b) for every A" € A, the function k(w,A"),w € Q, is A-
measurable.

Lemma 1.5.5. Let (Q,A) and (', A") be T-measurable spaces.

1. Let p be an idempotent measure on (2, A) and k be an idem-
potent transition kernel from (Q,A) to (¥, A"). Then there is
a unique idempotent measure i on (2 x Q' A® A') such that

i(AxA") = \[k(w, A dp(w), A€ A, A e A (15.1)
A
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In particular, 1(A x Q') = p(A).

If a function f: Q@ x Q" — Ry is A® A'-measurable, then the
function

g(w) = \/ fulw) k(w,dv'), w € Q,
o

158 A-measurable and

\/ fdi=\/gdp.
Q

QxQ'

2. Conversely, if i and p are idempotent measures on respective
T-measurable spaces (2 x QA ® A') and (2, A) such that
B(A x Q) = p(A) for A € A, then there exists an idem-
potent transition kernel k from (Q,A) to (', A") such that
(1.5.1) holds. The idempotent probability (k(w,A’), A" € A)
is uniquely specified on (Q, A’) for p-almost all w.

Remark 1.5.6. As we mentioned in Remark 1.1.29, saying “u is an
idempotent measure on (€2, A)” is to mean that p is uniquely specified
only for elements of A. Likewise, uniqueness of i is claimed on

A A
Proof of Lemma 1.5.5. We begin with part 1. Since necessarily
ilwla x [W]a) = k(w, [']a)p(wla), f is uniquely specified on
A® A'. We can define i on P(Q x Q') by
i{(w,w)}) = k(w,{o' Hu{w}),
MAx A= swp a({(w,w)}).
weA,Ww'eA
The only thing that requires proof is that g is .A-measurable. This
follows by the fact that f,(w')k(w,{w'}) = fu(w)k(w,{w'}) is A-
measurable in w for every ' € A’ by Lemma 1.5.3 and Corollary
1.2.8.
In part 2 necessarily

o fur = el X 1)

’ #([wla)
if p([w]a) > 0, which proves uniqueness. For existence, we define
k(w,{w'}) by the latter formula if u([w]4) > 0 and let k(w, A) be
arbitrary idempotent probability measures on (€, A’) that are con-
stant on the atoms of A on the rest of 2. O
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Remark 1.5.7. If k(w,{«w'}) = /' ({w'}), where ' is an idempotent
measure on Y, then fi({(w,w')}) = p({w})’' ({w'}) and we obtain
an analogue of Fubini’s theorem. The idempotent measure [i is called
the product of idempotent measures p and p' and denoted as p x '
The idempotent measure space (2 x Q' AQ A',u x p') is called the
product of the idempotent measure spaces (2, A, ) and (', A',p1').

We consider now 7-smoothness and tightness properties of idem-
potent measures on product spaces.

Theorem 1.5.8. Let us assume that an idempotent measure p on
Q is T-smooth relative to a collection € C P(Q) such that ) € € and
has a tightening collection T C P(2). Let an idempotent transition
kernel k(w,A") from (Q,P(Q)) to (A, P(Q)) and collections &' C
P(Q) and T' C P(Y), such that O € & and T'NF' € & for every
T € T' and F' € &', satisfy the following conditions:

1. k(w,A") is Luzin (€, T)/U-measurable in w for every A" € &',

2. k(w, A" is a T-smooth idempotent measure in A’ relative to &'
for every w € Q,

3. for every € > 0 and T € T there exists T' € T' such that
sup,er k(w, X'\ T") <e.

Then the idempotent measure i on 2 x Q' defined by ji({(w,w')}) =
k(w, {'Hp({w}) is T-smooth relative to € x &' = {F x F', F €
E,F' € &'} and has the tightening collection T x T' ={T xT', T €
T, T'eT'}.

Proof. We first check the T-smoothness. Let { £y x F{D, 1 € U} be a

decreasing net of elements of £ x &'. Let F' x F' = Nyew (Fy X Fy).
We have that

i(FyxFj) = \/k w, Fjy) 1w € Fy) dp(w). (1.5.2)

The functions k(w, Fy,) 1(w € Fy) are bounded, Luzin (€,7T)/U-
measurable and monotonically converge as ¢ € ¥ to k(w, F')1(w €
F). Therefore by Theorem 1.4.19 fi(Fy x Fj,) — ji(F' x F') checking
7-smoothness of . The fact that 7 x 7' is a tightening collection
for f1 follows since by (1.5.2)

A((TxT") = p((QxT")U(TxY)) < u(TC)vzggk(w,T'c).
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O
For future use we also introduce the following notion.

Definition 1.5.9. Let A be a T-algebra on a set Q and B be a o-
algebra on a set T. We define the product B® A as the collection of
subsets of T x 2 that are expressed as unions of sets B X [z] 4, where
B € B and [z] 4 are atoms of A, such that each atom of A appears
in a union only once.

Remark 1.5.10. Clearly, B® A is a o-algebra but not a T-algebra.

1.6 Independence and conditioning

Let (©,1I) be an idempotent probability space.

Definition 1.6.1. A finite collection {A;, i = 1,...,k} of subsets of
Q is independent if

H((k] A,-) - ﬁH(AZ-).
=1 =1

A collection {Ay} of subsets of Q is independent if every finite sub-
collection 1s independent.

A collection {Ey} of families of subsets of Q is independent if every
collection of sets { A}, where A, € &y, is independent.

Lemma 1.6.2. A collection of families {E,} is independent if and
only if the collection of families {(E4)u} is independent.

Definition 1.6.3. Let a set Q' be equipped with a T-algebra A'. A
collection { fo} of idempotent variables on Q@ with values in Q' is A'-
independent (or independent if A" = P(Q')) if the collection of the T-
algebras f7(A") is independent. An idempotent variable f :  — Q
and a collection & of subsets of Q are A'-independent (or independent
if A" = P(Y)) if the T-algebra f~Y(A") and & form an independent
collection.

Remark 1.6.4. Loosely, we will often say that sets, T-algebras or
idempotent variables, respectively, are independent if the associated
collections are independent.
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Remark 1.6.5. Clearly, sets are independent if and only if their
indicator functions are independent.

Lemma 1.6.6. Let idempotent variables fo : Q — ', where € is
equipped with a T-algebra A’, be measurable relative to respective T-
algebras Ay on . If the collection { Ay} is independent, then the
collection {fq} is A’-independent.

We have the following consequences.

Lemma 1.6.7. 1. Let fo : Q@ — Q' and ' be equipped with the
discrete T-algebra. The collection {f,} is independent if and
only if the collection of sets {f;(wa)} is independent for all
wq € .

2. Let (Q,A4), (,A") and (", A") be T-measurable spaces. Let
[: Q= Qand F: Q — Q" be AJA'- and A’/ A" -measurable,
respectively. If f is independent of a T-algebra B on ), then
F o f is also independent of B.

In the rest of the section we consider R, -valued functions on €2
unless specified otherwise. We assume that R, is equipped with the
discrete 7-algebra P(R; ) and, according to the convention adopted
in Section 1.2, refer to A/P(Ry )-measurable functions f : @ — Ry
as A-measurable. We recall that if A is a 7-algebra on €, then f is
A-measurable if and only if the inverse images of one-element subsets
of Ry belong to A.

Lemma 1.6.8. If f: Q@ = R and g : Q = Ry are independent,
then S(fg) = S(f)5(g)-

Proof. The result follows by the representations f(w) =

supycr, # 1(f(w) = =), glw) = supyeg, 7 1(g(w) = =z) and
(f9)(w) = sup, yer, (zy) 1(f(w) = 2)1(g9(w) = y), and properties
of idempotent expectations. ]

We now define conditional idempotent probabilities and condi-
tional idempotent expectations. Let A be a 7-algebra on 2, £ be a
m-system of subsets of Q containing () and 7 be a collection of subsets
of 2 such that TNF € £ for T € T and F € £. For economy of
notation we denote II({w}) as II(w).
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Definition 1.6.9. The conditional idempotent probability
(w'|A)(w) of W' given A is defined by

H(w,) 1A w ; w
[/ |A) (@) = Wy * @ 7«0 THel) >0
M), if TL([w].4) =0,

where 11 is some idempotent probability on ).

For B C Q, we define II(w'|B) = I(w'|Ap)(w), where w € B and
Ap is a T-algebra, which has B as an atom (note that the right-hand
side does not depend on the particular choice of w € B and Ap).

If A C Q, then the conditional idempotent probability of A given
A is defined by

II(A|A)(w) = suaH(w'LA)(w), w € .
w'e
Similarly, II(A|B) = sup,c 4 [I(w'|Ap)(w), w € B.

If 11 is an E-idempotent probability, then the conditional &-
idempotent probability given A is defined in an analogous manner
except that 1 is required to be an E-idempotent probability on S.
Likewise, if I is in addition T -tight, we require II to be T -tight.

If f: Q — Q, where Q' is equipped with a T-algebra A', we define
II(Alf) = TI(A]f1(A)).

Remark 1.6.10. According to the definition, conditional idempotent
probability is uniquely specified 11-a.e. More precisely, if N = {w €
Q: II([w]4) =0}, then N € A, II(N) =0 and
(AN [w]a)
II(A|A) (w) = —=——=—= for all A C Q and w € N°.
I([w].4)

Also, if B C Q is such that II(B) > 0, then our definition of II(A|B)
agrees with the “standard” one in that II(A|B) = II(A N B)/11(B).

Remark 1.6.11. Let us assume that I1 is uniquely specified only on
a T-algebra A’ O A. Then, recalling that the atoms of A are unions
of the atoms of A', we have for A" € A" by the above definition that

W) J A N
('L A)w) = { Tl &~k THELD >0
([w']a), if I(jw]4) =0,

so the values of the conditional idempotent probability on the elements
of A’ do not depend on the extension of IT to P(2).
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We now list properties of conditional idempotent probabilities.

Theorem 1.6.12. The function (II(A|A)(w),A C Q,w € Q) has the
following properties:

1. it is A-measurable in w for all A C Q,

2. it is an idempotent probability in A C Q for every w € €,
3. forall AC Q and B € A,
II(ANB) = S[II(AJA)(w) 1(w € B)].

4. IfI1 is an E-idempotent probability and [w]4 € € (respectively,
B € &), then (II(A|A)(w), A C Q) (respectively, (11(A|B),A C
Q) ) is an E-idempotent probability in A.

5. If I1 is T-tight, then (II(A|A)(w), A C Q) is T-tight for all
w € Q and (II(A|B), A C Q) is T -tight for all B C Q.

Proof. We begin with property 1. The function w — II([w]4) is
A-measurable since it is constant on the atoms of A. Obviously,
1(w' ~ w) is also A-measurable in w. By Lemma 1.2.8 we conclude
that w — II(w'|A)(w) is A-measurable; hence, II(A|A)(w) is also
A-measurable.

Property 2 follows by the definition. We prove property 3. As-
sume, first, that B = [@]4 for some @ € Q. Then, adopting the
convention that II(w)/II([w]4) = 0 if II(jw]4) = 0,

S[AMA)) 1w ~ @)] = sup sup I1(ef|4)() 1w ~ &)11(2)

1(w' ~w) 1w ~ &)I(w)

II(w')
= sup sup
wENQ W' EA H([W]A)

= Su H(w’) w/ ~ O o = su wl w/ ~ O
= 50 g L@~ @Ml = sup (W) (' ~ )

=I(AN[w]a).

In general, if B € A, then B = |J,,.plw]4, and this case reduces to
the preceding one.

Part 4 of the lemma concerning w is a consequence of the defini-
tion when II(jw]4) = 0. If II([w]4) > 0, then by Remark 1.6.10
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which is a 7-smooth idempotent probability relative to £ provided so
is IT since [w]4 € € and € is a m-system. The proof for B is similar.

In part 5 we also can assume that II(w) > 0. Since II is 7-tight,
given e > 0, there exists 7' € T such that II(T°) < elI([w]4), which
implies that II(7¢|A)(w) < e. The proof for B is similar. O

Remark 1.6.13. According to the lemma II(A|A)(w) is an analogue
of regular conditional probability (cf., e.g., Ikeda and Watanabe [66,
definition 3.2]).

Remark 1.6.14. Let Q and Y be T-measurable sets with respective
T-algebras A and A’, and let II be an idempotent probability on Qx .
Then k(w, A") = H([w]a X A'|[w]a x Q) is an idempotent transition
kernel from (Q,A) to (', A").

We now define conditional idempotent expectations.

Definition 1.6.15. If f is an Ry -valued function on €2, then the
conditional idempotent expectation of f given A is defined as

S(flA)(w) = sup f(w)(w'|A)(w).

w'eN

If g : Q — Q, whefe Q s equipped with o T-algebra fl, we define
S(flg) = S(flg~'(A)). We also let

S(flg =) = sup f)(w'lg = @).
Remark 1.6.16. Note that S(f|A)(w) < oo Il-a.e. if Sf < oo and
II(A|A)(w) = S(1(4)]A)(w) I-a.e.

Remark 1.6.17. We will often use the following form of the defini-
tion of conditional idempotent expectation:

sUpcq f (W) 1(w' € [w]a) (')

H([w]A) II-a.e.

S(fIA)(w) =

Remark 1.6.18. If A C A’ and [ is A'-measurable, then
S(fIA)(w) = sup FT([w']ar[A) (w)

so that S(f|.A) depends only on the values of II on A’.
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Remark 1.6.19. In order to refer explicitly to the idempotent
probability 11, we denote the conditional idempotent expectation as

Su(f]A).

Since II(w'|.A)(w) is specified [I-a.e. in w, S(f|A)(w) is also spec-
ified up to a set of zero idempotent probability. We call any such
function a version of the conditional idempotent expectation.

The following result is a consequence of the definitions.

Lemma 1.6.20. Let f : Q@ — Ry and g : Q@ — Q', where Q' is
equipped with the discrete T-algebra. Then 1l-a.e.

S(flg)(w) = sup S(flg =) 1(g(w) = '),
i particular, I1-a.e.
II(Alg)(w) = sup II(Alg = ') 1(g(w) =), ACQ

Conditional idempotent expectations have properties similar to
the properties of conditional expectations in probability theory. They
are summarised in the next lemma. All the equalities and inequal-
ities involving conditional idempotent expectations are understood
to hold Il-a.e. Following a convention of probability theory, we rou-
tinely omit argument w in conditional idempotent probabilities and
idempotent expectations.

Lemma 1.6.21. Let f, f;, and g denote Ry -valued functions on €2,
and A and B denote T-algebras on €.

S(f|A) is A-measurable.

If f = g l-a.e., then S(f|A) = S(g]A).

S(0]4) =0, S(1]A) = 1.

S(cflA) =cS(flA), ce Ry.

S(StuEJ fj|~A) = SUPjey S(fj|A)-

1S(fIA) = S(gl A < S(If —gllA), if Sf < o0 and Sg < oc.

S S e~
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7. S(S(f|A)) = Sf.

8 If f is independent of A, then S(f|A) = Sf.

9. Let (Y, A") be a T-measurable space, F : Q x Q' — Ry be such
that the cross-sections F, : Q' — Ry are A'-measurable for every
w€Q, and h: Q@ — ' be A/ A'-measurable. Then S(F(-,h)|A) =
S(F(-,z)|A)|g=p. In particular, if g : @ — Ry is A-measurable,
then S(fg|lA) = gS(f|A) and S(g|A) = g.

10. If B C A, then S(S(f|A4)|B) = S(f|B).

11. If A and B are independent, and f is independent of B, then
S(fIm(A,B)) = 5(f|A).

12. If f is mazimable, then the family {S(f|B),B C A} is uniformly
mazimable.

13. If0 < p < g, then (S(f7|A))"7” < (S(f9.4))"".

14. If p > 1 and ¢ > 1 are such that 1/p+1/q = 1, then S(fg|A) <

1 1
()7 (S(r21A) 7.
15. II(f > a|A) < S(f|A)/a, a > 0.
Proof. Properties 1-6 follow by definition.
Counsider property 7. By the definition of conditional idempo-

tent expectation, properties of idempotent integrals, and part 3 of
Theorem 1.6.12,

S(S(/14) = S[sup (N 4) @)
= sup f() S/ |A)(w)] = sup f(&)I(W) = SF.

w'eN w'eN

Consider property 8. According to the definitions II-a.e. in w

S(1A)@) = sup ) e )

I(w').

Since 1(w' ~ w)/II([w]4) is A-measurable in ' and f(w') is inde-
pendent of A,

[y
E\
£

sup f(w’)in([wm I(w')
= |su WHIL(W] | su 71(w'~w) o =
—[w,er;zf( )I(w')] [w,e% T X )] = Sf.
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Property 8 is proved.
We prove property 9. We have that II-a.e.

S(EC M)A (w) = sup P&, h(w)T(w'|A) (w)

= su W' h(w CH)
= sup PO

By A/A'~measurability of h and A’-measurability of F, we have
that F'(w', h(w')) = F(o', h(w)) if W' ~ w, so we conclude that

1(w' ~ w).

S(F(WIA)@) = sup P h(w)) o

= S(F (-, )| A) (W) p=h(w)-

1(w' ~ w)

Property 9 is proved.
Proof of property 10. It is easy to derive from the definition of
conditional idempotent expectation that for [T-almost all w

S(S(f14)1B) (w) = Sup f(w") sup I(w'|B) (w)I(w"|A) ().

Hence, it suffices to prove that for I[I-almost all w and all w"

sup I(o'| B) (w)(w”|A) (') = TI("|B)(w). (1.6.2)

w'eN
If II(w") = 0, then II(w"|B)(w) = 0 II-a.e. in w, so the right-hand
side of (1.6.2) is equal to 0 [T-a.e. As for the left-hand side, if TI(w") =
0 and II(w"]A)(w") > 0, then II(w') = 0. The latter implies that if, in
addition ITI(w'|B)(w) > 0, then II(w) = 0. Thus, we conclude that if
(w") = 0 and II(w'|B)(w)I(w"]|A)(w') > 0, then II(w) = 0. Hence,
the left-hand side of (1.6.2) also is II-a.e. equal to 0 when II(w") = 0.
This ends the proof of (1.6.2) when II(w") = 0.

Let II(w") > 0. We can assume that II(w) > 0 so that II([w]4) >

0 and II([w]g) > 0. Then by the definition of conditional idempotent
probability the right-hand side of (1.6.2) takes the form

I(w")
([w]s)
On the other hand, II(w”) > 0 implies that II([w"]4) > 0, hence,
(jw']4) > 0 when o' 2 w" and by the definition of conditional

(w"|B)(w) = 1(w" £ w). (1.6.3)
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idempotent probability we have for the left-hand side of (1.6.2)

sup T(w'|B) (w)TT(w" | A) (')

= sup

’. /A 1

w W ~vw

The equivalence ' 2 w" implies that [W']a = [w"] 4. It also implies,
since B C A, that o' R w”, and hence 1(w’ R w) = 1(w" g w) if
W A, Thus, on replacing in the latter supremum [w'] 4 with [w"] 4

and 1(w' g w) with 1(w"” R w), we obtain that the supremum coin-
cides with the right-hand side of (1.6.3). Equality (1.6.2) is proved.
Property 10 is proved.

We prove property 11. Let C = 7(A,B). Obviously, [w]c =
[w]a N [w]p. Then by definition II-a.e.

1(w' € [we)

S(10)@) =sup f(a) 2 £ Eed )
o o 2 € BN W)
= ) s )
o 2 €l 1A e )
= oo ) = ] [Py )
— (/] A)(w),

where the equality before the last one is obtained by using the fact
that f and A are independent of B.

We prove property 12. By property 1 S(f|B) is B—measurable,
s0, successively applying properties 9 and 7, we have for a > 0

S(S(/1B) L(S(f1B) > a)) = S(S(f 1(S(f|B) > a))|B)
= S(f 1(S(f|B) > a)).

Now, by properties of idempotent expectations, for b > 0,

S(f1(S(f|B) > a))
= S(f1(f > b) L(S(f|B) > a)) VS(f 1(f <) L(S(fIB) > a))
< S(f1(f>b) Vv (bIS(f|B) > a))

<s(r17>m) v (2s7),
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where the last inequality is by “the Chebyshev inequality” and prop-
erty 7. Hence,

limsup sup S(S(f|B)1(S(f|B) > a)) < S(f1(f > 1)),

a—o00 BCA

which goes to 0 as b — oo by maximability of f.

Inequalities 13 and 14 follow from the definitions. Property 15,
similarly to the probability theory counterpart, follows by the in-
equality 1(f > a) < f/a. O

The following lemma, which contains facts on convergence of con-
ditional idempotent expectations analogous to facts from probability
theory, is a consequence of the definition of conditional idempotent
expectation, Theorem 1.4.19, Theorem 1.6.12, and Lemma 1.6.21.

Lemma 1.6.22. Let A be a T-algebra on Q. Let {fy, € U} be a
net of Ry -valued functions and f be an Ry -valued function on §2.

1. If liminfycy fy > f [I-a.e., then

ligéglfS(quA) > S(f|A) II-a.e.

2. If S|fy — f| = 0, ¢ € ¥, then

S|S(fylA) = S(flA)] — 0.

3. If fu 5 £, €, and {f,} is uniformly mazimable, then
S(fslA) = S(fIA).

4o If fu 1 fop €T, T-a.e., then

z/ljier{llf S(fylA) = S(f|A) H-a.e.

5. Let I be an E-idempotent probability, T be a tightening col-
lection for 11, and the fy be Luzin (£,T)/U-measurable and
mazimable. Let the atoms of A belong to . If fy | f 1l-a.e.,
then

S(flA) L S(FA) T-a.e.
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We now give versions of Lévy’s upward and downward theoremms.

Lemma 1.6.23. Let A be a T-algebra on Q and f : Q@ — Ry. Let
either one of the following conditions hold:

1. {Ay,p € Y} is a decreasing net of T-algebras and A =
ﬂwE\If A¢,

2. {Ay,v € Y} is an increasing net of T-algebras, & includes
the atoms of the Ay, A = T(UwE\If A¢), I is a T-tight E-

idempotent probability, and f is Luzin (E,T)/U-measurable
and mazimable.

Then

S(flA) = 1})1&1} S(flAp) I-a.e.

Proof. We prove part 1. Note that the net {[w]4,, ¢ € U} is increas-
ing for every w €  and [w]4 = Uyew|w]a,. Equality (1.6.1) implies
the claim by 7-maxitivity of IT and part 3 of Theorem 1.4.19.

The proof of part 2 is similar: we note that the net {[w]4,, ¥ €
¥} is decreasing for every w € Q and [w]4 = Nyew|w]a,, invoke
(1.6.1), part 4 of Theorem 1.4.19, and the 7-smoothness property of
II. U

In the sequel we will need the following characterisation of con-
ditional idempotent expectations, which is a straightforward conse-
quence of (1.6.1).

Lemma 1.6.24. Let f: Q > Ry, g: Q@ — Ry and A be a T-algebra
on Q. Then S(f|A) < S(g|A) II-a.e. if and only if S(f1(A)) <
S(g1(A)) for every A € A.

The next implication of the lemma characterises conditional
idempotent expectation in a manner similar to the definition of con-
ditional expectation in probability theory. We say that functions f
and g on (,1II) are indistinguishable if II(f # g) = 0.

Lemma 1.6.25. Let A be a T-algebra and f : Q — Ry. Then
S(f|A) is the only up to indistinguishability function g :  — Ry,
which is A-measurable and satisfies the equality S(fh) = S(gh) for
all A-measurable functions h: Q — Ry
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Remark 1.6.26. If we defined conditional idempotent expectation
by the property in the lemma, then Definition 1.6.9 would prove
eristence. In general, one cannot replace in Lemma 1.6.25 -
algebras with o-algebras. Let us consider the following example.
Let Q@ = [0,1], Il(w) = 1 for every w € [0,1], B([0,1]) be the
Borel o-algebra on [0,1], and f be an Ry -valued function on Q that
1s not Borel measurable. Suppose there exists conditional idempo-
tent expectation g of f given B([O, 1]) satisfying the requirements of
Lemma 1.6.25. Since, given x € [0,1], the function 1(w = x) is
Borel, we have sup,cjo1] L(w = z)f(w) = sup,ep,1) 1w = z)g(w),
so that g(z) = f(z) for every x € [0,1], which contradicts the re-
quirement that g be Borel measurable.

We give “a transitivity law” for conditional idempotent expecta-
tions.

Lemma 1.6.27. Let f : Q = Q' , g: Q' — Ry and A’ be a T-algebra
on . Then

SulgofIf T (AN (W) = Suos-1 (gl A)(f(w))  H-ae.

Proof. Let h(w') = Spop-1(g]A")(w'), ' € Q. By Lemma 1.6.25 for
every A'-measurable function v : Q" — Ry we have Sp,p-1(gv) =
Stiof-1(hv). By Theorem 1.4.6 this implies the equality Si(gofwvo
f) = Su(hofwvof). Since by Lemma 1.2.7 an arbitrary f—!(A’)-
measurable R, -valued function on €2 is of the form vo f for a suitable
A’-measurable function v and h o f is f~!(A’)-measurable, we con-

clude by Lemma 1.6.25 again that hof = Sy(gof|f~!(A")) H-a.e. O

The next lemma concerns evaluating conditional idempotent ex-
pectations for product idempotent probabilities.

Lemma 1.6.28. Let (Q,A,1I) and (', A", 1I') be idempotent prob-
ability spaces and Q x Q' be equipped with T-algebra A ® A and
idempotent probability 11 x II'. Let f : Q x Q" — Ry. Then
Siar(fJA ® A) = Su(flA), where (@) = S (fule)IA), w €
Q. In particular, if g : Q@ — Ry and ¢ : Q' — Ry, then
Suxir(99'|A ® A") = Su(glA)Su(g'|A").
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Proof. The required follows since

Suxr (flA® A) = sup flw, )T x H,((wv w,)|~A ® A’)
(ww")eQx Y

= sup( sup f(w,w')H'(w'|A'))H(w|A).
we w e

O

In probability theory existence of conditional expectation is
proved by means of the Radon-Nikodym theorem. We can do with-
out an analogue of the latter; however, it comes in useful below, so
we state and prove it.

Definition 1.6.29. Let A be a T-algebra on Q. Let I and T’ be
idempotent probabilities on Q. We say that 11 is absolutely continu-

ous with respect to I on A if for every € > 0 there exists § > 0 such
that TI(A) < & implies that II'(A) < € for all A € A.

Remark 1.6.30. Equivalently, we may require the above condition
to hold only for the atoms of A. Note also that our definition implies
that if II' is absolutely continuous with respect to I1, then II'(A) =
0 whenever A € A and TI(A) = 0; by contrast with the situation
in measure theory, the converse is not true. We have chosen the
“strong” wversion as a definition since it implies maximability of the
Radon-Nikodym derivative (see Theorem 1.6.34 below).

Remark 1.6.31. IfII' and II are restricted to A, we simply say that
IT' is absolutely continuous with respect to II.

Definition 1.6.32. We say that a function f : Q@ — Ry is a Radon-
Nikodym derivative of an idempotent probability II' with respect to
an idempotent probability I1 on a T-algebra A if f is A-measurable,
II-mazimable and TI'(A) = \/ 4 f dII for all A € A. We then denote
f=dl/dll'. We also write dI1 = f dIT'.

Lemma 1.6.33. If f = dII'/dIl, then f(w) = II'(Jw]a)/T([w]4) II-

a.e.

Proof. Let II(w) > 0. By A-measurability of f it is constant on [w]4
so that

([w]a) = \/ fdll = f(w)L([w].a).

[w]a
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Thus, a Radon-Nikodym derivative is unique Il-a.e.

Theorem 1.6.34. An idempotent probability II' is absolutely con-
tinuous with respect to an idempotent probability I1 on A if and only
if there exists a Radon-Nikodym derivative of IT with respect to II' on

A.

Proof. Existence of the derivative implies the absolute continuity by
Corollary 1.4.12. For the converse, we define the derivative as in
Lemma 1.6.33. Then f is A-measurable and II'(A) = \/, f dII for
all A € A. To show f is II-maximable, we write for a > 0

VI 1Uf>a)dl=TI(f >a) < (w: O(w) < 1/a).
Q

Since IT’ is absolutely continuous with respect to II, the latter idem-
potent probability can be made less than arbitrary € > 0 by choosing
a large enough. O

Lemma 1.6.35. Let an idempotent probability II' on Q be absolutely
continuous with respect to Il on a T-algebra A. Let f = dII'/dIl > 0
[I-a.e. Then, for a function g : Q@ — Ry and 7-algebra B C A,
II-a.e.

Proof. Since 0 = St (Su(f|B) 1(Su(f|B) = 0)) = Su(f 1(Su(f|B) =
0)) and f > 0 I-a.e., it follows that Su(f|B) > 0 Il-a.e., so the
right-hand side in the above equality is well defined II-a.e. We next
have by properties of conditional idempotent expectations that for
BekB

Su (S (91B)Su(f|B) 1(B)) = S (Sn (S (91B) f 1(B)IB))
= Su(Sw (gIB)f 1(B)) = S (S (g]B) 1(B))
= Sw(g1(B)) = Su(fg1(B)).

Thus, by Lemma 1.6.25 Sy (g|B)Su(f|B) = Su(fg|B). O

We end the section by giving versions of Lemma 1.6.24 and
Lemma 1.6.25 for 7-smooth tight idempotent probabilities.
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Lemma 1.6.36. Let £ be a semi-T-algebra, 11 be T-smooth relative
to £ and T be a tightening collection for II. Let f : Q@ — Ry and
g: Q= Ry be Luzin (€, T)/U-measurable and mazimable functions.
Then the following holds.

1. S(f|(€)) < S(g|7(€)) M-a.e. if and only if S(f1(A4)) <
S(g 1(A)) for every A€ €.

2. S(f|7(€)) is the only up to indistinguishability Luzin (E,T)/U-
measurable mazimable function ' : Q — Ry that is 7(&)-
measurable and satisfies the equality S(fh) = S(f'h) for all
E-measurable functions h: @ — R, .

Proof. Necessity of the condition in part 1 is obvious. We prove
sufficiency. Let u(A) = S(f1(A)) and v(A) = S(g1(A)). By Corol-
lary 1.4.20 p and v are £-idempotent measures on 2 such that p < v
on £. Theorem 1.1.7 implies that © < v on &;,. Since £ is a semi-7-
algebra, &;,, = 7(€), completing the proof by Lemma 1.6.24. Part 2
is a consequence of part 1. O

Lemma 1.6.37. Let 11 be 7-smooth relative to a collection € and has
a tightening collection T. Let H be a collection of Luzin (€£,T)/U-
measurable Ry -valued functions on Q that contains the zero function,
is closed under multiplication by non-negative scalars and the forma-
tion of mazimums and minimums, and is such that if h € H, then
(h—1)VO € H and (1—h)VO € H. Let f : @ — Ry be mazimable and
Luzin (€, T)/U-measurable and let A denote the T-algebra generated
by the elements of H. If a Luzin (€,T)/U-measurable mazimable
function g : Q@ = Ry is A-measurable and such that S(fh) = S(gh)
for all h € H, then g = S(f|A) II-a.e.

Proof. Let V(h) = S(fh), h € H. By Theorem 1.4.19 and the hy-
potheses the functional V satisfies condition (V' C') of Theorem 1.4.22.
Therefore, V' has a unique extension to a non-negative homoge-
neous maxitive functional on the set of .A-measurable R, -valued
functions on €2 (see Remark 1.4.24). The same fact is true for the
functional V'(h) = S(gh). Hence, S(fh) = S(gh) for every A-
measurable R, -valued function h : 2 — R, and the required follows
by Lemma 1.6.25. ]
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1.7 Idempotent measures on topological
spaces

In the next three sections we consider 7-smooth idempotent measures
on topological spaces. Let E be a Hausdorff topological space. It will
play the part of the set 2. The part of the collection £ will be played
either by the collection F of closed subsets of E or the collection K of
compact subsets of . We consider only finite idempotent measures
throughout.

Definition 1.7.1. We say that an idempotent measure p on E is
tight if it has K as a tightening collection, i.e., for every € > 0 there
exists compact K C E such that p(K°¢) <e.

Note that since E is Hausdorff, F-idempotent measures are K-
idempotent measures; also the classes of tight F-idempotent mea-
sures and tight K-idempotent measures coincide. Therefore, we oc-
casionally refer to tight F-idempotent measures on Hausdorff spaces
as tight 7-smooth idempotent measures.

We denote p(z) = u({z}) so that symbol p will alternatingly be
used for an idempotent measure and its density. To avoid confusion
we will denote the density by p(z) and the idempotent measure by
1. We recall that according to Lemma 1.1.4

p(A) =suppu(z), AC E. (1.7.1)
zEA

The next lemma relates properties of 1(z) to properties of u. Recall
that a function f : £ — Ry is upper semi-continuous if the sets
{z € E: f(z) > a} are closed.

Definition 1.7.2. A function f: E — Ry is said to be upper com-
pact if the sets {z € E: f(z) > a} are compact for a > 0.

Remark 1.7.3. Upper compact functions attain suprema on closed
sets.

Lemma 1.7.4. Let a function pu(z) : E — Ry and set function
p: P(E) — Ry be related by (1.7.1). Then the following holds.

1. If the set function u is an F—-idempotent measure on E, then
the function p(z) is upper semi-continuous.
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2. If the function p(z) is upper semi-continuous, then the set func-
tion i is o K—idempotent measure. If E is either first countable
or locally compact, then the converse is also true.

3. The set function p is a tight F—idempotent measure on E if
and only if the function u(z) is upper compact.

Proof. Let p be an F-idempotent measure and let z4 — z,¢ € @.
Then applying the 7-smoothness property of p to the sets Fy =
c{zg,¢' > ¢} and noting that NyFy = {z}, we conclude that
lim supy, p1(z¢) < p(2), ie., p is upper semi-continuous.

The first assertion in part 2 follows from Lemma 1.7.6 below with
fo(2) = p(2) 1(z € Kg), where { K4} is a decreasing net of compacts.
The second assertion in the case F is first countable is proved by the
argument of the proof of part 1 since we can assume that {z4} is
countable so that the Fy are compact. If E' is locally compact, then,
given z4 — z and € > 0, by 7-smoothness there exists a compact K
such that z € K, zy € K for “large” ¢ and p(K) < p(z) + €.

If p is a tight F-idempotent measure, then p(z) is upper semi-
continuous by part 1; besides, if K is a compact such that u(K°¢) < a,
then {z : u(z) > a} C K, so u(z) is upper compact. If u(z) is upper
compact, then y is a K-idempotent measure by part 2. It is tight
since, given € > 0, one can take K = {z: pu(z) > e}. O

In the sequel, we denote
Ky(a)={z€ E: pu(z) > a}, a>0. (1.7.2)

Remark 1.7.5. According to the lemma, if u is a tight F-idempotent
measure, then the sets K,(a), a > 0, make up a tightening collection

for .
We give the lemma used in the above proof.

Lemma 1.7.6. Let fy be a net of Ry -valued upper compact functions
on E monotonically decreasing and converging pointwise to function
f- Then

sup fs(2) | sup f(2).

z€E 2zl

Proof. For € > 0,let By = {2 € E: f4(2) > sup,icp f(2') +€}. The
sets By are compact, decreasing and NyBy = (). Hence, By, = 0 for
some . O
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The following useful fact is in the same theme.

Theorem 1.7.7. Let p be an F-idempotent measure on E. Let
{fj,j € J} be a collection of Ry -valued bounded upper semi-
continuous functions closed under the formation of minimums. Then
inf idp = \/ inf f; du.
2\ Jrd =\ el
Proof. The claim follows by the last assertion of Theorem 1.4.19 if

we observe that 7 = {E} is a tightening collection for p and upper
semi-continuous functions are Luzin (F,T)/U-measurable. O

The next result is an analogue of Ulam’s theorem, see, e.g.,
Billingsley [11].

Theorem 1.7.8. Let E be either homeomorphic to a complete metric
space or locally compact. If 1 is an F-idempotent measure on E, then
W 1s tight.

Proof. Let E be metrised by a complete metric. Given § > 0, let
Os denote the collection of finite unions of open d-balls in £ ordered
by inclusion. It follows by 7-smoothness of p relative to F that
limpeco, #(£\ O) = 0. Therefore, for arbitrary e > 0 and n € N there
exist open 1/n-balls Ay 1,..., Apk, such that u(E \ UfﬁlAn,i) < e
The set A = N2, Ufﬁl Ap i is totally bounded so that, since E is
complete, the set K = cl A is compact. Also u(E\K) < sup,cy p(E\
Ui‘tlAn,i) <e.

If E is locally compact, then the 7-smoothness property of u
implies that for every € > 0 there exist open sets Aj,..., Ay with
compact closures such that pu(E\ UF_ | A;) <e. O

Let E' be a Hausdorff topological space and F' denote the collec-
tion of closed subsets of E’. We introduce a class of maps f : £ — E’
that preserve the property of an idempotent measure being tight and
T-smooth relative to the collection of closed sets.

Definition 1.7.9. Let u be a tight F-idempotent measure on FE. A
function f : E — E' is said to be p-Luzin measurable (or simply
Luzin measurable if pu is understood) if it is continuous when re-
stricted to the compacts K, (a),a > 0.
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Remark 1.7.10. The definition adapts the abstract notion of Luzin
(&, T)/E -measurable functions in that f is u-Luzin measurable if and
only if it is (F,K,)/F'-measurable, where K\, = {K,(a), a > 0}.

The equality f (K u(a)) = K of-1(a), which is valid for arbitrary
f: E — E', and Theorem 1.2.14 yield the following result.

Theorem 1.7.11. If u is a tight F-idempotent measure on E and
f is a p-Luzin measurable mapping from E to E', then p' = pof~*
is a tight F'-idempotent measure on E'.

An application to f being an embedding provides the following
extension result.

Corollary 1.7.12. Let E C E' and the topology on E be finer than
the topology induced by the topology on E'. Let p be a tight F-
idempotent measure on E. Then the set function u' on E' defined by
p'(A") = u(A' N E) is a tight F'-idempotent measure on E'.

In view of an important role played by tight F-idempotent prob-
abilities in large deviation theory, we give them a special name.

Definition 1.7.13. A tight F-idempotent probability is called a de-
viability. If the idempotent distribution of an idempotent variable is
a deviability, we also refer to it as a deviability distribution.

Remark 1.7.14. By Theorem 1.7.8 on complete metric spaces and
on locally compact spaces F-idempotent probabilities are deviabilities.

The following is a corollary of Lemma 1.7.4 that will be used
frequently below.

Corollary 1.7.15. An idempotent measure 11 is a deviability if
and only if the density 11(z) is an upper compact function and
SuszEH(Z) =1

Remark 1.7.16. Since upper compact functions attain suprema on
closed sets, for every deviability 11 there exists z € E such that
II(z) =1.

Remark 1.7.17. We note that 11 is a deviability if and only if the
function I(z) = —Inll(z) is a tight probability rate function in the
sense that the sets {z € E : I(z) < a} are compact for all a € Ry
and inf,eg I(z) = 0.
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Definition 1.7.18. 1. Let (Q,II) be an idempotent probability
space. An idempotent variable f : Q — FE is called a Luzin
idempotent wvariable on (,11) if its idempotent distribution
Dof~!is a deviability on E.

2. Let, in addition, ) be a Hausdorff topological space and Il be
a deviability. An idempotent variable f : Q — E is called a
strictly Luzin variable on (Q,11) if it is II-Luzin measurable.

Remark 1.7.19. By Theorem 1.7.11 strictly Luzin idempotent vari-
ables are Luzin idempotent variables.

Strictly Luzin idempotent variables have another useful property.
It is a topological version of Corollary 1.4.20.

Lemma 1.7.20. Let Q2 be a Hausdorff topological space and 11 be
o deviability on Q. Let f be a mazimable Ry -valued strictly Luzin
idempotent variable on (2,11) such that Suf = 1. Then the set
function TI'(A) = S f 1(A), A C E, is a deviability on E.

We now consider topological versions of Theorem 1.4.22. They
are analogues of Riesz’ representation theorem. Let C,'é(E) denote
the set of R, -valued continuous functions on E with compact sup-
port.

Theorem 1.7.21. Let E be a locally compact Hausdorff topological
space and V : CiE(E) — Ry be a functional with properties (V1) and
(V2) from Theorem 1.4.22, i.e.,

(V1) V(cf) =cV(f), ce Ry,
(V2) V(fVg) =VI(f)V Vi)

Then there exists a KC—idempotent measure p on E such that

V(f)=\/fdp, feCiEB).
E

The idempotent measure p is uniquely specified on P(E).

Proof. By Theorem 1.4.22 in order to prove existence of u we need
to check that if {f,,¢ € ®} and {gy,9 € U} are, respectively, in-
creasing and decreasing nets of elements of C;f (E) such that

su z) > inf z), z €K,
gOegﬁo( ) 2 inf gy()
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then

sup V' > inf V . 1.7.3
upV (f;) 2 nf V(50) (173)

Replacing if necessary the net { f,,} by the net { f,Ag 1/3}, where ) € U
is picked arbitrarily, we can assume that all the above functions are
supported by a compact K. Let hx € C)-(E) be such that hx = 1
on K. Given ¢ > 0, the net {(gy/(f, V (¢hk)) —1)"} indexed by
(®, ¥) monotonically converges to 0 on K. By Dini’s theorem the
convergence is uniform, so there exist ¢¢ and 1y such that

gu(2) < (I+e)(fo(2)V(ehk (2))), z € B, 2 0,9 2 0.

Therefore, by the properties of V'

Vigy) < (14e)(V(fo)V(eV (hi)))s ¢ = tho, ¢ = po,

which implies (1.7.3) since € > 0 is arbitrary.
Since KC;, = P(F), by Theorem 1.4.22 p is uniquely specified on
P(E). O

Corollary 1.7.22. Let p and p' be K-idempotent measures on a
locally compact Hausdorff topological space E. If

\ fau=\/fdy, feCt(m),
E E

then = p' on P(E).
The following version for compact spaces has an analogous proof.

Theorem 1.7.23. Let E be a compact Hausdorff topological space
and H be a set of Ry -valued continuous functions on E that contains
the zero function, is closed under the multiplication by non-negative
scalars and formation of mazximums and minimums, and is such that
if f € H, then (f —1)VO0 e H. If V:H — Ry is a functional
with properties (V1) and (V2), then there exists a (ICy);—idempotent
measure p on E such that

V(f)=\/Fdu, feH,
E
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where KCy is the collection of compacts {z € E : f(z) > a},a €
Ry, f € H. The idempotent measure u is uniquely specified on

If, in addition, H contains constants and
(V0) V(1) =1,

then u is a (Ky)i-idempotent probability.

Remark 1.7.24. Theorem 1.7.21 can be derived from Theo-
rem 1.7.28 if one recalls that o locally compact Hausdorff space is
homeomorphic to an open subset of a compact Hausdorff space.

For an Ry -valued function f on E, let ||f|| = sup,cp f(2). Let
C(;" (E) denote the set of R, -valued bounded continuous functions on
E. We recall that Tihonov spaces are completely regular 7}-spaces,
see, e.g., Kelley [71].

Theorem 1.7.25. Let E be a Tihonov topological space and V :
C, (E) — Ry be a functional with properties (V1) and (V2), which
1s, in addition, tight in the sense that for arbitrary € > 0 there exists
a compact K C E such that V(f) <e||f| for every f € C; (E) that
equals 0 on K.

Then there exists a tight F—idempotent measure p on E such that

V(f) =\ fdu, f €C(E).
E

The idempotent measure p is specified uniquely on P(E).
If, in addition, condition (V0) holds, then i is a tight F-idempotent
probability.

Proof. Let E be the Stone-Czech compactification of E, see, e.g., En-
gelking [47). We define a functional V on G, (F) by V(f) = V(f),
where f denotes the restriction of f € C; (E) to E. It is obvi-
ous that V satisfies the conditions of Theorem 1.7.21. By Theorem
1.7.21 there exists a K-idempotent measure 77 on E, where K is the
collection of compact subsets of E, such that

V() =\/Tdm T ec)(®. (1.7.4)
E

We show that 7z is C-tight, i.e., for every € > 0 there exists a compact
K C FE such that n(E \ K) < e. Let K be as in the hypotheses.
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The set E \ K is open in E so, since E is Tihonov, 1(E \ K) =
sup f over f € C,(E) such that f < 1(E \ K). Therefore, since
all these f are equal to 0 on K and 7 is an idempotent measure,
B(E\K) = supTV(f) = sup; V(f) < e. Since the embedding £ — E
is continuous, the restriction of 7z to F, defined by u(A) = (A) for
A C E, is a K-idempotent measure. It is tight since 1z is K-tight.
Moreover, K-tightness of z implies that z(E \ E) = 0, so \/z fdi =
Vj; f dp. Thus, by (1.7.4) we have for f € C,"(E), denoting by f the
continuous extension of f to E, that

V() =V =\/f =\ rdp.
E

O

Remark 1.7.26. According to the theorem and part (JS5) of The-
orem 1.4.4, the functional V : C’;“(E) — Ry admits a continuous
extension to a functional on the space of bounded Ry -valued func-
tions on E with sup-norm.

Theorem 1.7.27. Let i and y' be F-idempotent measures on a Ti-
honov topological space E. If

\ fdu=\/fdy', f e CH(B),
E E

then = p' on P(E).
Proof. Given z € E, we have, since E is Tihonov, that 1({z}) =
inf{f € C;/ (E) : f(z) = 1}. Therefore, by Theorem 1.7.7

= 1nf d s ! zZ) = 1nf d
et \/f po W(2) et \/f .
f(z)_l f(Z)—

O

1.8 Idempotent measures on projective limits

Our purpose here is to prove analogues of extension theorems for
projective systems in measure theory. We are only able to get nice
results for projective systems of tight 7-smooth idempotent measures.
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We actually formulate the results for idempotent probabilities, which
are our main concern in this book.

Let (Ey)pew be a net of Hausdorff topological spaces indexed by
a directed set ¥. We assume that for all ¥ < ¢, ¥y € U, ¢ € U,
there are maps my4 : Ey — Ey such that myy = my, om, for
1 < x < ¢. We denote by F,, the collections of closed subsets of the
Ey. Let the Ey be equipped with deviabilities I, (i.e., tight Fy-
idempotent probabilities). For ¢ > 0, we denote K, y = {2z, € Ey :
Iy (zy) > €}. We assume that the maps 7y, are Luzin measurable,
i.e., their restrictions to the K, 4 are continuous. The deviabilities
II, are assumed to form a projective system in that Il = Il oqu;
for ¢y < ¢. We note that this implies that mys K. 4 = Kcy. Let E
be a Hausdorff topological space and maps my, : £ — E, be such
that my = mye omy for ¢ < ¢. Let F denote the collection of closed
subsets of F.

Theorem 1.8.1. Let the maps my,¢ € ¥, separate points in E.
Let for every € > 0 there exist a compact K. C E such that the
restrictions of the maps my, to K. are continuous and

(e, K) Iy ((myp K:)©) <e.

Then there ewists a deviability II on E such that 11, = II owlzl.
Deviability 11 is uniquely specified by I1(z) = infycy Iy (my2).

Remark 1.8.2. Condition (€, K), being an analogue of the (e, K)-
condition for Radon measures (Schwartz [118]) is referred to below
as such.

We first consider the following special case.

Lemma 1.8.3. Let E be the projective limit of the system (Ey) and
the my, be the canonical projections from E to Ey. Then the assertion
of Theorem 1.8.1 holds.

Proof. We define

T(z) = inf I , 2z € E, 1.8.1
() = inf Ty (my2), = (181)

and II(A) = sup,c41I(2), A C E. Let K. = {z € £ : II(2) > ¢}.
Then

K, = ﬂ@lm,w, (1.8.2)
¥
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so K. is the projective limit of the (K, 1 € ¥). Therefore, K,
is compact for € € (0,1]. It is also empty for € > 1. Thus, II is
a deviability on £ by Corollary 1.7.15. Since the “bonding” maps
Tye © Keyp — Key are onto and continuous, the maps my, : K. —
K.y are also onto, see Engelking [47, Corollary 3.2.15]. Therefore,

K.y =myK, (1.8.3)
which is equivalent to the equality

Iy(zp) = sup II(2), (1.8.4)
ZEW;lzw

which proves that 1T, = II Ty, L

Conversely, if I is a deviability on E such that IT, = Howlz Lye
U, then (1.8.4) holds, which is equivalent to (1.8.3), which implies,
since K, is compact, that K is the projective limit of the (K, 1 €
) so that (1.8.2) holds, Engelking [47, Proposition 2.5.6]. The latter
is equivalent to (1.8.1). O

Remark 1.8.4. Note that the (e, K)-condition is satisfied in this
setting in view of (1.8.3). We call 11 the projective limit of the ILy.

For a proof of the general case we need a lemma.

Lemma 1.8.5. Let E and E' be Hausdorff topological spaces. Let
E' be endowed with an F'-idempotent probability 1I', where F' is
the collection of closed subsets of E'. Let an injective mapping h :
E — E' and a collection K of compact subsets of E be such that the
restrictions of h to the elements of K are continuous and h(l@) s a
tightening collection for II'. Then there exists a unique deviability TT
on E such that II' = [ oh™'. It is specified by the equality I1(A) =
I'(h(A)), AC E.

Proof. We define II as in the statement of the lemma. In order to
check that II is 7-smooth relative to F, let us consider a decreasing
net {Fy,¢ € @} of closed subsets of E. For € > 0, we choose a
compact K € K such that II'(E’ \ h(K)) < e. Then by the fact that
h is injective

II(Fy) = II'(h(Fy)) < II'(h(Fy)Nh(K))+e = II' (h(FyNK)) +e.
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Since h is continuous when restricted to K and IT’ is 7-smooth relative
to F', we have that

inf I (h(Fy N K)) = (ﬂthK) ( (ﬂ@))

ped ped

=1( () £).

ped

Thus,

fII(F <H( F)
inf 1(Fy) <I( [ Fy) e
peP

implying that Il is 7-smooth relative to F. Finally, II is tight since
by h being injective II(K¢) = IT'(h(K)°). O

Proof of Theorem 1.8.1. Let E' be the projective limit of the (Ey),
let K/,e > 0, be the respective projective limits of the (K. ,), and
let 71':/) : E' — E, be the canonical projections. By the part of the
theorem already proved there exists a unique deviability II' on E’
such that I, = IT' o7r . On the other hand, it is easy to see that
there exists a map h : E — E', which is continuous when restricted
to the sets K., and is such that W:/) oh = my. By the (g, K)-condition
7y Ke O K¢y, which implies that h(K.) O K.. Therefore, {h(K.)}
is a tightening collection for II'. Since the family 7, separates points
in E, h is injective. Thus, by Lemma 1.8.5 there exists a unique
deviability I on E such that II' = IToh™!, which implies that I, =
I1 oy, L Also

[1(z) = ' (h(2) = inf Iy (wyoh()) = inf Tl (myz). = € B.

O

We now consider an application to product spaces. Let {E},j €
J} be a family of Hausdorff topological spaces with collections F; of
closed sets. Let ¥ be the set of finite subsets of elements of J. For
1 € ¥ let Ey denote the Cartesian product ngwE with product
topology; Ey is endowed with the collection Fy of closed sets. Let
the sets Fy be equipped with F,-idempotent probabilities IL,;. As
above we denote K, y = {2y € Ey : Ily(2zy) > €}. For ¢ C ¢, let
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Ty denote the canonical projection Ey — E,. Let B C HjeJ E; be
equipped with a Hausdorff topology, which is finer than the relative
product topology, and 7'('5 denote the restriction to £ of the canonical
projection [ ] jes Ej = Ey. The next result follows by Theorem 1.8.1.
Theorem 1.8.6. Let the idempotent probabilities 11y, form a pro-
jective system, i.e., Il = Il o7r1;¢1) if v C ¢. If for every e > 0
there exists a compact subset K. of E such that Hw((ﬂgKe)c) <e€
for all 1 € U, then there exists a tight F-idempotent probability 11
on E such that 11, = 11 owg_l,iﬁ € V. It is uniquely specified by
[(z) = infycy H¢(7rgz). In particular, 11 exists if E is equipped with
product topology and the idempotent probabilities I1;, 5 € J, are tight.

Proof. Only the last claim requires proof. We check that the Il are
tight if the IT;,j € J, are tight. For e > 0, let K. y = [[.cqy Ke s
where II; (K¢ ;) <e. Then Ka,d) is compact and

a3

My (REy) = T (U 3 (K2,)) = sup (s (K)

jew v
= supIl; (Kf,j) <e.
jey
For the (e, K)-condition, we can take K, = ﬂjﬂ]E*lKE’j. O

The following consequence of Lemma 1.8.5 complements Corol-
lary 1.7.12. Its weaker version has been used in the proof of Theo-
rem 1.7.25.

Corollary 1.8.7. Let £ and E' be Hausdorff topological spaces such
that E C E' and the topology of E is finer than the topology induced
by the topology of E'. Let I' be a deviability on E'. If the collection
of compact subsets of E is a tightening collection for I, then the set
function 11 on E defined by TI(A) = II'(A) is a deviability on E.

We now give topological versions of the results of Section 1.5.

Definition 1.8.8. Let F and E’ be Hausdor[f topological spaces. A
function k(z, A") : ExP(E') — [0,1] is called a deviability transition
kernel from E into E' if the following conditions hold:

1. k(z, A") is upper semi-continuous in z for every closed set A" C
E',
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2. k(z,A") is a deviability in A’ for every z € E and is uniformly
tight on compact subsets of E in the sense that for every com-
pact K C E and € > 0 there exists a compact K' C E' such
that sup,c i k(z, E' \ K') <.

Theorem 1.5.8 yields the following result.

Theorem 1.8.9. Let u be a tight F-idempotent measure on a
Hausdorff topological space E. Let E' be another Hausdorff topo-
logical space and E x E' be equipped with product topology. Let
k(z,A) : Ex P(E") — [0,1] be a deviability transition kernel from
E into E'. Then the idempotent measure i on E x E' defined by
f(z,2") = k(z,2")u(z) is tight and T-smooth relative to the collection
of closed subsets of E x E'.

Proof. By Theorem 1.5.8 fi is T-smooth relative to the collection { F'x
F'}, where F and F' are closed in F and E’, respectively, and has the
tightening collection {K x K'}, where K and K’ are compact in F
and E', respectively. The 7-smoothness property implies that fi(z, z’)
is an upper semi-continuous function on E x E’, and the tightness
property then allows us to deduce that the function is actually upper
compact. O

Corollary 1.8.10. IfII and II' are deviabilities on respective Haus-
dorff topological spaces E and E', then the product idempotent mea-
sure II = II x IT' is a deviability on E x E' equipped with product
topology.

Combining the latter with Theorem 1.8.6 yields the following
existence result.

Corollary 1.8.11. Let 11, 5 € J, be a collection of deviabilities
on respective Hausdorff spaces Ej. Then there exists an idempotent
probability space (2,11) and independent Luzin idempotent variables
fj» J € J, on (,1I) whose respective deviability distributions are the
I1;.

The following condition will be used for checking that a function
is a deviability transition kernel.

Lemma 1.8.12. Let E and E' be Hausdorff topological spaces and
let E be first countable. If a function k(z,2') : E x E'" — [0,1] is
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upper semi-continuous in (z,2'), the sets {z' € E' : sup,cg k(z,2") >
a}, where a € (0,1], are relatively compact subsets of E' for every
compact K C E, and sup,cp k(z,72') = 1 for every z € E, then
k(z, A") = sup,ica k(z,2') is a deviability transition kernel from E
into E'.

Proof. We first note that the hypotheses imply that the function
sup, ¢ k(z,2') is upper compact for every compact K C E so that
condition 2 in the definition of a deviability transition kernel holds.
We check condition 1. Let A’ be a closed subset of E' and 2, — z
as n — 0o. The set K = Upen{zn} U{z} is a compact subset of E.
Therefore, given an arbitrary € > 0, there exists compact K' C E’
such that k(z,, £’ \ K') <€, n € N. Hence,

limsup k(z,, A') < limsupk(z,, K'NA)+e < k(z, K'NA") +¢

n—0o0 n—0o0

< k(z,A') +¢,

where the second inequality follows by upper semi-continuity of
k(z,2') and the fact that K' N A" is compact. O

1.9 Topological spaces of idempotent
probabilities

In this section we consider topologies on the space of idempotent
probability measures on a topological space, our main concern being
the weak topology. Let E be a topological space and let ZM(FE)
denote the set of F-idempotent probabilities on E, where F is the
collection of closed subsets of E. As above we denote by C," (E) the
set of all Ry -valued bounded continuous functions on E.

Definition 1.9.1. The weak topology on ZM(E) is the coarsest
topology for which the maps II — \/p hdIl are continuous for all
h e Cf(E).

According to the definition, a base for the weak topology consists
of sets {I' € ZM(E) : |V hidll! =\ hidll| < €,i = 1,...,k},
where IT € ZM(E),h; € C;f (E),e > 0. For most of the section we
assume that E is a Tihonov topological space, in which case ZM (FE)
is a Hausdorff topological space by Theorem 1.7.27. We denote con-

vergence in the weak topology as . Our purpose is to show that
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the weak convergence of idempotent probabilities has many of the
properties of the weak convergence of probability measures.

Let us denote by 6;(]5) the set of all upper semi-continuous
bounded Ry -valued functions on E, and by C; (E) the set of all
lower semi-continuous bounded R, -valued functions on E. For a
function h : E — Ry, let h and h denote the respective upper semi-
continuous and lower semi-continuous envelopes of h defined by

h= inf f and h= sup g.
FECy (E): 9eC (E):
fzh g<h

We say that h is continuous relative to II if \/, hdll = \/, hdIL
We say that h is upper semi-continuous (respectively, lower semi-
continuous) relative to II if \/,hdll = \/,hdll (respectively,
Vg hdll = Vg hdll).

We adopt a similar terminology for sets. We call a set H C
E continuous relative to IT if I(int H) = TI(cl H). We call a set
H C E closed (respectively, open) relative to II if II(H) = II(cl H)
(respectively, I[I(H) = II(int H)). If £ is a Tihonov space, a set is
continuous (closed or open, respectively) relative to II if and only if
its indicator function is continuous (upper semi-continuous or lower
semi-continuous, respectively) relative to II.

Theorem 1.9.2. (Portmanteau theorem) Let E be a Tihonov topo-
logical space. Let 11 € TM(E) and 11y € ZM(E),¢ € @, be a net.
The following conditions are equivalent.

L. My %1
5 \/hdH¢—>\/hdH for all h € Cf (B)

3. (i) liminf\/gdlls > dll  forallg € CJ (E
(4) ) \/g o> \/g for all g (B)
(i7) hmsup\/f dll, < \/f dIl  for all f € Cy (E)
¢
3. The mequalztzes of part 3 hold for all lower semi-continuous rel-

ative to I, bounded functions g : E — Ry and all upper semi-
continuous relative to I, bounded functions f : E — Ry, respectively
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4. (1) lin%binfﬂqg(G) > 1I(G)  for all open G C E
(i) limsuplly(F) <II(F)  for all closed F C E
¢

4'. The inequalities of part 4 hold for all open relative to 11 sets G and
closed relative to 11 sets F', respectively

5. lmIly(H) =1I(H)  for all continuous relative to 11 sets
? HCE

6. lim\/ h dlly = \/ hdll  for all continuous relative to 11
° E E bounded functions h: E — Ry

7. lim \/ h dlly = \/ hdIl  for all bounded functions
¢ g E h: E — Ry that are uniformly

continuous with respect to a given
uniformity on E

Proof. Conditions 1 and 2 are equivalent by the definition of the
weak topology. Clearly,2 = 7,3 3,3=2,3=4,3 = 6,4 < 4,
4" =5, and 6 = 2.

We prove the implication 2 = 4. To prove 2 = 4(7), we note that,
since E is Tihonov and G is open, 1(G) = sup h over h € C;/ (E) such
that h < 1(G). Therefore, by Theorem 1.4.4 II(G) = sup;, \/; h dII,
so that if he < 1(G) is such that II(G) < /g he dIl + ¢, then

lim inf[I4(G) > lim \/ h.dlly = \/ hodIl > 1I(G) —e.
il T16(G) 2 i\ hedly =/ (@)

The proof of 4(ii) is analogous if we note that 1p = inf h over
h € C; (E) such that h > 1(F) so that by Theorem 1.7.7 II(F) =
infh VE h dH¢
We prove that 4(i) = 3(i) and 4(ii) = 3(ii). For g € C; (E)
such that [|g|]| = 1 let
() = max [1 1( (z) > l)} kEeN
IR = ok T\ k/L1 ’
Since \/j; gx dlly = max;—g, . k—1(i/k1ls(g(z) > i/k)) and the sets
{z : g(z) > z} are open by the lower semi-continuity of g, 4(¢) yields

lim inf\/ grdlly, > \/ gi dII.
¢ E E

© 2001 by Chapman & Hall/CRC



Spaces of idempotent probabilities 67
As gi(2) < g(2) < gr(z) + 1/k, by Theorem 1.4.4
1
lim inf dIl, > lim inf dlly > dil > dll——,
L \E/g 5 2 lim, \E/gk ¢_\E/gk _\E/g -

which yields 3(i).

The proof of 4(ii) = 3(¢4) is similar if we consider the functions
fe(z) = max;—o__p—1(i +1)/k 1(f(2) > i/k).

Now we prove 5 = 4. Let G be open and § > 0. Let h be a
function from C," (E) such that h < 1(G) and \/ hdIl > II(G) — 6.
Let H, = {z € E': h(z) > u}, u € [0,1]. Then the function II(H,)
increases as u | 0 so it has at most countably many jumps. Also
II(H,) > Vg hdll — u, so II(H,) > II(G) — 20 for u small enough.
Thus, there exists ¢ > 0 such that I[I(H.) > II(G) — 26 and II(H,) is
continuous at €. By 7-maxitivity of II the latter is equivalent to H,
being continuous relative to II. Thus, we conclude that

lim inf (G > lim Iy (H) = TI(Hz) > T1(G)~26.

The proof of 4(7i) is similar.

We prove that 7 = 4(ii). Let V be a uniformity on E and F
be a closed subset of E. Let {p,} be a collection of pseudo-metrics
on FE, uniformly continuous with respect to V, which is closed under
the formation of maximums and such that 1(F) = inf.~¢inf,(1 —
pa(z,F)/e)T, where po(z, F) = inf,icp po(z,2'). The functions (1 —
pa(z,F)/e)T are bounded and uniformly continuous with respect to
V so that by Theorem 1.7.7

limd)sup My (F) < inf inf lién\E/(l — palz, F)/e)t dll,

= inf inf \/(1 — pa(z, F)/e)" dIl

e>0 «

= \/gg[f] igf(l — palz, F) /)T dll = II(F).
E

The implication 7 = 4(¢) is proved in an analogous manner. O

Remark 1.9.3. As the proof shows, in part 7 it is enough to require
that the convergences hold for functions h that are Lipshitz continu-
ous with respect to the pseudo-metrics specifying the uniformity.
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Remark 1.9.4. In particular, Theorem 1.9.2 implies that the weak
topology on ZM(E) is also generated by the subbase {II' € TM(E) :
I'(G) > 1I(G) —e}, {I' e IM(E) : II'(F) < II(F) + ¢}, where the G
are open, F are closed, € > 0, Il € ZM(FE), as well as by the subbase
{I' e IM(E) : |II'(H) — II(H)| < e}, where the H are continuous
relative to II, ¢ > 0,11 € ZM(E).

Remark 1.9.5. The definition of the weak topology also applies to
arbitrary finite F-idempotent measures. Theorem 1.9.2 is retained.

Remark 1.9.6. For general Hausdorff topological spaces the conver-
gences in part 4 of Theorem 1.9.2, which specify the narrow topology,
see, e.g., O’Brien and Vervaat [97], imply convergence in the weak
topology. On the other hand, if we defined the weak topology in anal-
ogy with Topsge [125] by requiring that it be the weakest topology
such that the evaluations II — \/ gdIl are lower semi-continuous
forall g € Q;“ (E) and the evaluations 11 — \/, f d11 are upper semi-

continuous for all f € 6:(5}), then the weak topology would be equiv-
alent to the narrow topology. Also for this topology the requirement
of E being Tihonov in Theorem 1.9.17 below can be relazed.

Corollary 1.9.7. Let E be a Tihonov topological space. Let Ey be
a subset of I equipped with relative topology. Let Iy € TM(E) and
II € ZM(E) be such that l14(E \ Ey) = II(E \ Ey) = 0 and the
restrictions of Ily and II to Eg, which are denoted by fI¢ and TI,
respectively, are T-smooth relative to the collection of closed subsets

of Ey. Then 114 L) if and only if ﬁ¢ “ .
Remark 1.9.8. The T7-smoothness property in the hypotheses holds

if either Eg is a closed subset of E or the Ily and II are tight F-
idempotent probabilities on E.

We next give sufficient conditions for continuity relative to II and
the other related notions. Let Ey C E.

Definition 1.9.9. We say that a set H C E is Ey—closed if it con-
tains all its accumulation points that are in Ey, i.e., clHNEy C H.
We say that a set H C E is Ey—open if every point of H N Ey is an
interior point of H, i.e., HN Ey C int H.

Remark 1.9.10. Note that both the interior and closure are taken
in E. Also, H is Ey—open if and only if its complement in E is
Ey—closed.

© 2001 by Chapman & Hall/CRC



Spaces of idempotent probabilities 69

Definition 1.9.11. A function h : E — Ry is called Ey—upper
(respectively, Ey—lower) semi-continuous if the sets {z € E : f(z) >
a} (respectively, {z € E : f(z) < a}), a € Ry, are Ey—closed. A
function h : E — Ry is said to be Ey—continuous if h~*(G) is Ey—
open for each open G C R, .

Remark 1.9.12. An indicator function 1(A), A C E, is Ey—upper
(respectively, Ey-lower) semi-continuous if and only if A is Ey—closed
(respectively, Ey—open,).

Remark 1.9.13. If E is Hausdorff, then a function h is Fy-
upper (respectively, Ey-lower) semi-continuous if and only if
limsuph(zy) < h(z) (respectively, ligliq)nfh(zqg) > h(z)) for every
) €

net zg — z € Fy. Similarly, h : E — Ry 1is Eg—continuous if and
only if éir{{l) h(zg) = h(z) for every net z4 — z € Ey.
€

Let us say that IT is supported by Ey if II(E \ Ey) = 0.
Lemma 1.9.14. Let E be Hausdorff and 11 be supported by Ey.

1. If a function h : E — Ry is Ey—continuous (Ey—upper-
semi-continuous or Fy-lower-semi-continuous, respectively),
then it is continuous (upper semi-continuous or lower semi-
continuous, respectively) relative to II.

2. If a set H C E is Ey—continuous (Ey—closed or Ey—open, re-
spectively), then it is continuous (closed or open, respectively)
relative to I1.

Proof. Part 1 follows by the fact that on Hausdorff spaces

h(z) = li h(z d h(z) = lim inf h(2'
()= Jig s M) and Be) = Jy Rl 1,

where U, is the collection of open neighbourhoods of z ordered by
inclusion. Part 2 is a consequence of the definitions. ]

Our next goal is to prove a Prohorov criterion of weak relative
compactness. We denote by ZM,(F) the set of tight F-idempotent
probabilities on F.

Definition 1.9.15. 1. A subset A of ZM(FE) is called tight if
inf g ex suppeq I(K€) = 0.
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2. A net {Illg,¢ € @} in IM(E) is called tight if
inf jcexc lim supy,eq [y (K€) = 0.

Definition 1.9.16. A net {Il;,¢ € @} in ZM(E) is called relatively
compact if every subnet of {Ily, ¢ € @} contains a weakly convergent
subsubnet.

We also use the standard definition that a subset of ZM(FE) is
relatively compact for the weak topology if its closure is compact.

Theorem 1.9.17. 1. Let E be a Tihonov topological space. If
a subset A of IM(E) (respectively, a net {Ily,¢ € @} in
IM(E)) is tight, then A (respectively, {Ily,¢ € ®}) is rel-
atively compact, the accumulation points being elements of

IM(E).

2. Let E be homeomorphic to a complete metric space. If a subset
A of IM(E) is relatively compact, then A is tight.

3. Let E be locally compact and Hausdorff. If a subset A of
IM(E) (respectively, a net {Ily,¢ € @} in ZM(E) ) is rel-
atively compact, then A (respectively, {Ils, ¢ € ®}) is tight.

Proof. We prove part 1 by proving that every tight net {Ily, ¢ € ®}
in ZM(E) contains a subnet converging to an element of ZM,(FE).
Let CII(E) = {f € GS(B) : |fl < 1}. The mapping II —
(Vg fdll, f € C,f 1(E)) defines a homeomorphism between space

IM(E) and a subspace of space [0, 1]0;1 (E) with product topology.
The latter space being compact by Tihonov’s theorem and Hausdorff,
there exists a subnet {ILy, ¢’ € ®'} of {IL4, ¢ € @} that converges to
Gy, (B) it Cy 1 (B)
an element of [0, 1]7»1'™/. By the definition of topology on [0, 1]~
and properties of idempotent integral this implies that \/, f dIly
converges for every f € C,f(E). Denoting the limits by V(f) we
conclude in view of Theorem 1.4.4 that the functional f — V(f)
has properties (V0)—-(V2). Tightness of {II;,¢ € @} implies that
the functional is tight in the sense of Theorem 1.7.25. Thus, the
functional V(f) satisfies all the conditions of Theorem 1.7.25; ac-
cording to the theorem V (f) =\, fdIL, f € G (E), for some tight

F-idempotent probability II, which implies that Iy “3 II. This
completes the proof of part 1.
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For part 2, we may assume that F is a complete metric space.
Also replacing A by its closure, we may assume that A4 is a compact
subset of ZM(E). We first show that for all ¢ > 0 and 6 > 0 there
exist open d-balls Aq,..., A; such that

H(E\ O A,-) <& Te A (1.9.1)
=1

Since each II € A is tight by Theorem 1.7.8, we can choose compacts
Ky in E such that II(E\Ky) < €/2. Let B ,..., By, be open
o-balls that cover Ky so that

ln
H(E\i:UI BH,Z) <e/2, Tl € A. (1.9.2)

Let

Gp = {H’ €EIM(E): H’(E\ GBH,i>
i=1
I

< H(E\ U Bn,i) + %} Me A (1.9.3)
1=1

Since by Remark 1.9.4 {Gy,II € A} is an open cover of the
compact set A, there exist Giiy,...,G1, that also cover A so

Il € U§:1 Guj, I € A. Then denoting k = Z?lenj and C; =
I, . .

UiiJIBHj,i7 j = 1,...,p, and taking A; = BHIJ?"'?AlHl =

BHl,lH17AlH1+1 = BH2,1,... ,Ak = BHp’al we have by (193) and

(1.9.2)

(E\ UA) < mln H(E\C)

< max [ J(E\Cj) +¢/2] < e, IT € A,

]7 b ’
which is the required property.

Therefore for arbitrary € > 0 and k = 1,2,..., there exist open
1/k-balls Agi, ..., Agp, such that

Nk
H(E\ i:LJIAki> <elle A (1.9.4)
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The set A = N2y Ui, Ag; is totally bounded and hence relatively
compact by completeness of E. At the same time, by (1.9.4) and
T-maxitivity of II
g3
I(E\A) = supH(E\ U Aki> <e e A,
keN e
i.e., the set A is tight.

Now let E be locally compact and Hausdorff. The case of a
relatively compact set A is tackled similarly to part 2 in that one
can show that there exist open sets A; with compact closures such
that (1.9.1) holds. Now, let a net {Il, ¢ € ®} be relatively compact
in ZM(E). It is sufficient to prove that for every € > 0 there exist

open sets Aq,..., A; with compact closures such that
k
lim sup IL,, (E\ U Ai) <e. (1.9.5)
peD =

We introduce a partial order on the collection O of finite unions
O of open sets with compact closures so that O < O' if O C O'.
Let ¥ denote the set of pairs (¢,0). We turn ¥ into a directed
set by defining that (¢, A) < (¢/,A") if § < ¢ and A < A". We
denote II4(E \ O) = zy. Let {zy, ¥’ € ¥’} be a subnet of {zy, 9 €
W} such that limsuppep limsupyeg Ty = limyegr 2y (cf. Kelley
[71]). The mapping vy from ¥’ to ¥ in the definition of a subnet
induces a mapping from ¥’ to ® by associating with elements of
U’ the first components of the corresponding elements of ¥. This
defines a subnet {IL, } of Il;. Since for every O € O the second
component in (1)) contains O for all ¢’ large enough, we have that
limy cgr Ty < limsupwleqﬂ Ly (E\ O). Let {Hwﬂ, P" € U} be a
subnet of {IL, ¢' € ¥'} that weakly converges to a deviability II.
Defining z» = xy, where ¢’ is the image of 9" under the mapping
from ¥ to ¥’ in the definition of a subnet, we conclude that {z»} is
a subnet of {xy }. Therefore, for arbitrary O € O by Theorem 1.9.2

I(£\O) > limsup Ly (E\O) > lim x,r = limsup limsup z,.

Y ew! Yrew” 0cO  ¢cd

Since II is 7-smooth relative to the collection of closed subsets of £
and the union of the sets O equals E by local compactness of F,
it follows that limpeo II(E \ O) = II(#) = 0, so we conclude that
lim suppep lim supyeq [y (F\O) = 0, as claimed. O
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We now assume that £ is a metric space with metric p and prove
that the weak topology on ZM(E) is metrisable. The next lemma
has been proved in the proof of Theorem 1.7.8.

Lemma 1.9.18. IfII € ZM(E), then II is separable in the sense
that for every e > 0 and 6 > 0 there exists a finite collection of open
0-balls Ay, Ao, ..., A such that H(E \ UleAi) < €.

We now define an idempotent analogue of the Prohorov metric.
We denote by Bc(z) the closed ball of radius € about z, by A the
closed e-neighbourhood of a set A, and let A= = E'\ (E'\ A)°.

Definition 1.9.19. Given ILII' € ZM(E), we define
p(ILII') = inf{e > 0: I(2) <II'(B.(2)) +¢,
II'(z) < I(Be(2)) + € for all z € E}.

It is not difficult to check that p is a metric on ZM(FE). The next
lemma follows by 7-maxitivity of an idempotent measure.

Lemma 1.9.20. Let I1,IT' € ZM(E). Then

p(ILII') = inf{e > 0: II(A) <II'(A°) +e,
IT'(A) <II(A) + € forall AC E}.
Remark 1.9.21. One obtains the same metric as p if, as in the

standard definition of the Prohorov metric, one considers open rather
than closed e-neighbourhoods of z and A, respectively.

Theorem 1.9.22. The metric p is compatible with the weak topology
on IM(E).

Proof. We first prove that the topology induced by p is finer than
the weak topology. By Remark 1.9.4 it is sufficient to prove that,
given I € ZM(FE), a closed set F, an open set G, and € > 0, there
exists 0 > 0 such that
{' e ZIM(E) : p(I1,1I') < &}
c{ll' eIM(E): II'(F) < II(F) + €}
and
{Il" e ZM(E) : p(IL,IT') < 6}
C{Il' e IM(E) : I'(G) > 1(G) — €}.
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Since 1I is 7-smooth relative to F, there exists § € (0,€/2) such that
II(F) > M(F%) — ¢/2. Therefore, if p(II,IT') < §, then II'(F) <
II(F°) + 6 < II(F) + € proving the first inclusion. For the second
inclusion, using 7-maxitivity of II, we choose ¢ € (0,€/2) such that
II(G) < TI(G™%) +¢/2. Then, if p(I, II') < §, then I(G) < II(G~%) +
e/2 <II'(G) +e.

Conversely, we show using again Remark 1.9.4 that given II and
€ > 0 there exists a collection H;, 7 = 1,...,k of sets, which are
continuous relative to I, and § > 0 such that

(e IM(E) : |IT'(H;) —(H;)| < §,i=1,...,k}
c{ll'! e ZM(E) : p(IL,II') < €}.

Let 0 < €¢/3. By separability of II there exist closed ¢/2-balls
By,...,Bi_1 centred at zq,...,z_1, respectively, such that H(E\
U¥!B;) < 4. By T-maxitivity of II for each i = 1,2,...,k — 1 there
exists a closed ball H; centred at z; of radius not less than 6/2 and
not greater than ¢, which is a continuous set relative to II. We also
take Hy, = (E\Ui-:llBi)dl, where ¢’ > 0 is chosen such that Hy, is con-
tinuous relative to IT and TI(Hy) < 24. Let IT' € ZM(E) be such that
I'(H;)-1I(H;)| < 0,i=1,...,k. If 2z € H;forsomei=1,... k-1,
then TI(z) < II(H;) < I'(H;) + 6 < ITI'(Bgs(z)) + d. Similarly,
IU'(2) < [(Bas(2)) + 0. If z ¢ USTH;, then TI(2) < 4; also, since
E\ U"!'H; C Hy, we have that IT'(z) < II'(Hy) < TI(Hg) + 0 < 3.
We thus conclude that p(IT,IT') < e. O

We next show that the weak topology on ZM (F) is also metrised
by a Kantorovich-Wasserstein metric. For f € C; (E) let

1151 = (sup )V (sup =552

Clearly, if ||f|| B < oo, then f is bounded and Lipshitz-continuous.

Definition 1.9.23. For ILLII' € ZM(FE), we let

pL(LI) = suwp [\/fai=\/farr|.
feCi(B): g E

ANl BL<1
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It is not difficult to check that ppr is a metric on ZM(E).

Lemma 1.9.24. Let II and II' be in ZM(E). Then ppp(ILIT') <
2p(I1, I1").

Proof. We have for f such that ||f||pr < 1and >0

‘\/de \/de’

Ssup(\ \/ fdll - f(=)1L

zeE

<sup‘ \/ fdi—\/ jdr

B;s(2)

)| v]feme) -\ fdr
Bs(2)

)

<5+sup(\n 11 (By(2))| v [11(Bs(2)) — (=) ),
2€E

yielding the required. O
As a consequence, we have the following result.

Theorem 1.9.25. The metric ppr metrises the weak topology on
IM(E).

Proof. By Theorem 1.9.2 and Remark 1.9.3 the convergence
pBL(Ily, II) — 0 implies the convergence II, — II. Thus, the topol-
ogy induced by the metric ppy, is finer than the weak topology. The
converse follows by Theorem 1.9.22 and Lemma 1.9.24. U

Since on a metric space the notions of sequential compactness
and compactness are identical, metrisability of ZM(E) allows us
to give criteria for sequential compactness. We first recall relevant
definitions.

Definition 1.9.26. A subset A of ZM(E) is called relatively sequen-
tially compact (for the weak topology) if every sequence {Il,,n € N}
of elements of A contains a weakly convergent subsubsequence.

Combining Theorem 1.9.17 and Theorem 1.9.22 yields the follow-
ing result.

Theorem 1.9.27. Let E be a metric space.

1. If a subset A of IM(E) is tight, then A is relatively sequentially
compact, the accumulation points being elements of ZMy(E).
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2. Let E be homeomorphic to a complete metric space. If a subset
A of IM(E) is relatively sequentially compact, then A is tight.

We give, however, a proof of part 1 that does not use Theo-
rem 1.9.17.

Proof. Let 11, € ZM(E), n € N. Let us assume first that £ is
a compact metric space. The set C,;': L (E) of Ry -valued continuous
functions on E that are bounded by 1, endowed with the topology
of uniform convergence, is a separable metric space. Let C,f 14(E)

denote its countable dense subset. The set [0, 1]Cltlsd(E) with product
topology is sequentially compact, so by a diagonal argument there
exists a subsequence ny, such that the sequences {\/ f dll,, , k € N}
converge for all f € C;:l’d(E). Since C::Ld(E) is dense in C,fl (E),
it follows by properties of idempotent integral (more specifically, by
part (JS5) of Theorem 1.4.4) that the sequences {\/ f dIl,, ,k € N}
converge for all f € C’; 1 (&), which implies in analogy with the proof
of Theorem 1.9.17 that there exists an F-idempotent probability II

on E such that II,, I as k — oo.

Let us now assume that E is a separable metric space. Then
it is embedded into a compact metric space E'. We extend idem-
potent probabilities on E to idempotent probabilities on E’ by let-
ting II'(A) = (A’ N E), A" C E'. Let {II;, } be a subsequence
of {IIl,, n € N} which weakly converges to a deviability II' on
E'. Tightuess of {II,,, n € N} implies that the collection of com-
pact subsets of E is a tightening collection for IT' so that the
set function II defined by II(A) = II'(A),A C E, is a tight F-
idempotent probability on E. Also II'(E’ \ E) = 0. We check that

II,, “% II. Let f be a uniformly continuous function from C;f (E)
and f' be an element of C;f (E') that extends f. By Theorem 1.9.2
Vi f1dll, — g fdIT’. Since the ITj, and II" are supported by E,
we conclude that \/ f dIT,, — \/ f dII, which proves the required
by Theorem 1.9.2.

Now, if F is an arbitrary metric space, then by the tightness
condition there exists a o-compact metric space E' C E such that
I, (E \ E') = 0 for all n. Since E' is separable in relative topology,
applying the part just proved to the restrictions IT/, of the II,, to E',
we deduce existence of a subsequence {II;, } that weakly converges
to a deviability II' on E'. Let II(A) = II'"(AN E’), A C E. Then
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IT is a tight F-idempotent probability on E. Finally, if f € C,"(E),
then its restriction f' to E' belongs to C, (E'). Since II,(E \ E') =
I'(E \ E') = 0, we have that \/p, f'dIl}, = V\pfdll,, and
Vg f'dll" =\, f dIl. Thus, convergence \/ p f'dIT;, — \/p f' dI’
yields convergence \/, f dll,, — \/, fdIL O

A modification of the argument used in the proof of Lemma 1.9.24
allows us to obtain the following result.

Theorem 1.9.28. Let {Il4, ¢ € @} be a net of F-idempotent proba-
bilities on a Tihonov space E that weakly converges to II € ZM(FE).
Let G be a subset of C’;(E) consisting of uniformly bounded and
pointwise equicontinuous functions, i.e., SUPfcg SUP,ck f(z) < o0,
and for every € > 0 and z € E there exists an open neighbourhood
U, of z such that supegsup,cy, |f(2) — f(2')] <€ Then

limsup|\/ f dITs —\/ f dII| = 0.
v 1eG g B

Proof. We fix € > 0. For each z € F let U, be as in the statement
of the theorem. We show that the U, can be assumed to be con-
tinuous relative to II. Let f, be continuous functions with values
in [0,1] such that f,(z) = 1 and f,(2') = 0 on £\ U,. The func-
tion IT(f, *((z,1])), = € [0,1), is monotonically decreasing, so it has
continuity points. Since f; 1((.75, 1]) is an open Il-continuous set if
II(f, *((2,1])) is continuous at z by T-smoothness of II, the claim
has been proved.

Let U,,,...,U,, besuch that H(E\UleUzi) < €. Then, denoting
a = SUpscg SUp,cp f(2), we have

\/ fdily = \/fdi| < \/ fdilz+ \/ fdl
E E

E\UE_, U, E\UF_, Uz
+ inllﬁfk\(y fdlly — yfdﬂ\

<ally(E\ UleUzi) +ae+2 max sup |f(2) — f(z)]
Zil,...,k) ZeUzi

+ Z.glla*xkf(zi)|n¢(Uzi) - H(Uz1)|'
Since by “the Portmanteau theorem” the latter maximum converges
to 0 as ¢ € ® and limsupyeg Iy (E\UL,U,,) <T(E\UL U;,) <,
the proof is complete. O
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If we replace space C;“ (E) in the definition of the weak topol-
ogy by space C,'g (E) of Ry -valued continuous functions with com-
pact support, then we arrive at the definition of the vague topology.
However, to obtain nice properties, we have to consider the space of
K-idempotent measures.

Definition 1.9.29. The vague topology on the set of K—idempotent
measures on a topological space E is the coarsest topology for which
the maps I1 — \/ x hdIl are continuous for all h € C£(E).

If F is locally compact and Hausdorff the vague topology has
properties similar to the above properties of the weak topology. For
instance, the space of K-idempotent measures is a Hausdorff topo-
logical space and there is an easy analogue of Theorem 1.9.2. A
distinguishing feature of the vague topology is that the space of K-
idempotent measures is compact.

Theorem 1.9.30. Let E be a locally compact Hausdorff topologi-
cal space. Then the space of K—idempotent measures with the vague
topology is compact.

The proof is similar to the proof of part 1 of Theorem 1.9.17, the
main distinction being the use of Theorem 1.7.21 in place of Theorem
1.7.25. We end the section by indicating a connection between the
vague and weak topologies, on the one hand, and Mosco convergence,
on the other hand. The proof is straightforward.

Theorem 1.9.31. 1. Let E be a locally compact Hausdorff topo-
logical space. Let 11 be a KC-idempotent probability and {I1,, ¢ €
®} be a net of K-idempotent probabilities on E. The following
pairs of conditions are equivalent:

(M) 1. for every z € E and net zy — z, limsupyeq () <
I(z),
2. for every z € E there exists a net zy — z such that
limgeo 1y(24) = 1(2),
(V) 1. for every compact set K C E, limsupgeg I1s(K) <
I(K),
2. for every open set G C E, liminfycp I14(G) > II(G).
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1. Let E be a Hausdorff topological space. Let 11 be a tight F-
idempotent probability and {Ils, ¢ € @} be a tight net of F-
idempotent probabilities on E. Then the next pair of conditions
is equivalent to both of the above:

(N) 1. for every closed set F' C E, limsupyecq g(F) <
LI(F),
2. for every open set G C K, liminfyeqe Iy(G) > II(G).

1.10 Derived weak convergence

The results of this section give conditions for weak convergence of
idempotent probabilities that are derived from weakly convergent
idempotent probabilities. We also introduce convergence in idempo-
tent distribution as an alternative way of viewing weak convergence
of idempotent probabilities.

Definition 1.10.1. Let {X?, ¢ € ®} be a net of idempotent variables
defined on respective idempotent probability spaces (2¢,114) and as-
suming values in a topological space & and X be an idempotent vari-
able defined on an idempotent probability space (,11) and assuming
values in E. Let the idempotent distributions of the X? and X be
F-idempotent probabilities on E. We say that the net {Xd’ ¢ € @}

converges in idempotent distribution to X if Il o X' ® o x-L,

We denote convergence in idempotent distribution by 4 Since
convergence in idempotent distribution is the weak convergence of in-
duced idempotent laws, the theory of Section 1.9 applies, e.g., there
is a version of the Portmanteau theorem. Depending on the con-
crete situation it can be more convenient to formulate results on
weak convergence of idempotent laws as convergence in idempotent
distribution or vice versa.

Lemma 1.10.2. Let E be a Tihonov topological space, and I, and 11

be F-idempotent probabilities on E such that IL ™1, Let functions
hg : E — Ry be uniformly bounded and a function h : E — Ry be
such that

lim hiy(5) = h(2)

© 2001 by Chapman & Hall/CRC



80 Idempotent probability measures

for Il-almost every z € £ and every net zy — z as ¢ € ®. Then
li he(z) dILy( h(z
¢lg;)\]! p(2) dlly (2 \/

Proof. Let

he(z) = inf 1.10.1
hg(2) Ulguzflé% sup o he(2'), (1.10.1)

where U, denotes the set of open neighbourhoods of z. Since the
convergence condition in the hypotheses equivalently requires that
for every z € E such that II(z) > 0 and € > 0 there exist an open
neighbourhood U of z and ¢ such that |hg (2') — h(2)| < € for all
2/ € U and ¢ > ¢, we conclude that, given € > 0 and 2 € FE
such that II(z) > 0, there exists ¢ such that hy(z) < h(z) + € for
all ¢' > ¢. Therefore, introducing h(z) = infyeqe hy(z), we have
that h is upper semi-continuous and h(z) < h(z) M-a.e. Also, since
the net {hy} consists of upper semi-continuous bounded functions,
is monotonically decreasing and converges to h, by Theorem 1.7.7
limpeo Vg hg dIl = \/ g hdll so that for arbitrary € > 0 there exists
¢o such that \/hg, dII < \/,hdll + €. Using the fact that hy <

h¢0, ¢ > ¢o, by (1.10.1) and Theorem 1.9.2 applied to hd)o we obtain

lim su he(z) dI1 < limsu heo(2) dI1
¢eq>p\/ ¢(2) dlly(2) . cI)p\/ g0(2) dllg(z)

g\/hd)oz z)g\/ ) z+e§\/h(z)dﬂz +e
E E

E

The complementary inequality

lim glf\b[ he(2) dLy(z \E/

is proved by a symmetric argument. Specifically, we define

h = sup inf inf A h =suph
hy(2) = sup nf dnd g(=), h(z) = sup (2

and note that the hy are lower semi-continuous, hy < hy if ¢ < ¢,
h < h H-ae., and limgeq \/ g by dll = \/p hdll. Therefore, for an
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arbitrary € > 0 and suitable ¢;

liminf \/ hy(2) dll4(z) > liminf \/ h, (2z) dIL,(
1216151 \/ o(7) dILg(z 1216151 \/ hg, ( 6(2)

Z\/%Z (2) > \/ h(2) dI1(2) — e > \/ h(2) dII(z) —
E E B

O

As a consequence, we obtain the following version of the con-
tinuous mapping theorem on preservation of weak convergence of
probability measures under mappings. We formulate it in terms of
convergence in idempotent distribution.

Theorem 1.10.3. Let E and E' be Tihonov topological spaces, and
X? and X be Luzin idempotent variables with values in E such that
X® ™ X, Let functions fy, : E — E', ¢ € ®, be Luzin measurable
relative to the respective idempotent distributions of the X? and f :
E — E' be Luzin measurable relative to the idempotent distribution
of X. If for almost every z € E with respect to the idempotent
distribution of X and every net zy — z we have that fy(z4) — f(2),
then fy oX? 4 foX.

Proof. Let II and II, denote the respective idempotent distributions
of X and X? on E. Since the idempotent distribution of fs 0 X?
is Ty ofd:l and the idempotent distribution of f oX is Il of !, for
an R, -valued bounded continuous function h on E’ by a change of
variables and Lemma 1.10.2

hm\/h )dly o f; ' (2 _hm\/hof¢ 2) dIl4(2)

= \/hof(z)dll \/h )dIL o f=1(2").
E

We thus have the following “continuous mapping theorem?”.

Corollary 1.10.4. Let E and E' be Tihonov topological spaces and

X? and X be Luzin variables with values in E. If X% 4 X as
¢ € ® and f : E — E' is Luzin measurable with respect to the
distribution of X? for every ¢ € ® and continuous a.e. with respect

to the distribution of X, then fo X? k! foX.
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We denote by £;(X) the idempotent distribution of an idempo-
tent variable X.

Lemma 1.10.5. Let E be a metric space with metric p, and let ij

and Y?, where ¢ € ®, ) € U, ® and V are directed sets, be nets of
idempotent variables with values in E defined on respective idempo-
tent probability spaces (2y,11y), whose idempotent distributions are
F-idempotent probabilities on E.

Let

lim limsup I, (p(X2,Y?) > ¢) =0,¢ > 0,
e ¢>E<I>p ¢>(P( " ) = )

and
[,i(Xi) Y pr as p € P,

where 1:[¢, P € U, are F-idempotent probabilities on E.
Then, for an F-idempotent probability 11 on E, we have that

Li(Y?) ™1 as ¢ €@
if and only if
pr 11 as P eV,

Proof. We prove sufficiency of the condition so we assume that 1:[¢ “
I1. Let F' be a closed subset of E. Since

Iy(Y? € F) < Tg(X{ € F)+T04 (p(X5,Y?) > ),
by hypotheses

lim sup H¢(Y¢ € F) <limsup 1:[¢(F5)

ped YeEW
+ limsuplimsupl_[d)(p(Xi,Yd’) > ¢e) <II(F°),
pew ped

and hence by the 7-smoothness property of 11

limsupIls(Y? € F) < II(F). (1.10.2)
peD
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Let G be an open subset of £. Then {ij €eGFyc{Y?eGiu
{p(Xfp), Y?) > £}, hence, since the G~ are open as well,

lim inf IT,(Y? € G) > lim inf lim inf IT,(X{ € G™)

ped WeW  ped
- limsuplimsupﬂ¢(p(X$,Y¢) >e) > 1(G°).
Yev g

Observing that U.»0G™¢ = G so that by 7-maxitivity I[I(G™%) —
II(G) as € — 0, we conclude that

liminfIl,(Y? € G) > II(G),
im inf Il ( ) 2 1(G)

which together with (1.10.2) ends the proof of the sufficiency part.
The converse is proved in an analogous manner. O

The following special case is useful. Given a net {Z?, ¢ € ®}
of idempotent variables defined on (£24,115) and assuming values in

1
a metric space E with metric p, we write that Z¢ 4z € E,| if
limgeq My (p(Z?, 2) > €) = 0 for every € > 0.

Lemma 1.10.6. Let E be a metric space with metric p, and let X?
and Y, where ¢ € ®, be nets of idempotent variables on (24,114)
with values in E, whose idempotent distributions are F-idempotent

probabilities on E. If L;(X?) Ly I1, where I1 is an F-idempotent
o I W

probability on E, and p(X?®,Y?) 20 as ¢ € ®, then L;(Y?) B I1.

Lemma 1.10.7. Let {X?, ¢ € ®} be a net of idempotent variables

and X be an idempotent variable. Let all the variables be defined on
(Q,1II), assume values in a metric space E and have F-idempotent

probabilities on E as distributions. If X? n X, then X “4 x. If
X¢£l>zEE, then X¢ 5 2.

Proof. The first property follows by convergence properties of idem-
potent integrals (Theorem 1.4.19). For the second one, let p denote
the metric on F, Hé( denote the idempotent distribution of X?, and

1, denote the unit mass at z. Then the convergence X?¢ “ implies
that

gé% \E/ IAp(2, 2) dﬂg(z') = \E/ IAp(2',2)d1,(2") = 0.
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We now consider joint convergence.

Lemma 1.10.8. Let X? and Y?, ¢ € ®, be nets of idempotent vari-
ables on respective idempotent probability spaces (€24, I1y) with values
in Tihonov spaces E and E', respectively. Let X and Y be idempo-
tent variables on an idempotent probability space (§2,11) with values
in E and E', respectively. Let the idempotent distributions of the
X?, Y% X, and Y be T-smooth relative to the associated collections
of closed sets. Let E x E' be equipped with product topology.

1. If x4 X, v?2 A Y, X and Y are mdependent and X? and
Y? are independent, then (X9, Y‘i’) = (X,Y).

; II
2. Let £ and E’ be metric spaces. If X? 4 X and Y =S z, then
(X?,79) 4 (X, 2).
Proof. We prove part 1. Let h(z,2'), (2,72') € E x E', be an R, -

valued bounded function that is uniformly continuous with respect
to a uniformity on £ x E’. By Theorem 1.9.28

(2,2 )H¢OY¢ (2')— sup h(z, 2 )oY ! ')‘ =0.
PEL 2cE 2/ cE Z'eE’
(1.10.3)

Since sup,cgr h(z, 2 ) ILo Y 71(2) is continuous in z € E,

lim sup( sup h(z, 2 )[Io Y1 (2))IIg 0 X¢_1(z)
PE® ;cE 2'eE’

= sup(sup h(z,2)IIo Y71 (z")) 1o X71(2). (1.10.4)
2€l Z'eFE!
Equations (1.10.3) and (1.10.4) imply the required.

1
For part 2 we observe that (px p/)((X?,Y?),(X?,2)) =% 0, where
p x p' is a product metric on E x E', so that the required follows by
part 1 and Lemma 1.10.6. U

1.11 Laplace-Fenchel transform

This section introduces idempotent analogues of the characteristic
function and standard probability distributions, and develops related
techniques. Let (£2,II) be an idempotent probability space. We
denote the idempotent distribution ITof ~! of an idempotent variable
f: Q=R by I/,
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Laplace-Fenchel transform 85

Remark 1.11.1. Clearly, given an idempotent probability I on R?,
we can always construct an idempotent variable whose idempotent
distribution is II. This is the “canonical” idempotent variable flz) =
x. We refer to representations like this as “canonical settings”.

We recall that for d-dimensional vectors z and y we denote as
z - y the inner product.

Definition 1.11.2. Given f : Q — R%, the Laplace-Fenchel trans-
form of f is the R -valued function

Li(A) = SeM @] e R
By Theorem 1.4.6 we can also write
Li(n) =\/ " dIl/ ().
Rd
Remark 1.11.3. Note that InL;()) is the convex conjugate, or the
Legendre-Fenchel transform, of —InIlf (x) in that

InLf(A) = sup (\-z+Inll/ (z)).
zeR?

Lemma 1.11.4. An R, -valued function L()\), X € RY, is the
Laplace-Fenchel transform of an R% -valued idempotent variable if and
only if In L(X) is convex and lower semi-continuous, and L(0) = 1.

Proof. Necessity of the conditions follows from the definition of
the Laplace-Fenchel transform and properties of convex conjugates.
Conversely, let InL(\) be convex and lower semi-continuous, and
L(0) = 1. We define II(z) by

—InIl(z) = sup (A\-z—InL(\)), X € R?,
AeR?

Then II is an idempotent probability and L is the Laplace-Fenchel
transform of the canonical variable on (R?, IT) by properties of convex
conjugates, Rockafellar [117, §26]. O

According to the above proof, we can recover IIf from L 7 by the
equality

I/ () = Aiélﬂgd e N Le(N) (1.11.1)
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if we know, in addition, that — InII/(z) is lower semi-continuous and
convex. We refer to (1.11.1) as the inversion formula. It is useful,
however, to have conditions for the inversion formula to hold that
are expressed only in terms of the properties of L.

We recall some notions of convex analysis, Rockafellar [117]. Let
a function g(\), A € R%, assume values in (—oo,oc]. The domain of
g as defined as dom g = {A € R : g()\) < oo} and the function
g is said to be essentially smooth if the following conditions hold,
Rockafellar [117, §26],

(a) int(dom g) is not empty,
(b) g is differentiable on int(dom g),

(c) limg 00 |[Vg(Ag)| = 0o whenever {\;} is a sequence of elements
of int(dom g) converging to a boundary point of int(dom g).

We also denote as ri A the relative interior of a set A.

Lemma 1.11.5. Let Ly(\), A € R?, be essentially smooth. Then the
inversion formula holds.

Proof. Let TI(xz) denote the right-hand side of (1.11.1). Since
—InlIl(z),z € RY, is the convex conjugate of In L () and the latter is
convex and lower semi-continuous, it follows that In L () is the con-
vex conjugate of —Inll(z), Rockafellar [117, §26]. Since InL(\) is
essentially smooth, we conclude that —InTI(z) is essentially strictly
convex, Rockafellar [117, Theorem 26.3], hence, strictly convex on
ri(dom — InTI). Since also — InTI(z) is the bipolar of — InTI/(x), the
two functions coincide by Lemma A.l in Appendix A. O

Remark 1.11.6. As the proof shows, one can weaken the require-
ment of essential smoothness of Ly to the requirement that the convex
conjugate of In Ly(X\) be strictly convex on the relative interior of its
domain.

We have a simple corollary, which shows that the Laplace-Fenchel
transform can help us to identify Luzin idempotent variables.

Lemma 1.11.7. If Ly(\), A € R, is essentially smooth and 0 €
int(dom Ly ), then f is a Luzin idempotent variable.
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Proof. By the inversion formula II/(z) is upper semi-continuous be-
ing the infimum of continuous functions of x so that by Lemma 1.7.4
11/ is a K-idempotent probability. By “the Chebyshev inequality” for
a > 0 and € > 0 such that the e-ball about the origin in R? belongs
to int(dom Ly)

IV (|z| > a) = sup I/ (\-z > ae) < e sup Ly(N).
AR AER?:
[A|=¢ [A|=¢

The latter supremum being finite by continuity of L;(A) on
int(dom L), the right-most side tends to 0 as a — co. Thus, II/ is
tight. 0

The following property provides us with a means of proving in-
dependence of idempotent variables on €. For idempotent variables
fi: Q=R and fy: Q — R, we denote by Ly (A1, X2), A1 €

R, Ny € R?%, the Laplace-Fenchel transform of (fy, f2) : Q —
Ré1 +d2

Lemma 1.11.8. 1. If fi and fo are independent, then
LAy A2) = Ly (A1) Lp (Aa).

2. Let Ly, (X) and Ly, (\) be essentially smooth. If Ly, r,(A1,X2) =
Ly (M)Lys,(X2), then fi and fy are independent.

Proof. The first part follows by definition. The second part follows
by Lemma 1.11.5 for denoting by II/1:/2 (21, x5) the joint idempotent
distribution of f; and f, we have by the lemma since Ly, 1, (A1, A2) =
Ly, (A1)Ly,(X2) is essentially smooth as well

Hfl,f2($1,$2): inf e*/\l-m*/\g-mLfl,fQ()\l,)\2)

AleRdlv
/\2€Rd2
= inf e MTLL(A) inf e Ly (M)
A €RA1 A2 ER®2
= Hfl (wl)Hf2 ($2)
O

Corollary 1.11.9. Let A be a 7-algebra on Q and f : Q — R, If
S(exp(X- f)|A)(w) is constant for l-almost w and is an essentially
smooth function of X\ € RY, then f is independent of A.

© 2001 by Chapman & Hall/CRC



88 Idempotent probability measures

Proof. From the hypotheses and properties of conditional idempo-
tent expectations, for \; € R, Ay € R and A € A,

S(exp(A1-f)exp(A2 1(A))) = S(exp(A1-f)|A) S (exp(A2 1(A)))
= S(exp(A1 - f)A) (exp(A2)1(4) V II(A°)).

The required follows by Lemma 1.11.8. U

We now introduce idempotent analogues of standard probabil-
ity distributions by requiring that their Laplace-Fenchel transforms
be identical to the Laplace transforms of their probabilistic counter-
parts.

Definition 1.11.10. We say that f : Q — R? is idempotent Gaus-
sian with parameters (m,X), where m € R? and ¥ is a d x d positive
semi-definite symmetric matriz, if L(A) = exp(A-m+ X+ ZA/2).

Remark 1.11.11. Below we occasionally refer to m as the idem-
potent mean and Y as the idempotent covariance of an idempotent
Gaussian variable f.

The next lemma follows by Lemma 1.11.5.

Lemma 1.11.12. An idempotent variable f : @ — R% is idempotent
Gaussian with parameters (m, ) if and only if I/ (z) = exp(—(z —
m) - X% (z — m)/2) if x —m is in the range of ¥ and I (z) = 0
otherwise.

The following is a consequence of the definition.

Lemma 1.11.13. An idempotent variable f : @ — R? is idempotent
Gaussian if and only if X - f : Q — R is idempotent Gaussian for
every \ € R?,

Definition 1.11.14. We say that f : Q — Ry is idempotent Poisson
with a parameter p > 0 if Lp(X) = exp(u(e — 1)), A € R.

An application of Lemma 1.11.5 yields the idempotent distribu-
tion of the Poisson idempotent variable.

Lemma 1.11.15. An idempotent variable f :  — Ry is idem-
potent Poisson with a parameter p > 0 if and only if I/ (z) =
exp(—zIn(z/pu) + = — p), z € Ry, where 01ln0 = 0.
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Remark 1.11.16. By Lemma 1.11.7 both Gaussian and Poisson
idempotent variables are Luzin idempotent variables.

We now apply the Laplace-Fenchel transform to limit theorems.
The following result is “an idempotent law of large numbers”.

Lemma 1.11.17. Let {f;, i € N} be a sequence of independent iden-
tically distributed R -valued idempotent variables on an idempotent
probability space (2,11) such that Sexp(X - f1) < oo for A from a
neighbourhood of the origin. If II(|fi| > €) < 1 for every e > 0, then

n
1 i}
—g fi—=0 asn — oo.
n
=1

Proof. 1t is sufficient to check that for arbitrary § > 0 and arbitrary
A € R? such that Sexp(\- fi) < oo

n
nlggon(%z;xfi > [Al5) = 0. (1.11.2)

Since by “the Chebyshev inequality” for « € (0, 1]

H(%ik‘fi . |>\|5> < Sexp(ad i A fi) _ (Sea)\'fl)n’
i=1

exp(an|A|d) i\

the required would follow if there exists « € (0, 1] such that

SeA 1

W < 1. (1113)

We have for e > 0
SetMh
= (S LA fi] > e A]) V (Se" LA f1] < [Ale))
< (Se 1IN+ f1] > M) verMe (1.11.4)

Let € < 0. Then the second term on the right-most side of (1.11.4) is
less than e®*?. For the first term we have in view of the hypotheses
that

SeeM T 1(IA - fi] > €[A])

1113% a5 = II(|A-f1] > |Ale) < 1.
Thus, (1.11.3) holds for e« > 0 small enough, which concludes the
proof. O
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Remark 1.11.18. Thus, an analogue of the expectation of a random
variable for an idempotent variable f in the law of large numbers is
an element a such that II(|f — a|] > €) < 1 for every e > 0.

The following lemma is an analogue of the method of character-
istic functions in weak convergence theory.

Lemma 1.11.19. Let {II,, ¢ € ®} be a net of deviabilities on Re. If
Ve €%dlly(z) = L(A) as ¢ € @ for all X € RY, where L(\) is essen-
tially smooth, lower semi-continuous and such that 0 € int(dom L),

then Il w I1, where deviability 11 is given by the inversion formula
(1.11.1).

Proof. Let us denote Ly(A) = \ga €M@ dllg(z). We show that the
net {Ily, ¢ € ®} is tight. Indeed, since Ly(A) — L(A) and L(N)
is finite in a neighbourhood of the origin by the fact that 0 €
int (dom L), there exists r > 0 such that lim sup, \/ga el dlly(z) <
o0, and then “the Chebyshev inequality” IIy({z : |z| > A}) <
e~ \/ga €17l d14(z) yields the claim.

Therefore, by Theorem 1.9.17 {Il;,¢ € @} has accumulation
points in ZM;(R?). Let {Ily,¢’ € ®'} be a subnet of {Il4, ¢ € ®}
that weakly converges to II € ZM,;(R?). Then the convergence
Ly (A) — L(X) implies that if A € int(dom L), then for suitable
e > 0 limsupy Vpa e(+eN 2 gl (1) < oo. Hence, the function
(eM, x € R?) is uniformly maximable with respect to {IIy,¢' € '},
50 limy \/ga €M dlly (z) = \/ga € dlI(z), implying that

\/ e} dil(z) = L()) (1.11.5)
Rd

for all A € int(dom L). We prove that (1.11.5) actually holds for all
A € R?. Let L(\) denote the left-hand side of (1.11.5). Since L()) is
essentially smooth, it follows that [VL(),)| — oo for every sequence
Ap in int(dom L) that converges to a boundary point of dom L.
Since L()) is convex, it follows that L()\) = oo for all A ¢ cl(dom L),
which implies that L(A\) = L()) for A ¢ cl(dom L). Finally, if \ is a
boundary point of dom L, then lower semi-continuity and convexity
of L(A) imply that L(A) = lim, L(\,), where X, is a sequence of
points from int(dom L) converging to A. For the same reason this
holds for L()), so we conclude that L()\) = L()) for all A\ € R?. Then
Lemma 1.11.5 implies that = IT, which ends the proof. U
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Chapter 2

Maxingales

In this chapter we develop elements of idempotent stochastic calcu-
lus. We are mostly interested in studying idempotent analogues of
martingales and martingale problems (which we call maxingales and
maxingale problems, respectively).

2.1 Idempotent stopping times

In this section we define stopping times with respect to 7-algebras
and study their properties. The concepts, results and proofs are
analogous to those in the general theory of stochastic processes, see
Dellacherie [34] or Meyer [88]. Therefore, we omit proofs that are
analogous to proofs in these books.

Let €2 be a set.

Definition 2.1.1. An indezed collection A = { Ayt € Ry} of 7-
algebras on §Q is called o flow of T-algebras if As C Ay for s <t. We
also refer to a flow of T-algebras as a T-flow. We say that the 7-flow

A is right-continuous if As = (5, A¢ for all s € R

Remark 2.1.2. Recall that As C A; if and only if the atoms of As
are unions of the atoms of A;.

Remark 2.1.3. Given o 7-flow A, there is a natural right-
continuous T-flow associated with A that is defined by A, =
(A, t € Ry), where Ay, = NesoApte.

We assume as given a flow of 7-algebras A and a 7-algebra A
such that A4s C Ay for s € R,

91
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92 Maxingales

Definition 2.1.4. An R, -valued function o on § is said to be an
idempotent stopping time relative to A, or, for short, an A-stopping
time, if {o < s} € Ag for all s € R;.

Lemma 2.1.5. 1. A function o : Q — R, is an A-stopping time
if and only if {o = s} € Ay for all s € Ry (in particular, con-
stants are stopping times); if A is right-continuous, an equiv-
alent condition is that {0 < s} € A for all s € Ry.

2. If o and T are A-stopping times, then oV 7, c AT and 0 + T
are A-stopping times.

3. If oy, € U, are A-stopping times, then supycy oy is an
A -stopping time; if A is right-continuous, then infycy oy,
liminfycy oy and limsupyey oy (in the latter two cases U is
a directed set) are A-stopping times.

We now introduce 7-algebras associated with stopping times. Let
us first prove two simple facts. Recall that [w] 4 denotes the atom of
a T-algebra A about w.

Lemma 2.1.6. Let o be an A-stopping time. If w" € [w']Ag(w,), then
o(W") =o' and [w’]Aa(w,) = [w”]Aa(w,,).

Proof. Since w' € {w: o(w) < o(w')} € As(w), [W']4,,, is an atom
of Ay (., and w" € [w']Aa(w,), it follows that w” € {w: o(w) < o(w')}
so that

o(w") < o(W). (2.1.1)
Therefore, [w”]AU(w,,) D [w”]Ao(w,) = [w’]AU(w,). Thus, ' € [w"]AU(w,,).
The argument of the proof of (2.1.1) with roles of w’ and w” switched

then shows that we actually have equality in (2.1.1). Equality of the
atoms in the statement is now self-evident. |

The following lemma is an easy consequence.

Lemma 2.1.7. Let o be an A-stopping time. Then the collection
{lwla, ), w € Q} is a partition of Q in that two arbitrary sets from
the collection are either disjoint or coincide and the union of the sets
from the collection equals €.
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Stopping times 93

Definition 2.1.8. Let o be an A-stopping time. We denote by A,
the T-algebra that has atoms [w]a4, ., -

The next lemma shows that our definition is consistent with the
corresponding definition in the general theory of stochastic processes.

Lemma 2.1.9. The 7-algebra A, is the collection of subsets A of 2
such that A € Ax and AN{o < s} € Ag for all s € Ry

Proof. Clearly, Ay C Aso. Let us show that [w]a,  N{o < s} € As.
Let w' € [w]a,,, N{o < s}. Then by Lemma 2.1.6 [w']a, C
[w’]Aa(W,) = [w]a, - Also [w']a, C {0 < s}. Therefore, by Corol-
lary 1.1.16 [w]4,,, N{o < s} € As.

Conversely, let A € A, be such that AN {o < s} € A for
all s € Ry and let w € A. We prove that A € A, by proving
that [w]4, () € A. If o(w) < oo, then the required follows since
we€AN{o < o(w)} € Ay so that [w]y, () CAN{o <o(w)}. If
o(w) = o0, then [w]4, ) 18 an atom of A and the required follows
since A € A. O

Remark 2.1.10. The 7-algebra A, can also be defined as the col-
lection of subsets A of 2 such that AN {o = s} € A for all s € Ry.

Lemma 2.1.11. 1. Let o be an A-stopping time. Then o is Ag-
measurable.

2. Let o be an A-stopping time and T > o be A,-measurable.
Then T is an A-stopping time.

3. Let o and T be A-stopping times such that 7 > 0. Then 7 — o
is a stopping time relative to the T-flow {Agyys, t € Ry }.

4. Let o and 7 be A-stopping times such that o < 1. Then A, C
AT-

5. Let o and T be A-stopping times. Then the sets {o < 7}, {0 =
7} and {o > 7} belong both to A, and A;. Also A, {o =

7}=A. o =71}
Let, given t > 0, A;_ denote the 7-algebra generated by the 7-

algebras Ag for s < t. It is obvious that the atoms of A;_ are of
the form [w]4,. = Ns<tw]a,. We also let Ag— = Ay and Ay =

T(.As, s € R+)
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94 Maxingales

Definition 2.1.12. Let o be an A-stopping time. We denote by A,
the T-algebra generated by the sets [w]a, ., _-

We now prove that similarly to A, the definition of A, _ is com-
patible with the corresponding definition in stochastic calculus.

Lemma 2.1.13. The 7-algebra A,_ coincides with the T-algebra

A,_ that is generated by the elements of Ay and the sets of the form
AN{t <o}, Ac A, teRy.

Proof. The definition of A, implies that Ay C A, . Let A € A;
and w € AN{t < o}. In view of Corollary 1.1.16 we prove that
AN{t <o} € Ay by proving that [w],)- C AN{t < o}. Since
w € A and A € A;, we have that [w|4, C A. Since o(w) > t,
we have that [w]a,,_ C [w]a,. Therefore, [w]y) C A. Since
w € {o >t} € A, we have that [w]4 C [w]a, C {o > t}. The

claim is proved. Thus, Ay C A,_. The reverse inclusion follows

since I:w]Aa'(w)f = mt<tr(w) [w]At = |qt<(7(w)([w]v‘lt n {t < U}) € AU* if
o(w) > 0. 0

o(w)—

In view of Lemmas 2.1.9 and 2.1.13, the T-algebras A, and A, _
share the properties of their stochastic counterparts, the same proofs
applying.

Lemma 2.1.14. Let o be an A-stopping time. Then A,_ C A, and
o 1s Ay_-measurable.

Lemma 2.1.15. Let o and 7 be A-stopping times and A € A,. Then
An{o <7} e A and An{o <1} € A,_. If, in addition, o < T,
then A, C A._. If, in addition, o < T on the set {0 < 7 < o0},
then A, C A,_.

The next lemma summarises limiting properties of nets of 7-
algebras associated with idempotent stopping times.

Lemma 2.1.16. 1. Let {0y,¢ € @} be an increasing net of A-
stopping times and o = limgecep 0g. Then Ay_ = T(.A%f, ¢ €
®). If, in addition, o, < o on the set {0 < o < o0} for ¢ € ®,
then Ay, = T(A%, ¢ € D).

2. Let the T-flow A be right-continuous. Let {0y, € ¥} be a
decreasing net of A-stopping times and o = limycy 0y. Then
As = Nyew Aoy~ If, in addition, o < oy on the sets {0 <
oy < oo} for i €T, then Ay = Nyey Aoy —-
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The next concept is also borrowed from the general theory of
stochastic processes, see Dellacherie [34].

Definition 2.1.17. For A C Ry x Q, we define the début of A by
Dy(w) =inf{t e Ry : (t,w) € A},
where D g(w) = oo if the latter set is empty.

The associated property is also similar though proved much more
easily.

Lemma 2.1.18. Let the sets {w : (t,w) € A} belong to A; fort € Ry
and A be right-continuous. Then D 4(w) is an A-stopping time.

Proof. By right continuity of A it is enough to prove that {w :
Dj(w) < t} € A;. We have

{w: Da(w) <t} =|J{w: (s,w) € A} € A,

s<t

2.2 Idempotent processes

We define and study idempotent analogues of stochastic processes.
Let (€2,1I) be an idempotent probability space.

Definition 2.2.1. An R%-valued idempotent stochastic process (or
idempotent process, for short) on (2,11) is a collection (Xy(w),w €
Q),t € Ry, of R -valued idempotent variables on Q. It is a proper
idempotent process if the X, are proper idempotent variables.

Unless specified otherwise, we consider only R¢-valued idempo-
tent processes. As above we denote by II* the idempotent prob-
ability IT o X! on (R?)%+ that is the idempotent distribution of
an idempotent process X = (Xt € Ry) on (€,1II). According to
the general definition of the image of an idempotent measure we
equivalently have that II* (x) = II(w € Q : Xy(w) = xt,t € Ry)
for x = (x4,t € Ry) € (R)E+ and X (A4) = supye s ¥ (x) for
A C (RY)R+, If (R?)R+ is endowed with idempotent probability IT,
then the idempotent process (X, t € Ry ) defined by X;(x) = x; has
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idempotent distribution IT as well. We then call X the canonical
idempotent process with distribution II.

We now define finite-dimensional idempotent distributions. Let
Q(R, ) denote the collection of finite subsets of R, . For x € (R?)%+
and @ € Q(R,) we denote mox = (x4, € ) € (R?)®. We refer to
idempotent probabilities II on (R?)® defined by IIX(A4) = I(w :
maX (w) € A) as finite-dimensional idempotent distributions of the
idempotent process X = (X;,t € Ry ). Note that IIX, o € Q(R,),
is a projective system. We have the following simple relationship
between II* and IIX. We assume throughout the product topology
on (R4)R+,

Theorem 2.2.2. Let X be an idempotent process with idempotent
distribution IIX. For o € Q(R,) and x € (R?)®,

MY (z) = DX on M (z) = sup ¥ (x).

«
X: Mo X=
If I is an F-idempotent probability on (R?)R+ then

¥ (x) = aeign({h) I (1ox), x € (RY)R+.

Proof. The first equality follows by definition. The second is a
consequence of the representation {x} = ,cqr,)ma Lo max and

7-smoothness of II¥ relative to the collection of closed subsets of
(RT)R+, O

Remark 2.2.3. If 11 is supported by space D(R,,R%) of right-
continuous with left limits R%-valued functions on R, then the in-
fimum in the last equality of the statement of Theorem 2.2.2 can be
taken over finite subsets of a set dense in R, .

Thus, if IIX is a deviability, it is uniquely specified by the finite-
dimensional projections. The next adaptation of Theorem 1.8.6
shows that, conversely, a projective system of deviabilities on finite-
dimensional spaces is uniquely extended to a deviability on (R?)®+.

Theorem 2.2.4. Let I1,, a € Q(Ry), be a projective system of de-
viabilities defined on respective spaces (RY)®. Then there exists a
unique deviability II' on (RY)®+ such that I, = II' on; L. It is speci-
fied by the equality TI'(x) = infycor, ) Ma(max), x € (RT)E+,
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We single out the class of idempotent processes whose idempotent
distributions are deviabilities.

Definition 2.2.5. We say that an idempotent process X is Luzin if
the finite-dimensional projections w1, X, a € Q(Ry), are Luzin idem-
potent variables on (Q,I1). Let, in addition, Q be a Hausdor(f topo-
logical space and I1 be a deviability on Q. An idempotent process X
is called a strictly Luzin idempotent process on (Q,11) if the X;(w),
t € Ry, are strictly Luzin idempotent variables on (€, 1I).

Thus, strictly Luzin idempotent processes are Luzin idempotent
processes, and Luzin idempotent processes are proper idempotent
processes. Theorem 2.2.4 and the definition of the product topology
yield the following.

Corollary 2.2.6. 1. An R4 -valued idempotent process X is Luzin
if and only if IIX is a deviability on (R%)R+.

2. Let Q be a Hausdorff topological space and 11 be a deviability.
An R _yalued idempotent process X is a strictly Luzin idempo-
tent process if and only if the mapping w — (Xi(w), t € Ry) is
a strictly Luzin idempotent variable in (R?)%+.

Remark 2.2.7. Note that if X is a Luzin idempotent process
with distribution TIX, then the canonical idempotent process on
((Rd)R+,HX) 1s a strictly Luzin idempotent process. Therefore, if
we are only concerned with the idempotent distribution of a Luzin
idempotent process, we can assume that it is a strictly Luzin idem-
potent process.

We now consider properties of trajectories.

Definition 2.2.8. An idempotent process X on §2 is said to be con-
tinuous in tdempotent probability if for every s € Ry and e >0

lim IT(|X, — X,| > €) =0.

An idempotent process X on Q is said to be continuous Il-a.e. if for
every s € Ry we have H(Xt does not converge to Xg as t — s) =0.
An idempotent process X on ) is said to have continuous paths I1-a.e.
if the set of discontinuous trajectories of X has idempotent probability
0.
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We define left- and right-continuity notions in an analogous man-
ner.

The following result shows that we do not need to distinguish
between continuity (right- or left-continuity, respectively) II-a.e. and
path continuity (right- or left-continuity, respectively) II-a.e.

Lemma 2.2.9. An idempotent process X on €2 has continuous
(right- or left-continuous, respectively) paths 1l-a.e. if and only if
it is continuous (right- or left-continuous, respectively) Il-a.e. on

R, .

Proof. We give a proof for continuity. Let X be continuous II-a.e.
at every s € Ry. Then

II(w: (X¢(w),t € Ry) is not continuous)

= I1I( U {w: (X¢(w),t € R;) is not continuous at s})
SER+

= sup II(w: (Xi(w),t € Ry) is not continuous at s) =0,
seR4

so X has continuous paths II-a.e. The converse follows by definition.
O

Remark 2.2.10. Since convergence in idempotent probability is
stronger than convergence Il-a.e., a process can be continuous II-
a.e. but not continuous in idempotent probability. For instance, let
Q=10,1], I(w) =1 for all w, X(w) =0, w > 2t, Xy(w) =w/t, 0 <
w<tand Xi(w) =2 —w/t,t <w <2t ift >0, and Xo(w) = 0.
Then Xy is continuous at t = 0 for every w €  but it is not contin-
wous in idempotent probability.

In the sequel we refer to idempotent processes with contin-
uous (right-continuous, respectively) paths as continuous (right-
continuous, respectively) idempotent processes. The following simple
fact is useful.

Lemma 2.2.11. If Xy is a proper idempotent variable and X is

continuous in idempotent probability, then X is a proper idempotent
process.
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We now introduce the class of Luzin-continuous processes, which
is smaller than the class of processes continuous in idempotent prob-
ability. Let C(R,,R?) denote the space of R%-valued continuous
functions on R} equipped with the metric

do(x.y) = sup Sup,<; [xs —ys| Al
“ ’ tERJr 1 + t

?

where x = (x4, t € Ry) and y = (y¢, t € Ry). We recall that with
this metric C(R, ,R?) is a complete separable metric space.

Definition 2.2.12. We say that an idempotent process X with con-
tinuous trajectories is Luzin-continuous if the restriction of IIX to
C(Ry,RY) is a deviability on C(Ry,R%). Let, in addition, Q be a
Hausdorff topological space and I1 be a deviability on Q2. An idem-
potent process X s called a strictly Luzin-continuous idempotent
process on (X, II) if the mapping w — (X (w), t € Ry) from Q to
C(R,R?) is a strictly Luzin idempotent variable.

Theorem 2.2.13. A Luzin (respectively, strictly Luzin) idempo-
tent process X is Luzin-continuous (respectively, strictly Luzin-
continuous) if and only if for arbitrary T >0 and n > 0

lim sup II(|X;—X,|>n)=0.
0=0 4 te[0,17]:
ls—t|<d

Proof. According to Corollary 1.8.7 a Luzin idempotent process X
is Luzin-continuous if and only if infxexc II(X ¢ K) = 0, where K
is the class of compact subsets of C(R;,R?). By a standard ar-
gument based on Arzeld-Ascoli’s theorem this is equivalent to the
convergences

All_r}IéoH(|X0| > A) N 07 %E%H(s,tSE?OI,)T}JXt_XA ~ T]) B 07
ls—t[<d
where T > 0 and n > 0 are arbitrary. The first condition is a
consequence of Xy being Luzin. The second condition is equivalent
to the condition in the statement by 7-maxitivity of II.
The proof for strictly Luzin idempotent processes is similar. [J

We now counsider measurability issues in the spirit of the general
theory of stochastic processes. We assume the discrete T-algebra on
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R? unless otherwise specified. Let A = (A, ¢t € R,) be a flow of
T-algebras on €.

Definition 2.2.14. We say that an idempotent process X is A-
adapted if X; is Ay-measurable for every t € R, .

Let B([0,¢]) ® A; be the product of the Lebesgue o-algebra on
[0,%] and the T-algebra A; in the sense of Definition 1.5.9. We refer
to elements of E([O, t]) ® Ay as progressively measurable sets.

Definition 2.2.15. An idempotent process X is said to be progres-
sively measurable (or A-progressively measurable) if the mappings
(s,w) = X(s,w) from [0,t] x Q to R? are B([0,t]) ® A;/B(R?)-
measurable for all t € Ry .

Lemma 2.2.16. An idempotent process X = (X(w), t € Ry, w € Q)
1s A-progressively measurable if and only if it is A-adapted and the
functions (Xy(w), t € Ry) are B(Ry)/B(R?)-measurable in t for all
w € Q.

Proof. Let X be A-progressively measurable. Then, given ¢ € R
and 7 € R?, we have {(s,w) : Xs(w) = z,s € [0,t]} € B([0,t]) ® A
so that {t} x {w: X;(w) = z} € B([0,?]) ® A;, which implies that
{w: Xi(w) = =z} € A Thus, X is A-adapted. Next, given @
and a Borel subset I' of R?, we have that {(s,w) : Xs(w) € T} N
([0,2] x [@]4,) € B([0,1]) ® Ays. Since X,(w) = X4(@) for s € [0,1] if
w € [W]a, by A-adaptedness of X and Corollary 1.2.5, we conclude
that {s € [0,t] : X,(@) € I'} x [@]4, € B([0,¢]) ® A; so that {s €
[0,¢] : Xs(@) € T} € B([0,t]). Necessity is proved.
Conversely, since

{(s,w) : X5(w) € F}ﬂ([(),t] x )
= U (s Xo(w) e T, 4]) x {w}),

weN
{s: Xs(w) € T} N[0,¢] € B([0,t]) for w € Q, and X,(w) = X4(w')
if s € [0,¢] and w 2 w', the definition of B([0,¢]) ® A; implies suffi-

ciency. ]

Lemma 2.2.17. Let X be an A-progressively measurable idempotent
process. Let the integrals f(f Xs(w)ds, t € Ry, w € Q, be well defined.

Then the idempotent process (f(;t Xs(w)ds, t € R+) is A-adapted.
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Proof. Since X is A-adapted, fo w) ds is constant on the atoms
of A;, so it is A;-measurable by Corollary 1.2.5. O

The next result is a version of Lemma 2.1.18.

Lemma 2.2.18. Let X be A-adapted and D C R%. Let 7p = inf{t €
Ry : Xy € D}. Let either one of the conditions hold:

1. X s right-continuous and D is closed,
2. A is right-continuous.
Then 1p s an A-stopping time.

Proof. Under the first condition, we have by right-continuity of X
and closedness of D

{w: p(w) <t} = U{w : Xy(w) € D} € Ay

s<t

The second part follows by Lemma 2.1.18. We can also adapt the
proof of the lemma by writing

{w: Tp(w) <t} = U{w : Xy(w) € D} € Ay

s<t

0

Lemma 2.2.19. Let X be A-adapted and o be a finite A-stopping
time. Then X, is A,-measurable.

Proof. We have for z € R and s € Ry

{w: Xy =z} ﬂ{w o(w) = s}
={w: X ( —x}m{w o(w) = s} € As,
and the required follows by Remark 2.1.10. O

Let 7(¢;, j € J) denote the 7-algebra generated by R?-valued
idempotent variables ;, 7 € J.

Definition 2.2.20. We call the T-flow AX = (AX, s € Ry) defined
by AY = 7(Xy, t €[0,3]) the natural T-flow associated with X. We
also let AX = 7(X;, t € Ry).
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Lemma 2.2.21. 1. A function o : Q — R, is an AX -stopping
time if and only if o(w) = o(w') for all w and W' such that
Xs(w) = X5(o'), s < o(w).

2. Let o be an A*-stopping time. Then AX = 7(Xspg, s € Ry).

Proof. We prove part 1. To check necessity, we note that
[W]Af(w) ={w € N: X,() = X5(w),s < o(w)} (2.2.1)

so that the equality X, (w) = Xs(w'), s < o(w), is equivalent to the
inclusion ' € [w] AX and the required follows by Lemma 2.1.6. By
Corollary 1.1.16 sufficiency will follow if we prove that [w] 4x € {0 <
t} whenever w € {o < t}. Let o' € [W]Ag‘- Since w € {o < t}, we
have that [w] 4x C [w]Af(w)’ so by (2.2.1) X,(w') = X,(w), s < o(w),
and by hypotheses o(w') = o(w), implying that o(w') < ¢.

We prove part 2. The inclusion AX D 7(X;p,, s € Ry) follows
since by Lemma 2.2.19 X,,, is A2, -measurable, hence, it is AX-
measurable. To prove the reverse inclusion, we use the fact that
the atoms of AX are the sets (W] 4x (), w € Q. Since by Lemma
2.1.6 o(w') = o(w) for all ' € [w]Af(w)’ we have by (2.2.1) that

[w]Aff(w) ={w' € Q: Xppw) (W) = Xspow)(w),s € Ry }, which set
belongs to 7(Xsns, s € Ry). O

We introduce two more classes of idempotent processes, which
are considered in the sequel. Let pyx = (x5a¢, s € Ry) and Ox =
(X1 — X4, s €ERy) for x € (RY)R+ and t € R,

Definition 2.2.22. We say that an idempotent process X has in-
dependent increments if for every 0 <t < to < ... < ity the incre-
ments Xy, — X¢y,..., Xy, — Xy, | are independent idempotent vari-
ables. Given a T-flow A = { Ay, t € Ry), we say that an A-adapted
idempotent process X has A-independent increments if the idempo-
tent process 0; X = (X1 — Xy, s € Ry) is independent of A, for all
teR,.

Remark 2.2.23. Clearly, an idempotent process with independent
increments has AX -independent increments.

The next result follows by the definition of a Luzin idempotent
process and deviability.
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Lemma 2.2.24. 1. A Luzin idempotent process X on (§,1I) has
independent increments if and only if for x € (RY)R+, x' €
(RO)R+ such that TI(py X = x') > 0, and t € R,

(0, X = x|p X = x') =[1(0, X = x).

2. An A-adapted Luzin idempotent process X on (Q,II) has A-
independent increments if and only if for x € (R)®+ and t €

Ry II-a.e.
H(etX = X|At) = H(etX = X).

Definition 2.2.25. An idempotent process X = (Xy, t € Ry) is said
to be idempotent Gaussian if its finite-dimensional distributions are
idempotent Gaussian.

The next two theorems consider convergence in idempotent dis-
tribution for Luzin-continuous idempotent processes. We state the
results in the form of weak convergence of associated deviabilities.
The following tightness theorem is an obvious consequence of Arzela-
Ascoli’s theorem.

Theorem 2.2.26. A net {Ily, ¢ € @} of deviabilities on C(R;,R?)
is tight if and only if

L.° lim limsupIlg({x: x| > A}) =0,
A—o0 &

2.° limlimsupIlg({x: sup |x;—x4/>n})=0,7>0,T>0.
00 ¢ s,t€[0,T):
|s—t|<d
Now we establish connection between convergence of deviabilities
on C(R;,R%) and their finite dimensional projections. Given 0 <
th <ty < ... <tk wedenote my X = Ty 41X = (X5 -0 Xt,)s
X € C(R+,Rd).

Theorem 2.2.27. Let {ll;,¢ € @} be a tight net of deviabili-
ties on C(Ry,R?). If Iy o Wa’l___ytk Y I, 4, for ti,....tx from
a dense subset U of Ry, where Il 4, are deviabilities on (R%)F,
then Il Y I, where I1 is the deviability on C(Ry,R?) defined by
I(x) = infy, | ev ity (xty,--- ,th)-
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Proof. Since the net {lI;,¢ € ®} is tight, it has an accumulation
point IT". By “the continuous mapping theorem” (Corollary 1.10.4)

-1 Wy 1 1o —1 _
Hyomy 4 — IWom,  , sothat I'om, = , =1l 4 . By Theo-

geeey

rem 2.2.2 the proof is complete. O

2.3 Exponential maxingales

This section develops an idempotent analogue of martingale theory.
Let (£2,1I) be an idempotent probability space and A = {A;,t € Ry }
be a flow of T-algebras on 2.

Definition 2.3.1. An R, -valued idempotent process M =
(My(w), t € Ry,w € Q) is an A-exponential mazingale if the func-
tions w — My(w) are Ai-measurable and mazimable for all t € Ry,
and for all s <t Il-a.e.

S(My)As) = M. (2.3.1)

If, in addition, the collection {My,t € Ry} is uniformly mazimable,
then M 1is called a uniformly mazimable A-exponential mazingale.

Remark 2.3.2. We occasionally refer to A-exponential mazingales
as exponential mazxingales if the 7-flow A is understood.

Exponential submaxingales and supermaxingales are defined sim-
ilarly with the equality sign in (2.3.1) replaced by > for exponential
submaxingales and by < for exponential supermaxingales.

The following simple fact shows that uniform maximability is
quite a strong property.

Lemma 2.3.3. Let X = (X;,t € Ry), where X; : 2 — Ry, be A-
adapted. The collection {X,t € Ry} is uniformly mazimable if and
only if the collection { Xy}, where g ranges in the set of all Ry -valued
functions on 2, is uniformly mazimable.

Proof. Since X, < sup; X;, the property follows by Theorem 1.4.13.
O

The next property is a consequence of the definitions.

Lemma 2.3.4. 1. Let M be an exponential submazxingale and
p > 1. If the M} are mazimable, then (MF,t € Ry) is an
exponential submazxingale.

© 2001 by Chapman & Hall/CRC



Exponential maxingales 105

2. Let M be an exponential supermazingale and 0 < p < 1. Then
(MF t € Ry) is an ezponential supermazingale.

3. Let M and N be exponential supermazingales (exponential
submazingales or exponential mazingales, respectively). Then
M V N is an exponential supermazingale (exponential sub-
maxingale or exponential mazingale, respectively) and M N N
15 an exponential supermazxingale.

The following characterisations of exponential maxingales are im-
plied by Lemma 1.6.24 and Lemma 1.6.37.

Lemma 2.3.5. Let M = (My(w),t € Ry,w € Q) be an Ry -valued
adapted idempotent process such that the (My(w), w € Q) are maz-
imable.

1. The idempotent process M is an A-exponential supermazin-
gale (respectively, an A-exponential submazingale or an A-
exponential mazingale) if and only if, for s <t,

S(Mih) < S(Msh) (respectively, S(Mih) > S(Msh)
or S(Mh) = S(Msh))

for all Ag-measurable functions h: Q@ — Ry.

2. Let 11 be T-smooth relative to a collection € and have a tight-
ening collection T. Let the My, s € Ry, be Luzin (€,T)/U-
measurable. Let Hs for s € Ry be collections of Luzin
(&, T)/U-measurable Ry -valued functions on 2, which con-
tain the zero function, are closed under multiplication by non-
negative scalars and the formation of mazimums and mini-
mums, and are such that if h € Hs, then (h —1) V0 € H,
and (1 —h) V0 € Hs. Let also the T-algebras generated by the
elements of the Hs coincide with the As. Then the assertion of
part 1 holds if h only ranges in the collection Hs.

The following lemma shows that “likelihood ratios” are exponen-
tial maxingales. Let IT' be an idempotent probability on €, and II;
and IT} denote the respective restrictions of IT and IT' to Ajy.

Lemma 2.3.6. Let I} be absolutely continuous with respect to 11,
for allt € Ry. Then the idempotent process (dIl}/dIL;, t € Ry) is an
A -exponential mazxingale under I1.
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Proof. Let My = dII}/dlIl;, which is well-defined, A;-measurable and
[I-maximable by Theorem 1.6.34. Let s <t and A € A;. Then the
maxingale property of M follows by the equalities

St(My 1(A)) = Sm, (M; 1(A)) = Siy, (1(4))
11, (M 1(A))

St (1(4))
SH(MS 1(A))'

n

0

Our next goal is to prove an analogue of Doob’s stopping theorem.
We precede it with a lemma.

Lemma 2.3.7. Let f: Q — Ry. Let 0 and T be finite A-stopping
times. Then S(f|As) = S(f|A-) II-a.e. on the set {o =7}.

Proof. 1t suffices to prove that II(w'|A,) = II(w'|A;) II-a.e. on {o =
7} for every o' € Q. Let w € © be such that II(w) > 0 and o(w) =
T(w). Then in view of Definition 2.1.8

(.U, w :M wl w
I(w'|Ag) (w) (] 1(w' € [w]a,)
. G Ry P . CORPTAP
_H([w]Aa(w))l( € Wi, ) H([w]A,(w))l( € (W)
) e )
= ) L € ) = A ).

O

Let us say that an R,;-valued idempotent process M on
(Q, A, II) is stopping-time-right-continuous in idempotent probabil-
ity if M;45 — M- L 0asé — 0 for every finite A-stopping time
T.

Theorem 2.3.8. (“the Doob stopping theorem”)

1. Let M = (My(w),t € Ry,w € Q) be a right-continuous A-
exponential supermazingale. If o and T are finite A-stopping
times, then (Il-a.e.)

S(MT|~AU) S MT/\U"
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2. Let M = (My(w),t € Ry,w € Q) be a right-continuous A-
exponential submazingale and o and T be finite A-stopping
times. Let at least one of the following conditions hold:

(a) T assumes a finite number of values,

(b) M is stopping-time-right-continuous in idempotent proba-
bility and T is bounded,

(¢c) M is stopping-time-right-continuous in idempotent prob-
ability and uniformly mazimable, and 7 is a proper idem-
potent variable.

Then (11-a.e.)
S(MT|A0') > MT/\O"

3. Let M = (My(w),t € Ry,w € Q) be a right-continuous A-
exponential mazxingale and o and T be finite A-stopping times.
If either T is bounded or M 1is uniformly mazimable and T is a
proper idempotent variable, then (I1-a.e.)

(M |~A ) M:po.

Proof. We routinely omit indications that certain relations hold II-
a.e., where the latter is understood. We begin with the case of expo-
nential supermaxingales and assume, at first, that 7 and o take on a
finite number of values:
T = max a;1(4;), 0= max b; 1(Bj), (2.3.2)
i=1,...,k j=1,...,l

where 0 < a1 < a3 < ... <a, 0< b <by < ...<b, A;iNAy =
Bj N By = () unless either i = ¢’ or j = j', A; € Aq;,B; € Ay,
Uk A = Uélej = . We assume furthermore that 7 > o so that
a; > bj if A;N B # 0.

By Lemma 1. 6 21, Lemma 2.3.7 and (2.3.2), we have, introducing
i(j) =min{i =1,...,k: a; > b;} and defining maxy = 0,

S(M:|Ay) = jglla‘x S(M;|Az) I(Bj)
= max S(M|Ay,) 1(B)) = max S(M; 1(5;)|Ay,)

Jj=1,. J=1,
= M, 1(A;) 1(B; )
JH;E}XJS(Z max 1(4;) 1(Bj)|Ap,)
= .maX max S(Mg; 1(A;)|Ap;) 1(Bj). (2.3.3)
j=1,...,li=i(j),....k J
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Now, Ay = (Ui-:llAi)c € A,,_,, hence, if i(j) < k — 1, by the super-
maxingale property
S(Ma, 1(Ap)|Ap,) = S(S(Ma, 1(Ap)Ma,_,) 1 As,)
= S(S(Makz|Aakz—1) 1(Ak)|-’4b]) < S(Mak_l l(Ak)|Abj)7

SO

My, 1(4;)] Ay, My, 1(4;)] Ay,
x| S(Ma, 1A My) < max, ) S(Ma; 1(4:)[Ay,)

VS (M, 1(Ag | A1)l As).

Next, A U Ap_1 = (Uf_IZA )C € A,,_,, hence, in analogy with the
above reasoning, if i(j) < k — 2,

S(Ma, , AkUAk 1)IA) < S(Myg,_, AkUAk 1) A, ).

Carrying on like this, we obtain

k
iz{gﬁ)ﬂ.x kS( ( )|-Ab]) ! S az(]) U AZ |‘Ab1
yeees i—i0)

k
< My, 1( U Ai)
i=i(j)
(for the latter inequality we used the fact that Uf:i(j)Ai =

(UY)7"4)° € Auy,,, C© As,). Thus, by (2.3.3)
k
S(M,| Ay )<J£nax M, 1( ) A)1(By)
! i=i(5)

= Inlale(, 1(7 > bj) (o =bj) = M, 1(1 > 0) = M,.
]_

Hence, we have proved the required if 7 and o take on finitely many
values and 7 > o.

Now dropping the assumption that 7 > o, we write, by Lemma
1.6.21, Lemma 2.1.11 and the part just proved

S(M;|As) = S(M; 1(r > 0)|A;) V S(M: 1(1 < 0)|As)
=S(Mys|Ay) (T > 0) V S(Mps|As) 1(T < 0)
<M, 1(r > 0)V M, 1(r < 0) = Myp,. (2:34)
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Let us assume now that 7 takes on a finite number of values and o
is bounded. Let
0p = min M, n € N (2.3.5)
=1,...,n l
By Lemma 2.1.11 and Lemma 2.1.6 the o, are A-stopping times
and, since they take on a finite number of values, by the part already
proved S(M;|A,,) < M;ps, . Since M is right-continuous, M;p,, —
M pny as n — 00. Also, by “Lévy” (part 1 of Lemma 1.6.23)
lim,, S(M:|Ay,) = S(M;| Ny, As,) so that S(M-| N, As,) < M:pg,
which after conditioning on A, C N, A,, yields S(M;|Ay) < Mps.
Let us consider now the case of general bounded 7 and 0. We
introduce in analogy with the oy,

T, = min ———— neN (2.3.6)

Then the 7, are A-stopping times, which assume a finite number of
values. Therefore, by the part already proved S(M,, |Ay) < Mynr, .
The limit of the right-hand side as n — 00 is Myp,. For the left-
hand side by “Fatou” (part 1 of Lemma 1.6.22) lim inf,, S(M,, |Ay;) >
S(M;|As), proving the required inequality.

Let us assume now that o and 7 are arbitrary finite A-stopping
times. Then since 0 An and 7 A'm, where n,m € N, are bounded, we
have that S(Man|Aoam) < Mraoanam- Letting n — oo yields by
“Fatou” the inequality S(M;|Asam) < Mrrgam. Therefore, in view
of Lemma, 2.3.7,

S(M-|As) = (S(M| Aspm) (o < m))V(S(M;|A,) L(o > m))
< Mrponm V (S(M-]A;) 1(o > m)). (2.3.7)

The required follows since S(M.|A;)1(c > m) = 0 and M ponm =
M po if m is large enough.

Now, let M be an exponential submaxingale. Let us show that if
7 is such that the inequality S(M;|Ay) > M;ps holds for all bounded
o, then it holds for arbitrary finite 0. Let ¢ be an arbitrary finite
A-stopping time. Then for n € N by hypothesis S(M;|Asnn) >
M agnn- Since by the equality in (2.3.7) we have that S(M,|A,) >
S(M;|Asnn) (o < n), it follows that S(M;|As) > Mepnar 1(o <
n); letting n — oo proves the claim.

\Y
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Thus, we can assume that ¢ is a bounded A-stopping time. An
argument symmetric to the one used for exponential supermaxingales
checks the required inequality for o and 7 taking on a finite number
of values. Next, let ¢ be an arbitrary bounded A-stopping time,
7 assume a finite number of values, and o,, be defined by (2.3.5).
Then S(M:|A,,) > M:ps, for n € N. Letting n — oo implies by
“Lévy” (Lemma 1.6.23) that S(M;|N, Ay, ) > M;as; conditioning
on A, C Ny2,A,, provides us with the required property under
hypothesis (a).

Let M be stopping-time-right-continuous in idempotent proba-
bility, and 7 and o be bounded A-stopping times. Let 7,, be defined
by (2.3.6). Then by the part proved

S(M-,|Ag) > My no- (2.3.8)

We now show that the collection {M,,, n € N} is uniformly max-
imable. Let T € Ry be an upper bound for 7. By the case just
considered we have that S(Mry1|A;,) > M, so that for a > 0 we
can write

S(M;, 1(M;, > a)) < S(S(Mpy1|A-,) 1(M;, > a))

= S(Mri11(M;, > a)). (2.3.9)
Also “by Chebyshev” II(M,, > a) < S(M.,)/a < SMryi/a so
limg_, o0 sup,, II(M,, > a) =0, and by (2.3.9), maximability of My,
and Corollary 1.4.12 the collection {M,,, n € N} is uniformly max-
imable. Since M is stopping-time-right-continuous in idempotent
probability and 7,, — 7 as n — oo uniformly over w € €2, we con-
clude that M, — M, in idempotent probability, so by Lemma 1.6.22
S(M;,|As) = S(M;|As) as n — oo in idempotent probability and
hence IT-a.e. Therefore, by (2.3.8) S(M,|Ay) > M.

Let M be stopping-time-right-continuous in idempotent probabil-
ity and uniformly maximable, 7 be a finite A-stopping time, which is
a proper idempotent variable, and o be a bounded A-stopping time.
By the case just considered we have that S(M an|As) > Mranne-
The sequence {M pp, n € N} is uniformly maximable by uniform
maximability of M and converges to M, in idempotent probability
as n — oo by the inequality [I(M; x, # M;) < II(7 > n) and the fact
that 7 is a proper idempotent variable. Therefore, by Lemma 1.6.22
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S(Mrpn)Ay) — S(M;|Ay) in idempotent probability and hence II-
a.e. completing the proof for the case of M being an exponential
submaxingale.

Now let M be an exponential maxingale. Then the preced-
ing results for exponential super- and submaxingales imply that
S(M;:|Ay) = M;p, if T assumes a finite number of values and o
is arbitrary. Let 7 and o be bounded A-stopping times such that
7 > 0. Then 7, defined by (2.3.6) assumes a finite number of val-
ues so S(M,, |Ay;) = M,. For the same reason, S(M, |A;) = M,.
Therefore,

M, = S(M;

n

|AU) = S(S(MTH|AT)|AU') = S(MT|AU')'

Getting rid of the assumption 7 > o is carried out by the argument
used in (2.3.4), where the inequality sign is replaced by an equality
sign. Finally, the proof for M being uniformly maximable and 7
being a proper idempotent variable repeats the argument used in
the preceding paragraph for exponential submaxingales. ]

Remark 2.3.9. As the proof shows, if M is an exponential sub-
mazingale, then the set { M}, where T ranges in the set of uniformly
bounded A-stopping times, is uniformly mazimable. Also if M is an
exponential supermazingale, then the set {M,}, where T ranges in
the set of finite A-stopping times, is uniformly mazimable.

Corollary 2.3.10. Let M = (M;,t € Ry) be an A-exponential
mazingale. Then for every bounded A-stopping times o and T such
that 7 > o

S(M,|A,) = M,.

If M is uniformly mazimable, the latter equality also holds for proper
T and o.

Lemma 2.3.11. 1. Let M = (M,t € Ry) be a right-continuous
A -exponential supermazxingale. Then for a > 0

S M,
[I(sup My > a) < 2
t a

2. Let M = (M, t € Ry) be a right-continuous A-exponential
submazingale. Then for a >0 and T >0

SM
(sup M; > a) < =—F.
t<T a
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Proof. Let T > 0 and o = inf{t € Ry : M; > a} AT. The function
o is an A-stopping time by Lemma 2.2.18. If M is an exponential
supermaxingale, by Theorem 2.3.8

SMy> SM, > S(MU 1(sup M; > a)) > all(sup M; > a).
t<T t<T

The argument for M being an exponential submaxingale uses the
inequality SMy > SM,. O

Definition 2.3.12. An R, —wvalued idempotent process M =
(Mi(w), t € Rp,w € Q) is called an A-local exponential mazingale
if it is A—adapted and there ezists a sequence {7,, n € N} of A-
stopping times such that T,(w) < Tpy1(w), limy, o0 T (w) = 00, w €
Q, and each M™ = (Myps, () (w), t € Ry, w € Q),n € N, is a uni-
formly mazimable A-exponential mazingale. Any such sequence {T,}
1s called a localising sequence for M.

Lemma 2.3.13. Let M = (M;(w), t € Ry, w € Q) be an Ry -valued
right-continuous idempotent process.

1. If M is an A-exponential maxingale, it is an A-local exponen-
tial maxingale.

2. If M is an A-local exponential mazxingale, then it admits a
localising sequence consisting of bounded stopping times.

3. If M is an A-local exponential mazingale and each My(w),t €
Ry, is mazimable, then M is an A-exponential supermazingale.
If, in addition, the collection {M;,t € Ry} is uniformly maz-
imable, then M is a uniformly maximable exponential mazin-
gale.

4. If M is an A-local exponential maxingale and T is an A-
stopping time, then M™ = (M (w), t € Ry,w € Q) is an
A -local exponential mazxingale as well.

5. If M is an A-local exponential maxingale, an increasing se-
quence {1} of A-stopping times is such thalt 1, — oo as
n — oo, and the M™ = (M., (w), t € Ry, w € Q) are uni-
formly mazimable, then {7,} is a localising sequence for M.
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Proof. In part 1 7, = n is a localising sequence by Theorem 2.3.8
and Remark 2.3.9. In part 2 if {7,,} is a localising sequence, then by
Theorem 2.3.8 and Remark 2.3.9 {7, An} is a localising sequence of
bounded stopping times.

For part 3, let {7,} be a localising sequence for M. Then
S(My ntlAs) = My ps for s < t. Since, given w, M, (W) =
Mi(w) and M ()rs(w) = Ms(w) for all n large, by Lemma 1.6.22
liminf, S(M, ri|As) > S(MyAs) so that S(My|As) < Ms, prov-
ing the first claim. If {M;, ¢t € Ry} is uniformly maximable, so
is {M; ant, n € N}; hence, by Lemma 1.6.22 lim,, S(M, i As) =
S(M;|Ay).

We now prove part 4. Let {7,,} be a localising sequence for M.
By Theorem 2.3.8 (Marnr,,t € Ry) is an A-exponential maxin-
gale. It is uniformly maximable by Theorem 1.4.13 and the estimate
Supy Mt/\’r/\’rn < Supy Mt/\Tn .

Part 5 follows by parts 3 and 4. U

The next lemma is an analogue of the Lenglart-Rebolledo domi-
nation property.

Lemma 2.3.14. Let X and Y be positive right-continuous idempo-
tent processes such that the idempotent process (X¢/Yy, t € Ry) is an
A -exponential supermazingale and Xo/Yy = 1. Then for arbitrary
a>0,b>0 and an A-stopping time o

b
H(sust > a) < —VH(squs > b),
s<o a s<o
where Sup, <., = SUPycp, -
Proof. Let 7 = inf{s € R}y : X; > a}. It is an A-stopping time by

Lemma 2.2.18. Assuming that ¢ < oo Il-a.e., we have

H(supXU > a) <I(Xonr > a)

s<o
< H(YU'/\T > b) \ H(XU'/\T > a, Yoar < b)
b
< H(YU'/\T > b) \% H(XO'/\T/YU'/\T > a/b) < H(YU'/\T > b) \ aa

where the latter inequality follows by the Chebyshev inequality
and hypotheses. The required follows since H(supsgg X, > a) =
lim, o H(supsgg Xy>a-— e).
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If II(o = o0) > 0, then by the part of the lemma already proved,
for arbitrary € > 0,

H(supX,r > a) < H(supX,r >a— e)

s<o s<o

b
= lim H( sup X0>a—e) < VH(squg>b).
M—oo  “s<onM a—¢€ s<o

O

It is often convenient to consider right-continuous 7-flows. The
following simple observation shows that there is no loss of generality
in assuming that the flow under consideration is right-continuous.
We recall that the 7-flow A is defined in Remark 2.1.3.

Lemma 2.3.15. Let M be a local exponential mazingale relative to
a T-flow A. Then it is a local exponential maxingale relative to the
T-flow A .

Proof. We only need to check that the maxingale property holds for
M relative to A, which follows by Lemma 1.6.23. U

2.4 Wiener and Poisson idempotent
processes

This section studies idempotent analogues of the Wiener and Poisson
processes. We fix some notation to be used in this and following sec-
tions. We assume that the space C(R,R?) of R?-valued continuous
functions on R, is equipped with the locally uniform topology de-
fined in Section 2.2. Let C(R,,R?) denote the discrete 7-algebra on
C(Ry,RY), ie., C(Ry,RY) = P(C(Ry,RY)), and C;(R;,R?) denote
the 7-algebra on C(R,,R¢) generated by the maps x — x,, s < ¢
(recall that R? is equipped with the discrete T-algebra). We also
define the flow of T-algebras C(Ry,R?) = (C;(R,R%), t € R, ). If
the dimension d is understood we simply write C, C, C;, and C for
C(R4,R?), C(Ry,RY), C4(Ry,RY), and C(R,,R%), respectively. The
atoms of C; are of the form [x|¢, = {y : pry = pix} (we recall that
pix = (Xsnt, 5 € Ry )). Clearly, C; = p; }(C). We say that a function
x € C(R,,R?) is absolutely continuous if its component functions are
absolutely continuous with respect to Lebesgue measure; x; denotes
the Radon-Nikodym derivative at ¢ (specified a.e.).
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Let (€2,1I) be an idempotent probability space. We start with
the one-dimensional Wiener idempotent process.
Definition 2.4.1. We say that an idempotent probability TI'"V on
C(R4+,R) is a Wiener idempotent probability if it has density defined

o0

1
exp(—i /)'c(s)2ds), if x is absolutely
" (x) = 0 continuous and
X0 = 0,
0, otherwise.

(2.4.1)
The Wiener idempotent process W = (Wy, t € Ry) on (,1II) is an
idempotent process with paths from C(R4,R) and idempotent dis-
tribution IV, ie., II(W = x) = I (x), x € C(R,,R). We call
the canonical idempotent process on (C(R,,R),II") the canonical
Wiener idempotent process.

We give an analogue of Lévy’s characterisation of the Wiener
process. Let AW = (A})Y, ¢t € R,), where A}" denotes the T-algebra
on (2 generated by the maps w — Ws(w) for s < ¢.

Theorem 2.4.2. Let W be an R-valued idempotent process. The
following statements are equivalent:

1. W is a Wiener idempotent process,

2. W s an idempotent process with independent increments,
Wy = 0 Il-a.e., and increments W, — W are idempotent Gaus-
sian with parameters (0,t — s) so that

LE2

(W, —Ws =x) = exp(—m

), z eR,
3. the idempotent process M(X\) = (My(\), t € Ry) defined by
1
My()) = exp (AWt - §>\2t)

is an AW -exponential mazingale such that My(\) = 1 I-a.e.
for every A € R.
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Proof. We prove that part 1 implies part 3. Let W be a Wiener
idempotent process. It is easy to see that A}Y = W~1(C;). Since
also IT" = Il o W', by Lemma 1.6.27 we may assume that W is
the canonical process so that it suffices to prove that the idempotent
process Y = (Y;(x), t € Ry, x € C(R,R)) defined by

Yi(x) = exp(Ax; — %)\Qt) (2.4.2)

is a C(R,,R)-exponential maxingale on (C(R, ,R), IT").
We first observe that by (2.4.1)

Syw Yi(x) = 1. (2.4.3)

Let x € C(R;,R) be such that II" (%) > 0. In particular, x is
absolutely continuous and %o = 0. By the definition of conditional
idempotent expectation

Smw (Y:[Cs) (%) = }S{lelgiﬁs(X)HW(XICs)(i)- (2.4.4)

The conditional idempotent probability IT" (x|C,) (%) is not equal to
zero only if x and x belong to the same atom of Cy, i.e., psx = psX.
For these x,

" (x) " (x)

_ x) _ . (245
7 (Xe))  subwyw e V) 24

1" (x|Cs) (%)

Easy calculations using (2.4.1) show that the latter supremum equals
exp(— IN f'cidu/2>, so, assuming that [I"(x) > 0 and x is thus
absolutely continuous and xo = 0, by (2.4.5) and the equality
Xy = Xy, U <8,

oo

/ xidu).

S

1% (x|C,) (%) = exp(—

N —

Recalling that 0sx = (X544 — X5, v € Ry ), we thus have that if
PsX = psX, then

Y (x|Cs)(x) =TT (0,x) Tl-a.e.

© 2001 by Chapman & Hall/CRC



Wiener and Poisson idempotent processes 117

Therefore, by the definition of Y;(x), (2.4.4) and (2.4.3)

St (Yi|Cs) (%) = Sup Y ()17 (x]C) (%)
xel:
PsX=psX

= exp (Afcs - %) )S(lelg [exp ()\(xt —X5) — WﬁTW(esx)]

= Y,(x) i‘ég(n—s(esx)nw(esx)) = Y,(%)Spw Yi—s(x) = Ys(%).

1" -maximability of Y;(x) follows by Corollary 1.4.15 and the equal-
ities

Syw (V%) = exp(A2t) Spw (2Ax; —2A2t) = exp(A\?t),

where the latter equality follows by (2.4.2) and (2.4.3) with A replaced
by 2\. Also, xg = 0 IT"-a.e. by the definition of II". This ends the
proof of the implication 1 — 3.

We prove that part 3 implies part 2. The maxingale property of
Y easily implies that

Syw (exp(A(xe —x5))[Cs) = exp(%mt—s)),

which yields the required by Definition 1.11.10, Corollary 1.11.9 and
Lemma 1.11.12.

We prove that part 2 implies part 1. By independence of in-
crements the finite-dimensional idempotent distributions of W are
Gaussian so by Remark 1.11.16 they are deviabilities on the associ-
ated spaces. Therefore, by Corollary 2.2.6 the idempotent distribu-
tion of W is 7-smooth relative to the collection of closed subsets of
RR+. Thus, for x € R®+ such that xo = 0 by Theorem 2.2.2 and
independence of increments of W

Mw: W(w)=x) = inf I(w: Wi,(w)=x%x¢,1=1,...,k)

1,0tk
k
= inf I(w: Wy (w) =xy,) HH(w : W (w) = W, (w)
1,0tk i—o
k
( 1 (x¢, — xti1)2>
=Xy —Xy;,_,) =exp(—= sup — ).
2 t1,e.0lk i—1 t’L - t’i—l

The latter supremum equals 400 if x is not absolutely continuous
and fooo %2 dt if x is absolutely continuous. O
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The next result shows that the Wiener idempotent process is
Luzin-continuous.

Lemma 2.4.3. The Wiener idempotent probability is a deviability,
i-e., it is tight and T-smooth relative to the collection of closed subsets
Of C(R+ , R) .

Proof. By Corollary 1.7.15 it would be sufficient to prove that II'V (x)
is an upper compact function of x € C(R;,R), which is an easy
exercise. We give, however, a different “probabilistic” proof based
on Theorem 2.4.2. Let X be the canonical idempotent process on
(C(Ry,R),II"). By Theorem 2.2.13 it suffices to prove that for
arbitrary 7' > 0 and n > 0

lim sup I (]X,—X,|>n)=0.
0=04 tef0,17:
|ls—t|<d

By Theorem 2.4.2 and the Chebyshev inequality for A > 0

(X — Xs| >n) =T (X; — X; > n) vIIV (X, - X > 1)
< Spw exp(A(X; — X)) Spw exp(A(Xs — Xy))
< Vv
exp(An) exp(An)
exp (A2|t — s]/2)
exp(An)

)

which implies the required since A is arbitrary. ]

Definition 2.4.4. We say that a continuous idempotent process W
is Wiener relative to a 7-flow A (or an A-Wiener idempotent process
for short) if the idempotent process M (\) defined in the statement of
Theorem 2.4.2 is an A-exponential mazingale starting at 1 for every

AeER

Lemma 2.4.5. A continuous idempotent process W is A-Wiener if
and only if the idempotent process M(\) defined in the statement of
Theorem 2.4.2 is an A-local exponential mazingale starting at 1 for
every A € R.

Proof. Let M(\) be an A-local exponential maxingale starting at 1
for every A € R. By Lemma 2.3.13 we only need to prove that for
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every s € Ry the process (Mips(A), t € Ry) is uniformly maximable.
As in the proof of Theorem 2.4.2

S(Mt/\s()\)Q) < S(Mips(2X)) exp(A2s) < exp(A\?s),

where the latter inequality follows by Lemma 2.3.13. The uniform
maximability follows by Corollary 1.4.15. O

Obviously, if M(\) is an A-exponential maxingale, then it is
an A" -exponential maxingale. Thus, we have the following con-
sequence of Theorem 2.4.2.

Corollary 2.4.6. If W is an A-Wiener idempotent process, then it
has properties described in parts 1 and 2 of Theorem 2.4.2.

Corollary 2.4.7. If W is an A-Wiener idempotent process, then
W, — Wy is independent of Ag for t > s.

We now consider the multi-dimensional case.

Definition 2.4.8. An R%-valued idempotent process W =
(W,...,W9) on (Q,1I) is called a d-dimensional Wiener idempotent
process if the processes W',..., W% are independent Wiener idem-
potent processes.

The next theorem is proved similarly to Theorem 2.4.2. Let, as
above, A" denote the flow of T-algebras generated by W and II"
denote the idempotent distribution of W. Let E; denote the d x d
identity matrix.

Theorem 2.4.9. Let W be an R-valued idempotent process. The
following conditions are equivalent:

1. W is a d-dimensional Wiener idempotent process,

2. the density of IV is given by (x € R¥+)

o0

1

exp(—§ / |)'cs|2d5>, if x is absolutely

n"(x) = 0 continuous and
X0 = 0,

0, otherwise,
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3. W is an idempotent process with independent increments,
Wy = 0 II-a.e., and increments W, — Wy are idempotent Gaus-
sian with parameters (0, (t — s)Eq) so that

|

2(t — s)
4. the idempotent process M(X) = (My(\), t € Ry) defined by

H(Wt—Ws:x):exp<— ),xERd,

1
My(X) = exp (A'Wt - §|>\|2t>,

is an AW -exponential mazingale such that My(\) = 1 I-a.e.
for every A € RY,

Clearly, a d-dimensional idempotent Wiener process is Luzin-
continuous. Also, since W has independent increments, which are
idempotent Gaussian variables, we have the following corollary.

Corollary 2.4.10. A d-dimensional idempotent Wiener process is
an idempotent Gaussian process.

Part 4 of Theorem 2.4.9 implies the following analogues of the
properties of the Wiener process. Let e = (t,t € Ry). We recall
that o denotes the composition map.

Corollary 2.4.11. 1. Let W be a one-dimensional idempotent
Wiener process and o € Ry. Then the idempotent process
W o (ae) has the same idempotent distribution as o'/?>W .

2. Let Wy,..., Wy be independent d-dimensional idempotent
Wiener processes and o1,...,0, be [ X d matrices. Then the
idempotent distribution of E;c:l o;W; coincides with the idem-

potent distribution of (Zle aiar)l/zW, where W is an [-

13
dimensional idempotent Wiener process.

Definition 2.4.12. An R%-valued continuous idempotent process W
s called a d-dimensional Wiener idempotent process with respect to
a T-flow A (or A-Wiener, for short) if the idempotent process M(X)
defined in the statement of Theorem 2.4.9 is an A-exponential maxin-
gale starting at 1 for every A € RY.

The proof of the following lemma is similar to the proof of
Lemma 2.4.5.
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Lemma 2.4.13. An R¢-valued idempotent process W is a d-
dimensional A-Wiener idempotent process if and only if the idempo-
tent process M (X) defined in the statement of Theorem 2.4.9 is an
A-local exponential mazingale starting at 1 for every A € R?.

We define now the Poisson idempotent process. As above, we
assume that 01ln0 = 0.

Definition 2.4.14. We say that an idempotent probability IV on
C(R4,R) is the Poisson idempotent probability if it has density de-
fined by

( o0
exp(— /(xs Inx, — x4 + 1)d5>, if x is absolutely
0 continuous,

xs € Ry a.e.

and xg = 0,

IV (x) =

W otherwise.

(2.4.6)
A Poisson idempotent process N = (N, t € Ry) on (,1I) is an
idempotent process with paths from C(R4,R) and idempotent distri-
bution IV, i.e., [N = x) = IIV(x), x € C(Ry,R). We call N a
canonical Poisson idempotent process if it is the canonical process on
(C(Ry,R),IIV).
Remark 2.4.15. According to the definition, the Poisson idempotent
process has increasing paths Il-a.e.

We now give a characterisation of the Poisson idempotent process
in the spirit of Watanabe’s characterisation of the Poisson process
and analogous to that of the Wiener idempotent process. Let AN =
(AN, t € R;), where AN denotes the T-algebra on Q generated by
the maps w — Ny(w) for s < t.

Theorem 2.4.16. Let N be an R-valued idempotent process. The
following statements are equivalent:

1. N is a Poisson idempotent process,

2. N is an idempotent process with independent increments, Ny =
0 II-a.e., and increments Ny — N for s < t are idempotent
Poisson with parameters t — s, i.e.,

DG, = @) = exp(—oln - ta—(t-s)), 2 € Ry,
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3. the idempotent process M () = (M(N\), t € Ry) defined by
My()) = exp (wt— (e — l)t)
is an AN -ezponential mazingale such that My(\) = 1 Il-a.e.

for every A € R.

Proof. The proof is analogous to the proof of Theorem 2.4.2. We
prove that part 1 implies part 3. Let N be a Poisson idempotent
process. As in the proof of Theorem 2.4.2 it is sufficient to prove
that the idempotent process Y = (Yi(x),t € Ry, x € C(R;,R))
defined by

Yi(x) = exp(Ax; — (e = 1)t) (2.4.7)

is a C(Ry, R)-exponential maxingale on (C(R, ,R), IIV).
We first note that by (2.4.6)

Let x € C(Ry,R) be such that ITV(%x) > 0. In particular, X is
absolutely continuous, increasing and X9 = 0. By the definition of
conditional idempotent expectation

Sy (Yi]Co) (%) = igg%(X)HN(XICs)(i)- (2.4.9)

By the reasoning used in the proof of Theorem 2.4.2 we have that
IV (x]C,) (x) = TV (0,%).

Therefore, by the definition of Y;(x), again repeating the argument
of the proof of Theorem 2.4.2,

S (Ye|Cs) (%) = sup Y3 ()T (x]C,) (%)
xecC:
PsX=pPsX

= Yi(%) sup Yios (0s3) TV (0,%) = Y3 (%) Spa Vi (%) = Y4 ().

IV -maximability of Yi(x) follows by Corollary 1.4.15 and the equal-
ity
Spn (Y7) = exp((e** — 2e* + 1)t) Spv (2Ax; — (e — 1))
= exp((e** — 2 + 1)t),
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where the latter equality follows by (2.4.7) and (2.4.8) with A replaced
by 2X. Finally, Yy(x) = 1 IIV-a.e. since xg = 0 II-a.e. This ends the
proof of the implication 1 — 3.

We prove that part 3 implies part 2. The maxingale property of
Y yields

Stv (exp(A(x¢—x4))|Cs) = exp((e/\—l)(t—s)),

which implies the required by Corollary 1.11.9 and Lemma 1.11.15.

To prove that part 2 implies part 1 we write for an increasing
function x € R®+ such that xg = 0 by Theorem 2.2.2 and indepen-
dence of increments of N’

Hw: Nw)=x) = inf Hw: N, (w) =x¢

ti,.ty

i=1,...,k)

- tli,.I.lftk M Ml = Xu H (w Mifl (w)
Xt

=Xy — Xt )-exp(— sup Z ) In —*

t1,.. ,tk t’L - t’i—l

— (e = i) + (6= ti0).

— Xty

The latter supremum equals 400 if x is not absolutely continuous
and [;°(%¢Ink, — %, + 1) d¢ if x is absolutely continuous. O

The next result shows that A is a Luzin-continuous idempotent
process.

Lemma 2.4.17. The Poisson idempotent probability is a deviability,
e., it is tight and T-smooth relative to the collection of closed subsets

Of (C(R+ ) R) .

Proof. We give again a “probabilistic” proof. Let X be the canonical
process on (C(R,R), HN). By Theorem 2.2.13 it suffices to prove
that for arbitrary 7" > 0 and n > 0

lim sup HN(Xt X >7])—0
020 5 te0,77]:
0<t—5<0
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By Theorem 2.4.16 and the Chebyshev inequality for A > 0

Sy exp (A(Xy — X))
exp(An)

V(X — X, > 1) <

_ exp((e* —1)(t — s))
exp(An)

which implies the required since X is arbitrary. O

Definition 2.4.18. We say that a continuous idempotent process N’
is Poisson relative to a T-flow A (or A-Poisson idempotent process
for short) if the idempotent process M (\) defined in the statement of
Theorem 2.4.16 is an A-exponential maxingale for every A € R such
that My(A) = 1 I-a.e.

Corollary 2.4.19. If N is an A-Poisson idempotent process, then
it has properties described in parts 1 and 2 of Theorem 2.4.16. Also,
Ni — N is independent of Ag for s < t.

Lemma 2.4.20. An R-valued continuous idempotent process N is
A-Poisson if and only if the idempotent process M(X) defined in
the statement of Theorem 2.4.16 is an A-local exponential mazingale
starting at 1 for every X € R.

2.5 Idempotent stochastic integrals

Let (Q,II) be an idempotent probability space with a flow of 7-
algebras A = (A, t € Ry).

Definition 2.5.1. An R%-valued continuous A-adapted idempotent
process M = (M, t € Ry) such that My = 0 is called a lo-
cal mazingale (maxingale or uniformly mazimable mazingale, re-
spectively) with a quadratic characteristic (M) relative to A (or
an A-local mazingale, A-mazingale, or uniformly maximable A-
mazingale, respectively, for short) if there exists an R -yalued
continuous A-adapted idempotent process (M) = ((M);, t € Ry)
such that (M), = 0, (M), — (M)s for 0 < s < t are positive
semi-definite symmetric d X d matrices and the idempotent process
(exp(A- My — X- (M)A/2),t € Ry) is an A-local exponential mazin-
gale (respectively, A-exponential mazingale, uniformly mazimable A -
ezponential mazingale) for every A\ € RY,
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By Theorem 2.4.9 an R?-valued Wiener idempotent process is a.
local maxingale with a quadratic characteristic E;¢t. Lemma 2.4.13
yields the following converse.

Corollary 2.5.2. Let a continuous idempotent process M be an R%-
valued A-local maxingale with o quadratic characteristic (Eqt, t €
Ry). Then M is a d-dimensional A-Wiener idempotent process.

The following consequence of Lemma 2.3.14 is also useful.

Lemma 2.5.3. Let a continuous idempotent process M be an R¢-
valued A-local mazingale with a quadratic characteristic (M). Then
fora>0,b>0, c>0, and finite A-stopping times T and o such
that T > o

N sup [My=M,| > a) < e“C"OVII(||(M), ~(M), || > 2b/c).
o<t<T

Proof. By “the Doob stopping theorem” the idempotent process
(exp(A- (Myyo — My) = A= ((M)iyo — (M)s)A/2), t € Ry), A € RY s
a supermaxingale relative to the 7-flow (A5, t € Ry). Also, 7—o is
a stopping time relative to (Asys, t € Ry ) by Lemma 2.1.11. Hence,
by Lemma 2.3.14 and 7-maxitivity of 11

II( sup |My — My| > a) = sup II( sup A- (M; — M,) > a)
o<t<7 A=1 o<t<T

< e v sup TI(A - (M), — (M)s)A > 2b/c)
IA=1

= OO VII(|[(M); — (M) > 20/0).
O

Properties of the trajectories of (M) are often translated into
the corresponding properties of M. The next result follows by
Lemma 2.5.3 and Theorem 2.2.13.

Lemma 2.5.4. Let a continuous idempotent process M be a local
mazingale relative to the flow A with a quadratic characteristic (M).

1. If (M) is a proper idempotent process, then M is a proper idem-
potent process.
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2. If (M) s continuous (respectively, stopping-time-right-
continuous) in idempotent probability, then M is continu-
ous (respectively, stopping-time-right-continuous) in idempo-
tent probability.

3. Let M be Luzin. If (M) is Luzin-continuous, then M is Luzin-
continuous.

We assume in the rest of the section that the 7-flow A is complete
in the sense of the following definition.

Definition 2.5.5. We say that a flow of T-algebras on (Q,1I) is
complete if the T-algebras in the flow are complete with respect to 11.

Remark 2.5.6. Clearly, if A = (A, t € Ry) is a 7-flow, then
Al = (A, t € Ry), where the A' are the completions of the A; with
respect to 11, is a complete T-flow. We refer to it as the completion
of A with respect to IT (or the I1-completion of A ).

The next lemma extends Lemma 1.2.6.

Lemma 2.5.7. Let A" be the completion of A with respect to I1. If
o is an AY-stopping time, then there exists an A-stopping time o’
such that o' = o Il-a.e.

Proof. We define ¢’ as follows: if II(w) > 0, then o'(w) = o(w); if
II(w) = 0 and there exists @ such that II(©) > 0 and w € [@]a, ),
then o' (w) = o(@); if II(w) = 0 and no such @ exists, then o' (w) = oo.
We first check that o' is well defined. Indeed, suppose for some w
such that IT(w) = 0 there exist @ and & such that II(@) > 0, I[I(©) >
0, w € [@a,;), w € [@]a,,), and o(@) > o(@); then [0]4,,, =
[Wla, i C [Wla,q = [@]a,q); hence, @ € [GJ]AE@) since II(w) > 0
and II(&) > 0, so o(w) = o(@) by Lemma 2.1.6 proving the claim.
We check that o' is an A-stopping time. Let o'(w’) = ¢ and
W' € [w']4,, where t € Ry. We have to check that o'(w") = ¢. If
II(w') > 0 and II(w"”) > 0, then ¢’ (w') = o(w'), o' (W") = o(w") and
w" € [w'] gm; hence, o(w') =tsow” € [w,]AE(w') and o(w') = o(w") by
Lemma 2.1.6. If II(w') > 0 and II(w”) = 0, then as above o(w') = ¢,
so w" € w4, and by definition o' (w") = o(w'). If II(w') = 0,
then, since o'(w’) is finite, there exists @ such that II(@) > 0, ' €
(@4, and o'(w') = o(@); hence, w" € [@]4, ., . If, in addition,
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II(w") > 0, then " € [GJ]AH(~) so by Lemma 2.1.6 o'(w") = o(®); if
II(w") = 0, then the latter equality holds by definition. O

We say that an R™*?_valued continuous idempotent process X
is absolutely continuous if the entry processes have II-a.e. absolutely
continuous with respect to Lebesgue measure trajectories; if X is, in
addition, A-adapted, then we denote by X an A-progressively mea-
surable idempotent process such that X (w) is a version of the Radon-
Nikodym derivative of X (w) with respect to Lebesgue measure for II-
almost all w. (For instance, we could define X;(w) as the left deriva-
tive of X (w) at t if the latter exists and let X;(w) = 0 otherwise.) For
a quadratic characteristic (M) to be absolutely continuous, it is ac-
tually sufficient that the diagonal entries are absolutely continuous.
Note that if this is the case, then fot [(M),]] ds < o0, t € R;.

The following lemma shows, in particular, that absolute conti-
nuity of the quadratic characteristic of a local maxingale implies
absolute continuity of the local maxingale itself. It also lays the
groundwork for the definition of idempotent integrals with respect
to local maxingales. We recall that 0@ denotes the pseudo-inverse of
a maftrix o.

Lemma 2.5.8. Let an R -valued continuous idempotent process M
be an A-local mazingale with an absolutely continuous quadratic
characteristic (M). Then the following holds.

1. M 1is absolutely continuous.

2. My(w) belongs to the range of (M}s(w) for almost all s and
II-almost all w, and

exp /sup (A~ M, ——>\ (M )A)ds)}
0

AERE
o0
/ M, - (M) M, ds)] :
0

in particular, fooo M, - (M), Myds is a I-a.e. finite proper
idempotent variable.

exp

L\'JI!—A
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Let, in addition, (0s(w), s € Ry, w € Q) be an R™ 4 yalued A-
progressively measurable idempotent process such that

t
/Has(msa{u ds < oo, t € Ry, Il-a.c.
0
Then
t
/|05Ms|ds < oo, teRy, Il-a.e.
0

Proof. Let, for0 < s; <t <...<sp<tpand \; e R i=1,... k,

k k
1
Z = exp[ 300w (M1, =M ) =5 3w (M)~ (M) )N
(2.5.1)

We show that

SZ < 1. (2.5.2)
Let

T, = inf{t e Ry : |[(M):]| > n}. (2.5.3)

By Lemma 2.2.18 the 7, are A-stopping times. Also by Lemma 2.3.13

S(exp(X+ Minr, — X+ (M)inr, A/2)?)
< (exp(2A - Mins, — (20) - (M)inr, (2)/2)) exp(n|A2)
< exp(n|A)
so that by Lemma 2.3.13 {7,} is a localising sequence of stopping
times for every local maxingale (exp(A-M; — X+ (M)A/2), t € Ry),

e R
Let

l)xi-((]\@ti/\m—<]M>sz'/\m)>‘i)'

er = exp()xi- (Mti/\Tn _Msi/\Tn) - 2
(2.5.4)
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Since (exp(Aj - Minr, — Xi - (M)inr, Ai/2),t € Ry) is an A-

exponential maxingale,
SV As) = 1. (2.5.5)
By (2.5.4) and (2.5.5) we have

s(f[ vi) = s(kﬁ YiS(YEA,)) = s('ﬁYéS(Yi—wAsk_n)
=1 i=1 i=1

=...=98Y, =1
Since 7, — oo, by (2.5.1) Z = hmn%oo]_[ Y: and “the Fatou

=1 *n

lemma” (see Theorem 1.4.19) yields (2.5.2). This inequality implies
in view of the definition of idempotent expectation that

sup (ZA si)—%fjxi-«m M),)A:)
1=1

{(sirti) 1A}
< oo IM-ae. (2.5.6)
Now let us suppose that there exists w € € such that II(w) > 0
and 7" > 0 such that M;(w) is not absolutely continuous on [0,7].

Then there exists € > 0 such that for every § > 0 there exist non-
overlapping subintervals {(s?,%)} of [0, T] such that

IR
D (H-s) <6 and > |Mys(w)-Mg(w)| > e. (2.5.7)
i i
Let A be such that [A?| = 1 and ! - (M5 (w) — M s (w)) = |M,s (w) —
M5 (w)|. Given A > 0 we choose 6 > 0 such that

S 1My () = (M) g @) < 5,

which is possible in view of absolute continuity of (AM). Then by
(2.5.7)

k

D (AN) - (M (w) = Mg (w))

=1
k

_ %Z(AA?) (M) (w) = (M) 5 (w)) (AX)
=1
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which contradicts (2.5.6) since A is arbitrary. Part 1 is proved.
For part 2, we note that by properties of idempotent expectation
and (2.5.2)

S( sup Z) = sup SZ <1
{(sasti)}{Ai} {(sasti)}{Ai}
By Lemma A.2 in Appendix A the supremum on the left-most side
equals [ supyega(A - My — X+ (M), A/2) ds. We thus have
r 1

S[exp(o/)\Sélﬂgt(A-Ms—EA-(M)SA) ds)} <L

The supremum in the integral is finite if and only if M, is orthogonal
to the nullspace of (M), which is equivalent to M, being in the range
of (M)s It is then equal to M - (M)?Ms/l which proves the first
claim of part 2. The second one is an obvious consequence of the
first. ‘

For the final assertion, we note that since M,(w) belongs to the
range of (M) (w) for almost all s and Il-almost all w, we have that
M,(w) = (M)s(w)(Mf(w)Ms(w) for almost all s and II-almost all
w. Therefore, by the Cauchy-Schwarz inequality Il-a.e.

t t t
. . 1/2 D@ 1/2
/|05Ms|ds < (/ los (M) o7 ds) (/MS-(M)S M, ds) :
0 0 0

where the right-hand side is finite II-a.e. by hypotheses and the part
of the lemma already proved. O

Definition 2.5.9. Let idempotent processes M and o be as in the
statement of Lemma 2.5.8. An idempotent process X = (X¢(w), t €
Ry, w € Q) defined by

/as(w)Ms(w) ds, if II(w) >0,

0
Xi(w), if I(w) = 0,

Xi(w) =

where Xt(w) 18 a continuous idempotent process, is called an idem-
potent stochastic integral of o with respect to M and denoted by
oo M= ([ osMds, t € R.).
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In particular, if M is a d-dimensional Wiener idempotent process
W and f(f los||?ds < oo, t € Ry, M-a.e., the integral o oW is called
an idempotent Ito integral.

Clearly, an idempotent stochastic integral is a continuous A-
adapted process and is specified uniquely II-a.e. We show that under
certain conditions on the integrands idempotent stochastic integrals
are local maxingales with quadratic characteristics. We begin with
an approximation lemma.

Lemma 2.5.10. Let an R?-valued continuous A-adapted idempotent
process M be an A-local mazingale with an absolutely continuous
quadratic characteristic (M). Let (0% (w),s € Ry ,w € Q),k €N, and
(0s(w),s € Ry,w € Q) be A-progressively measurable R™*? -valued
idempotent processes such that for t € Ry

t
/||05( 1) ol ds < oo, /Ha )| ds < oo,
0

/ (o — o) (M), (0% — o) || ds 25 0 as k — co. (2.5.8a)
0

If the idempotent processes o® o M are A-local mazxingales with
the quadratic characteristics (f(;5 ok (M), (c*)T ds, t € Ry), then the
idempotent process oo M is an A-local mazingale with the quadratic
characteristic (fot o (M),ol ds, t € Ry ).

Proof. The idempotent processes o o M and o o M are well defined
by Lemma 2.5.8. The idempotent process o ¢ M is A-adapted by
Lemma 2.2.17 and completeness of A. We introduce, for A € R™,

t

/A oo (M TAds) (2.5.9a)

0

Zt(\) = exp()\ (oo M),

L\'JI!—A

ZE(\) :exp<)\ (0" o M), / ' )TAds> (2.5.9b)
0

The idempotent processes (ZF()\), t € Ry) are A-local exponential
maxingales by hypotheses. We have to prove that the idempotent
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process (Zi(A), t € Ry) is an A-local exponential maxingale. Let us
note that by Lemma 2.5.8

SZi(\) <1, SZF()\) <1, A € R™, (2.5.10)

Let us introduce for n € N

t
= inf{t € R, : /||US<M)SUST|| ds > n}, (2.5.11a)
0

t
T /||a';<M)5(a§)T|| ds > n+ 1} A7y.(25.11b)
0

We show that the idempotent processes (Zinr, (A),t € Ry) are uni-
formly maximable. By (2.5.9a), (2.5.11a) and (2.5.10)

tATh

S(Zins, (V)?2) :S[Zt/\Tn(Q)\)exp< / A-as(M)sasT)\dsﬂ
0

< exp(|>\|2n).
Thus,

sup S (Zinr, (A)?) < o0, (2.5.12)
teR4

proving uniform maximability of (Zia., (A),t € Ry) by Corollary
1.4.15. A similar argument shows that kS’(ZZ“/\T,C (A)?) < exp(|A(n+
1)). Therefore, the collection {Zf/w,C (M), k € N:L t € Ry} is uniformly
maximable; in particular, the (Zf:ﬁ,f()\), t € Ry), k € N, are uni-
formly maximable exponential maxingales. By Lemma 1.6.22 it thus
suffices to prove that Zf/\T,’g(A) 5 Zinr, (X) as k — oo. Since (2.5.12)

implies that Zyr-, (A) is a proper idempotent variable, it follows by
the definitions (2.5.9a) and (2.5.9b) that the required is a conse-
quence of the convergences as kK — oo

A (0% 0 M)k B A-(00 M)pr,,  (25.13a)

tATY tATh
/A-a’;(M>5(a§)T,\dsE> /A-US(M>SUSTM3. (2.5.13b)
0 0
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Let us first note that in view of (2.5.11a), (2.5.11b) and (2.5.8a) we
have that

lim I(¢ATE # tAT,) = 0. (2.5.14)

k—o0

Limit (2.5.13a) follows now by the inequalities

H(|>\'(0k°M)t/\r,'§ — X (00 M)inr,| > €) SH(t/\Tlf #tAT,)

+H(/|>\- (0" — o) My (w)|ds > 5),
0

t

/|A-(af—as)MS|ds < (/t>"(Uf_UsNM)s(af—as)TAds)m
0

0
t

( / oty - ()¢t as)

0
H(/ M,-(M), M, ds > A) < exp(—A/2),
0

and (2.5.8a). Similarly, limit (2.5.13b) follows by (2.5.14), (2.5.8a),
(2.5.11a), and the inequality

tATy tATy

‘/A-UE(M)S(UE)TMS— / )\-US(M>SUST>\ds‘
0 0
tATy

<2 [ ok =, (o - o) aas)
0

tATh
. 1/2
(/ )\-US(M)SUSTAds>
0

tATy
[ ok = o)) (o — o) s
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Theorem 2.5.11. Let an R*-valued continuous A-adapted idempo-
tent process M be an A-local mazingale with an absolutely continuous
quadratic characteristic (M), which is a proper idempotent process.
Let (05(w), s € Ry ,w € Q) be an R™*%_yalued A-progressively mea-
surable tdempotent process such that fort € Ry

t
/ losMT)ol | ds < oo,
0
/||US<M>SUST|| 1os] > Ayds B0 as 4> oo

Let there exist functions ng : Ry — [0, 1], where A € Ry, such that
na(z) =1ifz < A, na(z) < AJz if x > A, and for all A large
enough

t

timn 11 / (osnalllosl) — o—snallossl)) (M),
0

T
(osnallosl) = oy -snalllos 1) Il ds > n) =0,
teRy,n >0,

where os(w) = 0 for s < 0. Then the idempotent stochastic integral
oo M s an A-local mazingale with the quadratic characteristic

¢
(coM); /0'5 SO'Z ds.
0

The latter is a proper idempotent process.

Proof. We have to prove that Z(\) = (Z;(A\), t € Ry), A € R™,
defined as in (2.5.9a) is an A-local exponential maxingale. It is A-
adapted by Lemma 2.2.17 and completeness of the 7-flow A. Let us
first consider the case that

k

os(w) = Zfi(w) l(ti_l,ti}(s)v

=1
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where 0 =ty < t; < ... < t; and the f; are A;, -measurable and
bounded R™*?-valued idempotent variables. Then

k

Zi(A) = exp [Z (>\ “Ji (Mt,-/\t - Mti,l/\t)
i=1

A F(MYune — (M) EN)] (25.05)

Let 7, be defined by (2.5.3). By Lemma 2.5.8 S[exp(\ - Miar, —
A+ (M)iar, A/2)] < 1, which implies as in the proof of Lemma 2.5.10
that the idempotent process (exp(A-Minr, —A-(M)inr, A/2), t € Ry)
is uniformly maximable. Hence, by Lemma 2.3.13 (exp(\ - Mip,, —
A (M)iar, A/2), t € Ry) is a uniformly maximable A-exponential
maxingale.

Let

Y} = exp (A - fi(My pinra — My atnrs )
- %A - [illM)t ptar, — (M)ti_l/\t/\rn)fiTA)- (2.5.16)
Since f; is A;; ,-measurable, Lemma 1.6.21 implies that
SV} Ay,_,) = 1. (2.5.17)

By (2.5.15), (2.5.16), and (2.5.17) we have
k ) k—1 )
$Zuni V) = S(IT) = S ([T Y/ s 1 4,.)
=1 =1

k—2
= S([TY/sOF 14 ,)) = ... = 87} = 1.
i=1

Since the latter holds for all A € R™, we have by (2.5.15) and (2.5.3)
that
S(Zinrn (N)?) < S(Zinr, (20)) exp(|AI* Bnk) = exp(|A|* Bnk),

where B is an upper bound for the ||f;]|?. By Corollary 1.4.15 we
conclude that the idempotent process (Ziar, (M), t € Ry) is uniformly
maximable.
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The maxingale property of (Ziar, (A), ¢ € Ry) is checked sim-
ilarly. Let s < ¢. If s > tg, then Zsar, (A) = Ziar, (A) and the
maxingale property trivially holds. Let ;1 < s < t; for some q.
Since by the argument used above S(Ziar, (M| At) = Ziarn, (), it
follows that
S(Zinr, (M| As) = S(S(Zinr, (M AG)As) = S(Zinr, (V)] As)
= Ztifl/\Tn(A)S(}/ti|A5)'

By (2.5.16), since f; is Ag-measurable,
(V| As)
= eXP(A fi(M SATp Mti_l/\rn)

A F(M Y, — (M) EN)
$(exp(A+ filMynr, = Mons,)
A F(M)ine, — (Mhone ) SN A)
- exp(A fi(Manr, — My, ,ns,)
_ %A fil{M)gnr, — (M)ti,lmn)fiTA>a

where the latter equality follows by the maxingale property of (exp()\-
Mips, — A - (M)t/\Tn)\/Z)) and Lemma 1.6.21. Putting everything
together, we conclude that

S(Zinzn M) As) = Zsnr, (A)-

Let us now assume that o, is bounded and locally continuous in s
uniformly on €2, i.e.,
wyp(d) =sup sup |los(w)—or(w)]] =0 asd—0,T >0.
wef) 5,t<T
ls—t|<d

Let us first note that f(f (M) s|| ds is a proper idempotent variable
since the integral is not greater than the sum of the diagonal entries
of (M), and the latter is a proper idempotent variable. Let

k2

ok =3 ok Ls € ((i=1)/k,i/k]):

=1
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Then by the part just proved the Z¥()\), defined as Z()\) with o,
changed to o¥, are A-local exponential maxingales. We also have

that for £k > ¢

t t

/ 1(05=0®) (V1) (05—0*)T|| ds < wi(1/k)? / 1(8), | ds

0 0

so that by Lemma 2.5.10 and the fact that f[f ||(M>s|| ds is a proper
idempotent variable we conclude that Z()\) is an A-local exponential
maxingale.

Let us assume now that o, in the statement of the theorem is
bounded. We introduce the Steklov functions

S

ok =k / oy du.

s—1/k

Since |lo¥(w) — oF(w)|| < 2k supy, , [lou(w)|l [t — s|, the functions ok

are continuous in s uniformly over w. They are also bounded and
properly measurable so that by the part just proved the associated
idempotent processes Z*()\) are A-local exponential maxingales. We
again apply Lemma 2.5.10 to deduce that Z(\) is an A-local expo-
nential maxingale. We have

/ I — o) (81}, (o, — o*)T]) ds

t 1/k 1/k

J16: [ = oy ai)in), (s [ (o= o) au)] ds
0 0

0
t

[

0

IN

[(os — Us—u)<M>s(Us - Us_u)T“ du ds

o\g

t

< sup / 105 = 00 u)(), (04 — 0o ds.
0<usi/k )

The latter supremum converges in idempotent probability to 0 as
k — oo by hypotheses.
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Finally, if o4 in the statement of the theorem is not bounded, we
define 0% = ny(||os|| )os. Then by hypotheses

. 11
< / lowld1) 01 1( o]l = k) ds 0

as k — oo, and since associated with the o idempotent processes
Z¥(\) are A-local exponential maxingales by the part already proved,
Lemma 2.5.10 implies that Z()) is an A-local exponential maxingale.
The fact that (o o M) is a proper idempotent process is obvious.

O

For idempotent Ito integrals we have the following corollary.

Theorem 2.5.12. Let W be an R%-valued A-Wiener idempotent
process. Let (04(w), s € Ry,w € Q) be an R™*?_yalued A-
progressively measurable idempotent process such that f(f llos||?ds <
oo and for a function ng as in Theorem 2.5.11

11
[lomalo) = oussmallonsslDl ?ds 5 0 ass 50, ek,

for all A large enough,

/||Us||21(||as|| S A)ds B 0 asA oo, tER,.

Then o oW s an A-local mazingale with the quadratic characteristic

t
(coW), /Usaz ds,
0

which is a proper process.

Remark 2.5.13. The convergence conditions in Theorem 2.5.12
imply that ngUs — 0445l ds B 0ass —o0. Therefore, by M.
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Riesz’s criterion for relative compactness in Lo, see, e.g., Kan-
torovich and Akilov [70], under the hypotheses the idempotent dis-
tribution of w — (0s(w), s < t) is a deviability in Ly([0,t], R™*?) for
allt € Ry .

We now prove that in analogy with stochastic calculus under
certain regularity conditions local maxingales with quadratic charac-
teristics are idempotent Ito integrals. We adapt notation (1.7.2) to
denote

Ki(a) ={w € Q: II(w) > a}, a € (0,1].

Theorem 2.5.14. Let an R-valued continuous A-adapted idempo-
tent process M be an A-local mazingale with an absolutely continu-
ous quadratic characteristic (f[;t osolds, t € Ry), which is a proper
idempotent process, where the os are d x d matrices. If for t € Ry
and a € (0,1]

t
/||as oensl|Zds 30 as o0,
0

inf inf inf \-oy(w)ol (W)X >0,
weKy(a) s<t )\\,\EEdl

then there exists a d-dimensional A-Wiener idempotent process W

such that M = oo W.

Proof. We define a continuous idempotent process W = o~ ! o M,
where the right-hand side is well defined by Lemma 2.5.8. Clearly,
M =ocoW. Let na(z) = 1(z < A), where x € Ry and A € R;.
Then, denoting o; ! = o, = 0 for s < 0, we have

t
/ H(ostsnalllogsl) = o tnalllog ) osoy

0

_ — — — T
(o smalllo sl — o naClloT M) Il ds
t

=/||0§_15(0snA(||0§_15||) —og-gna(llog )

0

— — T —
(osnalllosl) = os—snalloT ') (o5 5) 7' ds
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t
< Slg;llas(ffll _l/llasnA( loz2511) = os—snalllos DI ds
°= 0
t
< sup ool (15 [ low - ool 2ds
s<t 5

t
10 [ o107 > A)ds).
0

By hypotheses the latter converges in idempotent probability to 0 as
0 — 0 for all large A. Hence, by Theorem 2.5.11 W is an A-local
maxingale with the quadratic characteristic (Eqt, t € Ry); hence,
W is a Wiener idempotent process by Corollary 2.5.2. U

Remark 2.5.15. One can replace the infimum over s above by the
essential infimum with respect to Lebesgue measure. This remark
also concerns other conditions of a similar sort.

We now consider versions for strictly Luzin idempotent processes
defined on Hausdorff topological spaces with deviabilities. We start
with a lemma on properties of trajectories.

Lemma 2.5.16. Let Q2 be a Hausdorff topological space and 11 be a
deviability on Q. Let an R%-valued continuous A-adapted strictly
Luzin idempotent process M be an A-local mazingale on (£2,1I)
with an absolutely continuous quadratic characteristic (M) such that

((M)s, s € Ry) is a strictly Luzin idempotent process and for t € Ry
¢
. . -
[ 100 110, > A)ds B0 s 4 o
0

Let (04(w), s € Ry, w € Q) be an R™*_yalued A-progressively mea-
surable strictly Luzin idempotent process such that f(f los(M)sol'|| ds
< oo and

t
/y|as<M>sasTy| 1(Jlos|| > A)ds 30 as A — 00, teR,.
0

Then both o o M and (f[;5 os(M)yol ds, t € Ry) are strictly Luzin-
continuous idempotent processes.
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Proof. We first check that o o M is strictly Luzin. Let wy € Kn(a),
where a € (0,1], and wy — w' as ¢ € . We write for t € Ry and
A € Ry, denoting ka(y) = y((A+1— |lv]|)" A1) for a matrix 7,

loo Mi(wg) — oo My()||
t

<2 s 0/ (03() ~ kaoa() ¥, ) s

t

t
+ H//m(as(%))Ms(%) ds—/kA(as(w’))Ms(wd)) ds
0 0

+ “/kA(as(w'))Ms(w¢)ds— /kA(Us(w'))Ms(w’)ds .
0

0

(2.5.18)

We estimate the first term on the right-hand side of (2.5.18) as

0

which converges to 0 as A — oo uniformly over w € Kiy(a) by
Lemma 2.5.8 and the hypotheses.

For the second term on the right-hand side of (2.5.18) we write

t

H/kA(as(w¢>))Ms(w¢) dS—/kA(Us(wl))Ms(w¢)ds
0

0
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t

< ([ N(katos ) = ato @) (1), )

0
(kao(20) ~ k(o) ds) "

1/2

(/Ms wg) - (M) (wy)® M (wy) dS)
0

The second multiplier on the right is bounded in ¢ by Lemma 2.5.8.
The integrand in the first one can be estimated for B € R, as

| (ka(os(ws)) — kA(Us( ')))<M>s(w¢>)
(kA(as(w¢)) ka(os(w H
< Bl|ka(0s(wg)) — /fA(Us( NI
+4(A+ 1)7 [(M)y(wp) | LM )s(wg)]| > B),

which implies by hypotheses and Lebesgue’s dominated convergence
theorem that the second term on the right-hand side of (2.5.18) con-
verges to 0 as ¢ € .

Finally, the third term on the right-hand side of (2.5.18) con-
verges to 0 as ¢ € @ by the following argument since (M)s(wg) —
(M)4(w"), it follows that fo fsMs(wg) ds — fo fsMs(w')ds for step
functions fy; since the fo s(wg) (M) 5 (wy)® M (wy) ds are uniformly
bounded and [ M,(w')-(M)4(w")® My(w') ds is finite, by the Cauchy-
Shwarz inequality the class of functions f; for which the latter con-
vergence holds is closed under bounded pointwise convergence; so a
monotone class argument shows that it contains all bounded Borel-
measurable functions fs (see the proof of (2.7.28) in the proof of
Lemma 2.7.17 below for a more detailed argument of this sort).

Now, in order to check that o ¢ M is strictly Luzin-continuous it
is sufficient to show that uniformly over w € Ky(a), where a € (0, 1],
the functions (o ¢ My(w), t € R}) are uniformly continuous in ¢ €
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[0,T] for every T € R, . We have for s,t € [0,T]

lo o My(w) — oo Mg(w)]| 2

t
< / low(@) (M) (@)ou (@) | du

/ My (w) - (M) y(w)® M, (w) du.

The second term on the right is bounded on Kpj(a) by Lemma 2.5.8.
The first term is not greater for A € Ry and B € Ry than

/!lau(w)W)u(w)au(w)TH L(llou(w)[| > 4) du

+A2/|I )l 1M)u(w)ll > B) du+ A*B(t - s),

which implies the required in view of the hypotheses.

The proof of (f(f os(M)sol ds, t € R,) being strictly Luzin-
continuous uses similar ideas. Let wy — w', where wy € Ky(a).
Then by hypotheses and Lebesgue’s dominated convergence theorem
fortc Ry, AcR,, BER,, and \ € R?

t
lim / A ka(s () s ()5 (wg)ka (0 (w)) A ds
0

t
= //\ “ka(os(W))kp((M)s(w))kal(oy (W) ds.
0

Since

t
/ A - 05 () (V) (ws) o (w) A dis
0

< [ A+ kalon@a)ka((8). o) (o (@) A ds
0
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AP / 105 (s) (V)5 ()0 T (@s)l| 1(llos(ew)]| > A) ds

Y A2/|| (o) | LI (Ms(wp) | > B) ds

and by hypotheses

Jim sup / o3 w06 (V1) ()5 () | 1 lors(tg)| > A)ds =,
— 00
Blggosup/u (o)l LA, (wg)l| > B)ds =0,

we conclude that

lim sup / A - 05(wg) (M s (wg)o T (we) A ds
¢ 0

¢
< /A oy (W) (M) s(w)oT (W) Ads.
0
Fatou’s lemma provides the reverse inequality. Thus,

fo os(M)sol ds, t € Ry) is strictly Luzin. Next, for s,t € [0, 7]

t K]

H/Uu(]\'@uafdu—/UU(M)uafduH

0 0

< / low(T)uo Tl 1(loull > A) du
0

T
+A2/||<M>u|| 1(|[(M)ull > B)du+ A2Blt — 5|,
0

which implies uniform continuity of ( f[f os(M)sol'ds, t € Ry) on
[0, 7] uniformly over w € Ky(a). O
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Remark 2.5.17. The hypotheses imply that both M and (M) are
also strictly Luzin-continuous.

Theorem 2.5.18. Let 2 be a Hausdorff topological space and I1 be
a deviability on Q. Let an R-valued, continuous, strictly Luzin A-
adapted idempotent process M be an A-local mazingale on (€2,1I)
with an absolutely continuous quadratic characteristic (M) such that
((M)s, s € Ry) is a strictly Luzin idempotent process and

sup sup ||(M>s(w)|| < oo, te Ry, a€(0,1]
s<t weKp(a)

Let (05(w), s € Ry, w € Q) be an R™*_yalued A-progressively mea-
surable strictly Luzin idempotent process such that f(f losl|2ds <
oo, t € Ry, and

/||Us||21(||as|| > A)ds B0 as Ao oo, tER,.

Then the idempotent process o o M s an A-local mazingale with the
quadratic characteristic

t
(coM); /as SUZ ds.
0

Both o o M and (o0 o M) are strictly Luzin-continuous idempotent
processes.

Proof. We check the local maxingale property for o ¢ M. Taking
in the hypotheses of Theorem 2.5.11 ny(z) = (A+1—2)T A 1, we
have by hypotheses that w — (og(w)na(|los(w)||), s € [0,t]) is a
continuous mapping from Kii(a) to La([0,¢], R™*%). Since

t
/ Nosma(llosl)) = os—smallos_s] ) (A1),
0

T
(UsnA ||Us|| — O0s— 6TLA(||US 6”)) ” ds
t

< SliI;II(MMl /HasnA(IIUsH) — os—gna(llos—sl)II* ds
s_

(2.5.19)
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and by M. Riesz’s criterion for relative compactness in Lo the right-
hand side of (2.5.19) converges to 0 as 6 — 0 uniformly over w €
Kii(a), we conclude by Theorem 2.5.11 that o o M is an A-local
maxingale with the quadratic characteristic in the statement of the
theorem. Both o ¢ M and (o ¢ M) are strictly Luzin-continuous by
Lemma, 2.5.16. O

The following version of Theorem 2.5.12 is proved along the lines
of the proof of Theorem 2.5.18.

Theorem 2.5.19. Let W be an R™-valued A-Wiener idempotent
process and X be an R%-valued A-adapted Luzin-continuous idem-
potent process with idempotent distribution TIX. Let (04(x), s €
R.,x € CR;,RY)) be an RF*™_yalued C(R,,R%)-progressively
measurable strictly Luzin idempotent process on (C(R, ,R%),II¥)
such that f[f |os(x)||?ds < o0, t € R, x € C(R,,R?), and

t
/||Us(x)||21(||as(x)|| > A)ds™3 0 as A o0, tER,.
0

Then the idempotent process o(X) oW is an A-local mazingale with
the quadratic characteristic

t
(o(X)oW), = / oo (X)os(X)T ds,
0

which is a Luzin-continuous idempotent processes.

Remark 2.5.20. For the convergence condition in the hypotheses to
hold it is sufficient that for every compact K C C and t € Ry

t
[ sup o) s < ocs

xeK

in particular, it is sufficient that (04(x), s € Ry, x € C(R,,R%))
satisfies the linear-growth condition

low ()] ? < lt(1+sgplxs|2), x € C(Ry,R?),t € Ry,
s<t

where l; is Lebesgue measurable and f(f lsds < o0, t€ER;.
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Remark 2.5.21. Note that the mazingale property in Theo-
rem 2.5.19 does not generally hold for discontinuous og4(x). For
example, (fot sign (WS)WS ds,t € R+), where W is an R-valued
idempotent Wiener process, is not a local mazingale, since Il-a.e.
[ sign (W)W, ds = |Wy.

The next consequence of Theorem 2.5.14 considers strictly Luzin
processes on C(R, R?).

Theorem 2.5.22. Let Il be a deviability on C(R,,RY) and
C'(Ry,R%) denote the II-completion of the T-flow C(R.,R%).
Let M = (My(x),t € Ry,x € C(R,R%)) be a strictly Luzin
idempotent process, which is a CY(Ry,R%)-local mazingale on
(C(Ry,RY),II) with quadratic characteristic (f[;5 os(x)os(x)T ds, t €
R, ), where (0s(x), s € Ry,x € C(Ry,R?)) is an R¥9.yalued
C''(Ry,RY)-progressively measurable strictly Luzin idempotent pro-
cess on (C(Ry,R4),II) such that fg||as(x)||2ds <oo,t€Ry,x €
C(R+7Rd)7

t
/||Us(x)||21(||as(x)|| > A)ds B0 as A - o0, t € Ry,
0

and

inf inf inf \- 2 1].
o i inf 0s(x)os(x)" A >0, a € (0,1]
|Al=1
Then there exists a strictly Luzin-continuous d-dimensional
CY(R, ,R%)-Wiener idempotent process W on (C(Ry,R%),II) such
that M = oo W.

Proof. The hypotheses and M. Riesz’s criterion for compactness in
Ly imply that

t
/||as—as+5||2dsgo
0

as 6 — 0. Thus, the hypotheses of Theorem 2.5.14 hold so that,
according to the proof of the theorem, W = o~ o M is a Wiener

idempotent process. It is strictly Luzin-continuous by Lemma 2.5.16.
O
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Theorem 2.5.23. Let the 7-flow A be right-continuous. Let an R-
valued continuous A-adapted idempotent process M be an A-local
mazingale with a continuous quadratic characteristic (M) such that
limy_, 00 (M), = oo in idempotent probability. Then there exists a
Wiener idempotent process W such that My = Wy, H-a.e.

Proof. Let 75 = inf{t € Ry : (M); > s}. The function 7,
is an A-stopping time by Lemma 2.2.18 and is a proper idem-
potent variable. Since (M), = s, Lemma 2.3.13 implies that
(exp(AMinr, — N2(M)iar,/2), t € Ry) is a uniformly maximable A-
exponential maxingale so that by Theorem 2.3.8 the idempotent pro-
cess (exp(AM,, — A%s/2), s € R, ) is an exponential maxingale rela-
tive to the 7-flow A = (fls, s € Ry), where A, = A and My, =0
for definiteness. Since the idempotent process Wy = M., also is 1I-
a.e. continuous by Lemma 2.5.4 and A-adapted by Lemma 2.2.19,
it is an A-Wiener idempotent process by Theorem 2.4.2. The
proof is complete if we show that Mz ,,, = M, Il-ae. Since
{rony, <t} ={(M)¢ > (M)s}, Ty, > s and A is right-continuous,
it follows that 7(,), is an A-stopping time. Therefore, Lemma 2.5.3
implies that fora >0, b >0 and ¢ > 0

I( sup |M;—M,| >a)<eCIVII(M),,, —(M)>2b/c).

(M)s
SSEST()
Since (M)7,,, . = (M), Il-a.e., we conclude that H(SUPs§t§T<M> | My —
M,| > 0) = 0. O

Remark 2.5.24. Note that the 7-flow A is also right-continuous by
Lemma 2.1.11 and the fact that 75 is right-continuous.

We now consider analogues of Girsanov’s theorem.

Theorem 2.5.25. Let W be an R"™-valued A-Wiener idempotent
process on (2, 1I). Let (bs(w), s € Ry,w € Q) be an R"™-valued A-
progressively measurable idempotent process such that the idempotent
processes (exp(f(f(—bs +A)-W,ds — f(f|—bs +AP?ds/2), t e Ry) are
well-defined A-exponential mazingales under 11 for all A € R™. Let

t t
: 1
Mt:exp(—/bs-Wsds—§/|bs|2ds).
0 0

© 2001 by Chapman & Hall/CRC



Idempotent stochastic integrals 149

If there exists an idempotent probability II' on Q such that its restric-
tions I to the T-algebras A; are expressed as dlI} = My dIl, t € Ry,
then the idempotent process X = (Xy, t € Ry), defined by

t
Xt:/bsds+Wt,
0

is an A-Wiener idempotent process under IT'.

Proof. We first note that since M; > 0, the sets of II'-idempotent
probability 0 have II-idempotent probability 0; hence, the flow A is
II'-complete.

For s <t and A € R™ in view of Lemma 1.6.35

1
Sy (exp()\ X - 5AP) |As)

S (Miexp(A- X, = S]APE) A, )
- St (M| As)

(2.5.20)

By the definition of X and M, and the maxingale property of
(exp([fif (=bs + ) - Wyds — [i|=bs + A ds/2), t € Ry)

|
St (Mt exp(A- X, — —|>\|2t)|As>

¢
_SH exp/ —b, +A) - Wdr——/| —b, +>\|2d7“)|./4>
0

S

. 1
:exp(/(—br—l—)\)-Wrdr— §/|—br+)\|2dr>
0

0

= Myexp(A- X, — %|)\|2s).

Also Sp(M|As) = My by the maxingale property of M;. Thus, by
(2.5.20)

S : N .
S (exp()\ Xy 2|>\| t)|A ) exp (A X 2|>\| s)

The IT'-maximability property is obvious. O
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We now give a version for the canonical setting. We denote
C(R,,R?) by C.

Theorem 2.5.26. Let space CxC(R, R™) be endowed with a devia-
bility 11 such that the idempotent process W defined by Wi (x, w) = wy
is an R"-valued Wiener idempotent process. Let Y be defined by
Yi(x,w) = x; and I1Y denote the idempotent distribution of Y. Let
(bs(x), s € Ry,x € C) be an R™-valued C-progressively measurable
bounded strictly Luzin idempotent process on (C,11Y). Let M and X
be defined as in Theorem 2.5.25. Then there exists an idempotent
probability TI' on C such that its restrictions I, to the T-algebras
Ct ® Ci(Ry,R™) are expressed as dII} = M, dIl, t € Ry. The idem-
potent process X is a Wiener idempotent process under II'.

Proof. Let A denote the natural 7-flow on Cx C(R,, R™) completed
with respect to II. Theorem 2.5.19 implies that the idempotent pro-
cess (exp(f(f(—bs +\) - W,ds — f(f|—bs + A?ds/2), t € R}) is an
A-local exponential maxingale under II for arbitrary A € R™; it is
actually an exponential maxingale, which is derived from the fact
that fot |—bs + A|? ds is a bounded idempotent variable by a standard
argument (cf. the proof of Lemma 2.5.10).

We now check existence of II'. We first show that the idem-
potent probabilities IIj defined by dII;, = M;dIl are deviabili-
ties on C x C(R4,R™). Since M is an exponential maxingale on
(C x C(R4,R™),II), by Lemma 1.7.20 it is enough to check that
M (x,w) is strictly Luzin on (C x C(Ry,R™),II), which follows by
Lemma 2.5.16 and the fact that bs(x) is strictly Luzin and bounded.
Let I/ denote the deviabilities on the spaces C([0,#], R? x R™) of
continuous R? x R™-valued functions on [0,#] that are the images of
[T} under the mappings x — (x5, s € [0,¢]). The maxingale property
of M implies that (II},C([0,¢],R? x R™)) is a projective system so
that by Lemma 1.8.3 and the fact that the projective limit of the
C([0,%],R? x R™), t € Ry, is homeomorphic to C x C(R;,R™) we
conclude that there exists a deviability II" on C x C(R;,R™) that
extends the II}. The fact that X is idempotent Wiener follows by
Theorem 2.5.25. O
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2.6 Idempotent Ito differential equations

This section studies idempotent analogues of Ito differential equa-
tions. We fix space C(R,R?), which we denote throughout the sec-
tion by C; the associated 7-flow C(R,,R?%) = (C;(R,,R?%), t € R})
is denoted as C = (C¢, t € Ry). Given space C(Ry,R™) we denote
by 5};[/(]R+,Rm) the completion of C;(Ry,R™) with respect to the
Wiener idempotent probability T on C(R, , R™).

Let by(x), t € Ry, x € C, and oy(x), t € Ry, x € C, be respective
R?-valued and R*™_valued functions, which are continuous in x for
every t, C-progressively measurable in (¢,x), and

t

t
10 ds < oo, [llouGoll?ds < o0, t e e
0

0

We introduce the equation

¢
X; = Xo+/ ds-l—/as W ds, (2.6.1)
0

where W = (W, s € Ry) is an R™-valued Wiener idempotent pro-
cess, X = (X5, s € Ry) is an R?-valued continuous idempotent
process, and the second integral on the right is an Ito idempotent
integral. The flow A in the following definitions is assumed to be
complete with respect to the associated idempotent probability.

Definition 2.6.1. We say that equation (2.6.1) with an initial idem-
potent distribution i on R? has a solution if there exist an idempotent
probability space (Q,1I) with a 7-flow A, an R%-valued continuous
A -adapted idempotent process X = (Xg, s € Ry) and an R™ -valued
A-Wiener idempotent process W = (Ws, s € Ry) on (Q,1I) such
that Xo has the idempotent distribution p, and (2.6.1) holds for all
t € Ry M-a.e. inw € Q. The pair (X, W) is then called a solution
to the equation. We say that existence holds for (2.6.1) if a solution
exists for every .

Definition 2.6.2. We say that equation (2.6.1) with an initial de-
viability distribution u on R% has a Luzin solution if there exist an
idempotent probability space (,1I) with a T-flow A, an R%-valued
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continuous A-adapted idempotent process X = (X5, s € Ry) and
an R™-valued A-Wiener idempotent process W = (Ws, s € Ry) on
(Q,11) such that (X, W) is a Luzin-continuous idempotent process on
C x C(R4+,R™), Xy has the idempotent distribution p, and (2.6.1)
holds for all t € Ry Il-a.e. inw € Q. The pair (X, W) is then called
a Luzin solution to the equation with wnitial deviability distribution
w. We say that Luzin ezistence holds for (2.6.1) if a Luzin solution
exists for every deviability p.

Remark 2.6.3. We sometimes loosely refer to X alone as a solution
(respectively, Luzin solution,).

Remark 2.6.4. We recall that by definition (X,W) is a Luzin-
continuous idempotent process if the idempotent distribution of

(X, W) is a deviability on C x C(R;,R™).

Remark 2.6.5. Let (X, W) be a solution (respectively, Luzin so-
lution) on some idempotent probability space and IV denote the
idempotent distribution of (X, W). Then by the transitivity property
of conditional idempotent expectations the canonical idempotent pro-
cess (x,w) on Cx C(Ry,R™) with the natural T-flow completed with
respect to IIMW is a solution (respectively, Luzin solution) under
XY, Thus, a solution (respectively, Luzin solution) can always be
implemented on the canonical space. Therefore, we occasionally refer
to the idempotent distribution of (X, W) as a solution (respectively,
Luzin solution) as well. We denote by I1,, (respectively, 11, ) the idem-
potent distribution of (X, W) associated with an initial idempotent
distribution p (respectively, with an initial condition Xo = z € R?).

Definition 2.6.6. We say that uniqueness (respectively, Luzin
uniqueness) holds for (2.6.1) if for every two solutions (respectively,
Luzin solutions) (X, W) and (X',W') such that the idempotent dis-
tributions of Xo and X{ coincide the idempotent distributions of
(X, W) and (X',W') also coincide.

Definition 2.6.7. We say that strong existence holds for equation
(2.6.1) if there exists a function F : RY x C(Ry,R™) — C such
that the function w — F(z,w) is aZV(RJF,Rm)/Ct—measumble for
every x € R? and t € Ry and, given an Ay-measurable idempotent
variable f € RY and an R™-valued A-Wiener idempotent process
W = (Ws, s € Ry) both defined on an idempotent probability space
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(Q, IT) with a T-flow A, the idempotent process X = F(f, W) satisfies
(2.6.1) for all t € Ry Il-a.e., and Xy = f I-a.e. The idempotent
process X is then called a strong solution to the equation with an
initial condition f. If the function F(x,w) is, in addition, continuous
on R x Kyw (a), a € (0,1], then we say that Luzin strong ezistence
holds, and X s called a Luzin strong solution.

Remark 2.6.8. We recall that Kpw(a) = {w € C(R;,R™)
Y (w) > a}.

Remark 2.6.9. We note that a strong solution X is A-adapted since
W is A-adapted, A is complete and w — F(z,w) is iy(&,Rm)/Ct-
measurable.

Definition 2.6.10. We say that (2.6.1) has a unique strong solution
(respectively, Luzin strong solution) if strong existence (respectively,
Luzin strong existence) holds and if, given a solution (respectively,
Luzin solution) (X, W) with an initial condition X on an idempotent
probability space (Q,I1) with a T-flow A, we have that X = F(Xy, W)
II-a.e., where F is the function in the definition of a strong solution
(respectively, Luzin strong solution,).

Definition 2.6.11. We say that pathwise uniqueness holds for
(2.6.1) if for every two solutions (X, W) and (X', W'), which are de-
fined on the same idempotent probability space (2, 11) with the same
T-flow A, we have X = X' Il-a.e. provided Xy = X{) and W = W'
II-a.e.

We refer to (2.6.1) as an idempotent Ito differential equation and
to X as an idempotent diffusion. The functions b;(x) and oy (x) oy (x)”
are occasionally referred to as infinitesimal drift and diffusion coef-
ficients, respectively. We also use the following short-hand notation
for (2.6.1)

X; = by(X) + 0y (X)W,

It is clear that uniqueness implies Luzin uniqueness, Luzin strong
existence implies strong existence, and strong existence implies ex-
istence. We study some other relationships between the introduced
concepts. We first discuss the role of initial conditions in the above
definitions. The next lemma follows by Lemma 1.5.5 and Theo-
rem 1.8.9. It implies, in particular, that if Luzin existence holds,
then existence holds.
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Lemma 2.6.12. 1. If for every initial condition z € R there
exists a solution Iy, then existence holds. Specifically, given an
wnitial idempotent distribution u, the idempotent distribution
defined by I1,(x,w) = supyegra [l (x, w)u(z) is a solution to
(2.6.1).

2. If for every initial condition x € R® there exists a Luzin solu-
tion I1,, which is a deviability transition kernel from RY into
C x C(Ry,R™), then Luzin existence holds. More specifically,
given an initial deviability p, the idempotent probability defined
as in part 1 is a Luzin solution with initial deviability distribu-
tion .

Lemma 2.6.13. If the idempotent distributions of every two solu-
tions (respectively, Luzin solutions) (X, W) and (X', W') with initial
condition x coincide for every x € RY, then uniqueness (respectively,
Luzin uniqueness) holds.

Proof. Let X be a solution with an initial idempotent distribution
p defined on an idempotent probability space (€2,II) with a 7-flow
A. For z € R? such that pu(z) > 0, let I1,(A) = II(A| Xy = z), A C
Q. Then it follows from the definition of conditional idempotent
probability that Xy = z I ;-a.e.; since W is independent of Ay by
the definition of an A-Wiener idempotent process, it is independent
of Xy, so that W is an A-Wiener idempotent process on (£2,11);
(2.6.1) holds II;-a.e. since it holds II-a.e. Thus, X is a solution
of (2.6.1) with initial condition z on the space (£2,II;) for the A-
Wiener idempotent process W; hence, the idempotent distribution
of (X, W) under II, is specified uniquely. By Theorem 1.6.12 we
have for A C C x C(R4+,R™) that

(X, ) € 4) = sup s ((X,W) € A)I(Xo =)

= suﬂgd IL(I(X,W) € A)u(z), (2.6.2)

which implies that the idempotent distribution of (X, W) under II is
specified uniquely.

We now turn to Luzin uniqueness. We assume the canonical
setting so that Q@ = C x C(Ry,R™), II is a deviability on 2, and
(X,W) is the canonical idempotent process. Let p be an initial
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deviability distribution on R?. Then II, defined as in the preceding
proof is a deviability on ©Q by Theorem 1.6.12 and the fact that the
set {Xo = z} belongs to the collection of closed subsets of 2. Since
(X, W) is a Luzin solution such that Xy = x I -a.e., deviability I,
is specified uniquely. Since (2.6.2) holds for this case as well, II is
specified uniquely. O

The next lemma, follows by similar arguments and the definitions.

Lemma 2.6.14. 1. If there exists a function F(x,w) in the defi-
nition of a strong solution (respectively, Luzin strong solution)
such that the idempotent process X = F(x, W) is a strong solu-
tion (respectively, Luzin strong solution) for an initial condition
x, then strong ezistence (respectively, Luzin strong existence)

holds.

2. 1If pathwise uniqueness holds for solutions with initial condition
z for every x € R, then pathwise uniqueness holds.

Let us associate with (2.6.1) a collection of ordinary differential
equations depending on absolutely continuous functions w = (wy, t €
R;) € C(Ry,R™) such that [°uy|* dt < oo:

Xy = by(x)+04(x)uiy ace. int, xg =z € R, (2.6.3)
where the x = (x¢, t € R;) € C are absolutely continuous functions.

Definition 2.6.15. We say that the extension condition holds for
equation (2.6.3) if for every € R and w € C(Ry,R™) such that
Jo " lig|? dt < oo the following holds: if a function (x;), defined on an
interval [0,T], satisfies (2.6.3) for t € [0,T], then it can be extended
to a solution of (2.6.3) on R, .

Remark 2.6.16. The extension condition implies existence of solu-
tions for every equation (2.6.3).

Lemma 2.6.17. 1. If the extension condition holds for (2.6.3),
then existence holds for the idempotent Ito differential equa-
tion (2.6.1). If existence holds for (2.6.1), then every ordinary
differential equation (2.6.3) has a solution.

2. If every ordinary differential equation (2.6.3) has at most one

solution, then pathwise uniqueness and uniqueness hold for
(2.6.1).
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3. Luzin strong existence implies Luzin existence.

4. If strong existence (respectively, Luzin strong existence) and
pathwise uniqueness hold for (2.6.1), then there is a unique
strong solution (respectively, Luzin strong solution).

Proof. Let the extension condition hold for (2.6.3). We define an
idempotent distribution IT, on Cx C(R, , R™) by I, (x,w) = IV (w)
if x and w satisfy (2.6.3) and xo = =z, and Il (x,w) = 0 oth-
erwise. Let (X,W) denote the canonical idempotent process on
C x C(R4,R™) and A = {A;, t € Ry} be the natural 7-flow com-
pleted with respect to IT;. Then (X, W) satisfies (2.6.1) for the
initial condition z II -a.e. We show that W is an A-Wiener idem-
potent process. It is sufficient to check that W has A-independent
increments, i.e., IL, (Qyw'|A;) = II,(6,w') I -a.e., where t € Ry and
w' € C(Ry,R™) is such that TI'" (w') > 0. Let (x”,w") be such that
IT, (pt_1 opy(x”,w")) > 0. Then

IL (' Ay) (x", w")
11, ((X, U)) D Qw = etwlapt(xa w) = pt(xﬂa U)”))
HI((x,w)  pe(x,w) :pt(x”,w”))

Since IT, (p;1 opi(x”,w")) > 0, the pair (x”,w") satisfies (2.6.3) on
[0,%]. The extension condition implies that for every w such that
prw = pyw’ and Oyw = G’ there exists a solution to (2.6.3) on Ry
that coincides with x” on [0,¢]. Therefore, by the definition of IT,
we have that

HI((x,w) : Opw = 0w’ py(x, w) = pt(x",w"))

= HW(w D Opw = O’ pyw = pyw”).
By a similar reasoning
I, ((x, w) : pi(x,w) = pi(x”, w")) =TT (w : prw = pw'”).
Thus, by independence of increments of W

I, (O w'|Ag) (x", w") = Y (w : Gyw = ', prw = prw’)

I (w : ppw = pyw')
= HW(Htw')
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as required. Thus, (X,W) is a solution of (2.6.1) on (C x
C(R,,R™),II,) with 7-flow A for every z € RY. By Lemma 2.6.12
existence holds. Conversely, let existence hold. Let II, be an idempo-
tent distribution of (X, W) on Cx C(R4,R™) for an initial condition
x. Since sup, I, (x,w) = IV (w), it follows that if 1" (w) > 0, then
there exists x such that I, (x,w) > 0 so that (x,w) satisfy (2.6.3)
and x¢9 = z. This ends the proof of part 1.

We now prove part 2. The fact that pathwise uniqueness holds if
every differential equation (2.6.3) has at most one solution is obvious.
Let us assume that II; is a solution on Cx C(R,,R™) with an initial
condition z. By definition if IT;(x,w) > 0, then x solves (2.6.3) with
X9 = . By uniqueness for (2.6.3) x is a unique solution for given w
and z. Since we must have that sup, IL;(x,w) = I (w) it follows
that Il (x,w) = II" (w) so that II, coincides with the solution II,
defined in the proof of part 1.

Luzin strong existence implies Luzin existence by Theorem 1.7.11.
Part 4 is obvious. O

Remark 2.6.18. Note that under the hypotheses of part 2 we have
pathwise uniqueness even for two solutions (X, W) and (X', W) that
are not necessarily associated with the same T-flow. The latter is also
true if there is a unique strong solution.

The following lemma takes advantage of the proof of
Lemma 2.6.17 to indicate a candidate for a solution of (2.6.1). The
proof also relies on Lemma 2.6.12.

Lemma 2.6.19. Let the extension condition hold for (2.6.3). Then
the idempotent distribution

HH(XJM) = sup I (x, w)u(z),
zER?

where
OV (w), if %4 = be(x) + op(x)iy a.e.
I, (x,w) = and X9 = ,

0, otherwise,

is a solution for an initial idempotent distribution p.
If T, (x,w) is a deviability transition kernel from R into C x
C(R4,R™), then II, is a Luzin solution for an initial deviability p.
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Remark 2.6.20. Easy calculations show that IIX(x) =
sup,, II;(x,w) is given by

I () = exp( 5 [ (kb)) (o1 x)on() b)) )

0
if X0 = x, x is absolutely continuous and x; — by(x) is in the range of
0¢(x) a.e., and TIX(x) = 0 otherwise. We also note that the range
of o¢(x) coincides with the range of o (x)os(x)T.

Theorem 2.6.21. 1. If pathwise uniqueness holds, then unique-
ness holds.

2. Let pathwise uniqueness hold. If existence (respectively, Luzin
existence) holds, then strong existence (respectively, Luzin
strong existence) holds so that there exists a unique strong so-
lution (respectively, Luzin strong solution).

Proof. Let (X,W) and (X', W') be two solutions of (2.6.1) with an
initial condition z € R? on respective idempotent probability spaces
(Q,II) and (€¥,II') with respective 7-flows A and A’. Let us in-
troduce the conditional idempotent distributions II,,(A4) = II(X €
AW = w) and II',,(A) = II'(X" € A|W' = w). We show that for
x€CandteRy

Iy, (p; ' (pex)) = T(pe X = pex|peW = pyw)
for TI —almost all w, (2.6.4)

i.e., the left-hand side depends only on the piece of w up to t.
(Of course, a similar relation holds for IT".) Recalling the notation
Orws = wpys —wy, s € Ry, w € C(R4,R™), we have, for w such that
% (w) > 0, in view of the fact that p; X and p;W are A;-measurable,
and 6;W is independent of A;, that

I (py” (pix)) = H(thn(vst}:tva) .
H(p X = pix, pW = pyw, W = 0w)
I(pW = pow, W = Gw)
- (g X = pix, pW = pyw) (W = Oyw)
N I(psW = pw)IL(0,W = Oyw)
= (p X = px|pW = pyw).
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The claim has been proved. : :
We define an idempotent probability IT on 2 = CxCxC(R4,R™)
by

I(x, x', w) = My (x)IT 4 (x") T (w). (2.6.5)

Clearly, fl({x} x Cx {w}) = (X = x,W = w) and ﬁ((C X
{x'} x {w}) = I'(X' = x',W' = w). Let C; be the completion
of C; ® C; ® Cy(Ry,R™) with respect to II and C = (C;, t € Ry ).
We check that the canonical idempotent process (wi,t € Ry) isa C-
Wiener idempotent process on (2, II). It obviously has idempotent
distribution IT"". By Theorem 2.4.9 it is sufficient to check that 6w is
II-independent of C;. We have, for %, %’ € C and @,w € C(Ry,R™),
in view of (2.6.5),

= sup l(pt(x, x' w) = p (X, X, W), Opw = u?)
(x,x",w)eQ

IT,, (x)IT, (x)IIY (w)
= sg}p l(ptw = pW, Qpw = U~J)Hw (p; (pe%))
'y (py ()1 (w)
= [Sl;}p 1(pew = pyid)ILy, (py (p%)) I (py (pi)) T (w)]
[sg}p 1(0pw = @)1V (w)]
= M (pi(x, %', w) = py(%, %, ) (Opw = D),

where the equality before the last one follows by (2.6.4) and the fact
that O,w is independent of p,w under IV

Thus, (x,w) and (x’,w) are two solutions to (2.6.1) on the same
idempotent probability space and adapted to the same 7-flow. By
pathwise uniqueness we conclude that x = x' II-a.e. so

sup  1(x # x)(x,x",w) = 0. (2.6.6)

(x,x",w)eN

Therefore,

(X, W) = (x,w)) = I({x} x C x {w}) = I((x,x,w))
=II(C x {x} x {w}) = I'(X", W) = (x,w))

© 2001 by Chapman & Hall/CRC



160 Maxingales

so that uniqueness holds.

Next, by (2.6.6) and (2.6.5) supy v 1(x # x
for I -almost all w. Fixing w such that I (w) > 0 and plcklng
x' such that II',,(x') > 0 we define F(z,w) = Since x = %/
for II,-almost all x, we have that x = F(z,w) henever (X =
x,W = w) > 0. If I (w) = 0, we define F(z,w) arbitrarily. By
construction, X = F(z, W) Il-a.e.

We prove that F(z,w) is zfv(&,Rm)/Ct—measurable in w for
every z € R? and ¢ € R, . Since X = F(z, W) Il-a.e., we have that
(X =x|W =w) = 1(F(z,w) = x) if [I(W = w) > 0. Therefore,
by (2.6.4) for II" -almost all w

Ny () Iy (%) = 0

v),

1(F(z,w) € pt_l(ptx)) =I(p: X = pex|W = w)
= (ps X = pex|piW = pyw).

Since the right-most side, for fixed x, is a function of p;w, we con-
clude that {w : F(z,w) € p;'(px)} € EZV(&,RM). Thus, strong
existence holds, and by part 4 of Lemma 2.6.17 there exists a unique
strong solution.

For the part concerned with Luzin solutions, we need to check, in
addition, that if Luzin existence holds, then F'(z,w) is continuous in
(z,w) on R? x Kjjw (a), a € (0,1]. Let (z",w") € RY x Kjjw(a), a €
(0, 1], converge to (&, ) and x" = F(z",w"). Let (X, W) be a Luzin
solution on an idempotent probability space (,II) with an initial
condition Xy such that II(Xy = z ") =1,n €N, and H(X[] =7) =
L. Since X = F(Xo, W) M-ae., M((X, XO,W) = (x",z",w")) =
[I(Xy = z")II" (w") > a. Since (X,W) is a Luzin solution, the
set {(x,x,w) : I((X,Xo,W) = (x,z,w)) > a} is compact, which
implies that the sequence {(x", 2™, w™), n € N} is relatively compact
and every accumulation point (X, Z,w) is such that f[((X, X0, W) =
(x,Z,w)) > a > 0. Hence, x = F(Z,0). O

According to Lemma 2.6.17 existence and uniqueness issues for
(2.6.1) and (2.6.3) are closely related. Thus, the methods of the the-
ory of ordinary differential equations apply to the study of existence
and pathwise uniqueness. We recall that b;(x) and oy(x) are assumed
to be continuous in x.
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Theorem 2.6.22. 1. Let by(x) and o4(x) satisfy the linear-
growth conditions

b Ge)l < 1(L+ suplxs]), - flon(x)] 2 <1 +sgplxs|2),
s<t s<t

te R ,xeC,

where Iy is Lebesgue measurable and fot lgds < oo, teR,.
Then ezistence holds for (2.6.1).

2. Let by(x) and oi(x) be locally Lipshitz continuous, i.e., for every
a€ Ry, teRy and x,y € C such that sup,,|xs| < a and
sup;<|ys| < a we have

|bt(x) - bt(y)| < k? Sup|x5 - YS|7
s<t

lov(x) — oe(¥)I* < k¢ Sup[x; — ysl?,
s_

where k' is Lebesgue measurable and f[f klds < oo, teR;.
Then pathwise uniqueness holds for (2.6.1).

Proof. For the existence part we have to check the extension condi-
tion for (2.6.3). We use the method of successive approximations.
Standard details are omitted. Let z € R, w € C(R,,R™) be such
that [;°|uw,|* ds < oo, and a function %y, ¢ € [0, 7], satisfy (2.6.3) on
[0,T]. Let u be successive approximations defined by

t ¢
it = x+/bs(u”) ds+/ oy (u)iby ds, ¢ € R, (2.6.7)
0 0
where u) = %; for t € [0,7] and u) = %Xp for t > T. Then by the
Cauchy-Schwarz inequality and the linear-growth conditions

t

2
a2 < 3fof? +3( [ I ()] ds)

0
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t t
+3/||as(u”)||2ds/|u')s|2ds
0 0
t t t
g3|x|2+3(2/zsds+/|ws|2ds) /lsds
0 0 0
t t
3(2/15 ds+/|ws|2ds /l sup|u”|? ds.
0 0 res

This string of inequalities shows in particular that the right-hand side
of (2.6.7) is well defined. Denoting f/' = sups§t|u?|2, we conclude
that, given T' > 0, there exist constants A; and Ay such that for all
t<T

tn+1 §A1+A2 lsfsndsa

o .

which implies by a version of Gronwall’s inequality that

t
it < Ajexp Az/lsds t<T.
0

Therefore, sup,, sup,<;|u}| < oo, which easily implies by (2.6.7) and
the linear-growth conditions that the sequence {(u?,t € R, ),n € N}
is locally equicontinuous, so that by Arzela-Ascoli’s theorem it is
relatively compact in C. In a standard way, by using continuity
of by(x) and o4(x) in x and the linear-growth conditions, it follows
that every accumulation point of {(u},¢ € Ry)} solves (2.6.3). It
coincides with x on [0, 7] since uy = x; for t € [0,T].

The uniqueness part is also proved by a standard argument. Let u
and v be two solutions of (2.6.3) such that uy = vy = z. Let 7%(x) =
inf{t € Ry : |x¢| > a}, x € C. Then denoting uf = uipre(u)rre(s) and
Vf = Ugnra(v)ara(u), Dy the Cauchy-Schwarz inequality and Lipshitz
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continuity conditions

lud — v|? <2/k“ds/k suplu® — v?|* ds
r<s

t

+2/|U'Js|2 ds/k? suplu® — v?|% ds,

r<s
0 0

so that u® = v* by Gronwall’s inequality. Hence, 7*(u) = 7%(v) and
ug = v for t < 7. Letting a — oo completes the proof. O

Remark 2.6.23. Under the hypotheses of part 2 the stronger version
of pathwise uniqueness of Remark 2.6.18 holds.

We now strengthen part 1 of Theorem 2.6.22.

Theorem 2.6.24. Under the hypotheses of part 1 of Theorem 2.6.22
Luzin ezistence holds for equation (2.6.1).

Proof. Since according to the proof of Theorem 2.6.22 the extension
condition holds for (2.6.3) under the hypotheses, by Lemma 2.6.19 it
suffices to check that IT,(x,w) defined in the statement of the lemma
is a deviability transition kernel. By Lemma 1.8.12 this can be done
by proving that IT,(x,w) is upper semi-continuous in (z,x,w) and
the sets {(x,w) : sup|, < IIz(x,w) > a} are relatively compact for
every A € R, and a € (0,1].

We consider the upper semi-continuity first. Let (z",x", w™) —
(Z,%,w) as n — 00. We can obviously assume that the (2", x", w™)
satisfy equation (2.6.3) for otherwise IT;» (x™,w™) = 0. In addition,
since by definition I (x",w") = II"(w"), we may assume that
Y (w™) > a > 0. We check that x is a solution to (2.6.3) asso-
ciated with & and w. The linear-growth conditions, continuity of
bs(x) and o4(x) in x, Lebesgue’s dominated convergence theorem,
and Lemma 2.5.16 yield

t t
lim [ bs(x")ds = bs(x) ds,

n— o0
0 0
t t
lim [ oy(x")u"ds = / 05 (X)W, ds,
0

n—00
0
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proving the claim. Thus, ITz(x,@) = IV (@). Since by upper
semi-continuity of 1" (w) we have that limsup,,_, . Izn (X", w") =
limsup,, ., II" (w™) < IV (@), the required follows.

Let us check that the set {(x,w) : supjy<a z(x,w) > a} is
relatively compact. Let a sequence {(z",x",w"), n € N} be such
that |z"| < A and Iz (x",w™) > a(l — 1/n). Since Iz (x", w") =
1Y (w™) and II" (w) is upper compact, we may assume that the z”
and w™ converge to some & and w, respectively. Since the x" are
solutions of (2.6.3),

t t t
2
X < 3(a")? 3(/|bs<x">|ds) +3/|u>2|2ds/||as<x"
|xt—x"|2<2 /|b |dr +2/|w |2dr/||0r )| % dr.

Since also inf,, II" (w™) > 0, we conclude in analogy with the proof
of Theorem 2.6.22 that the sequence {x"} is relatively compact in
C. O

Remark 2.6.25. One can also show that in the hypotheses of part 1
of Theorem 2.6.22 the zdempotent process X defined for (x,w) € Cx
C(R4,R™) by Xi(x,w) =x4—x — fo x) ds is a local mazingale on
((C X (C(R+,Rm) C® C(Ry,R™), x) wzth quadratic characteristic

(foas x) ds, tER+)

Comblnlng Lemma 2.6.19, Theorem 2.6.21, Theorem 2.6.22, and
Theorem 2.6.24 we obtain the following existence and uniqueness
result.

Theorem 2.6.26. Let by(x) and oy(x) be locally Lipshitz-continuous
and satisfy the linear-growth conditions. Then the equation

Xt = bt(X)-I—O't(X)Wt, Xo =T,

has a unique Luzin solution, which is also a strong Luzin solution.
The deviability distribution of X is given by
o
X 1 . T\D /-
I () = exp(—3 [ Ga=bi(x)): (o1(x)o0(x)7) * (Ger=br(x)) )

0
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if xo = z, x is absolutely continuous and x; — by(x) is in the range
of 04(x) a.e., and TTIX (x) = 0 otherwise.

Remark 2.6.27. Ezxistence of a strong solution under the hypothe-
ses can also be proved directly by using a version of the method of
successive approxrimations.

As a consequence of “the Girsanov theorem” (Theorem 2.5.26)
we have the following existence and uniqueness result.

Theorem 2.6.28. Let (as(x),s € Ry,x € C) be an R™-
valued C(Ry,R™)-progressively measurable bounded function such
that as(x) is continuous in x for s € Ry. Then Luzin existence
and uniqueness hold for the equation

Xy = by(X) 4+ 0y ( X)Wy, Xo = =, (2.6.8)
if and only if Luzin existence and uniqueness hold for the equation

Xi = (b(X)—0e(X) (X)) +01( X)W, X = , (2.6.9)
where W is an R™ -valued A-Wiener idempotent process.

Corollary 2.6.29. Let (bs(x), s € Ry,x € C) be bounded. Then
Luzin existence and uniqueness hold for the equation

X; = by(X)+ Wy, Xo =z,

where W is an R%-valued A-Wiener idempotent process.
Let II* denote the idempotent distribution of X. Then II* (x) =
0 unless xg = 0 and x is absolutely continuous. For these x

1% (x) = exp(—% /|>ét—bt(x)|2dt).
0

We now outline another approach, which is analogous to the mar-
tingale problem approach and which we will explore in detail later
in the text. We state the result for Luzin solutions, which are our
main concern below. Given a deviability II on C, we denote by C!
the II-completion of the 7-flow C.
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Theorem 2.6.30. Let the matriz 04(x) have size d x d and for every
compact K C C and t € Ry

lim Sup/||05 |21 (|los(x)]]| >a)ds = 0,

a— 00

) T
;g[f(érg)\lergt:)\ os(x)os(x)* A > 0,
Al=1

lim sup /|bs(x)| 1(|bs(x)| > a)ds = 0.

a— 00 xeK

Then the equation
Xt = bt(X)-I—O't(X)Wt, Xo =T,

has a Luzin solution (X, W) if and only if there exists a deviability 11
on C such that xo = z [l-a.e., and the idempotent process M;(x)
=X —T— fo x)ds is a CH local ma:z:mgale on (C,1I) with the
quadratic chamcterzstzc fo os(x)os(x)! ds and is strictly
Luzin. The solution (X, W) 18 umque if and only if the deviability 11
1s unique. The idempotent distribution of X then coincides with I1.

Proof. Let (X,W) be a Luzin solution on an idempotent prob-
ablhty space (Q,11) with a 7-flow A. Then by Theorem 2.5.19
fo os(X W ds, t € Ry) is an A-local maxingale with the quadratic
characteristic ( fo o5(X)os(X)T ds, t € Ry). The idempotent distri-
bution of X is the required deviability II.

Conversely, let My(x) = x; — = fo x)ds be a strictly
Luzin idempotent process, Wthh is a CIL local maxmgale with the
quadratic characteristic (M fo os(x)os(x) ds on (C,II).

Then by Theorem 2.5.22 there ex1sts a strictly Luzm—contlnuous clL
Wiener idempotent process W on (C, IT) such that M; = f(f osWsds,
which implies that the canonical process on (C,II) and W make up
a Luzin solution to the equation. ]

Remark 2.6.31. Under the hypotheses, both M and (M) are also
strictly Luzin-continuous on (C,II).

We conclude the section with an existence result for an equation
with respect to Poisson idempotent processes, which will be used
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in a queueing application later on. We confine ourselves to Luzin
solutions.

Let (us(x), s € Ry,x € C(Ry,R)) and (vs(x), s € Ry, x €
C(R4+,R)) be C(R;,R)-progressively measurable Ry -valued func-
tions, which are continuous in x and such that

t t
/us(x)ds<oo, /us(x)ds<oo, teRy, xe C(Ry,R).
0 0

Let us consider the equation

t t
Xy = o+N; (/ us(X) ds) —No (/ vs(X) ds), (2.6.10)
0 0

where N7 and N5 are independent Poisson idempotent processes and
zeR

Definition 2.6.32. We say that equation (2.6.10) has a Luzin so-
lution if there exist an idempotent probability space (2,11) equipped
with a T-flow A and R-valued continuous idempotent processes X =

(Xs, s € Ry), N1 = (Ni(s), s € Ry) and No = (Na(s), s € Ry) on
(Q,II) such that the following holds

(N1 fo us(X)ds), t € R+) and (N2 fo vs(X)ds), t € R+)
are A-adapted,

2. the idempotent processes (Ni(r + fO us(X ds) —

fo us(X)ds),r € Ry) and (Nao(r + fo vs(X)ds) —
N1 fo vs(X)ds), r € R+), when conditioned on Ay, where
t € Ry, are independent Poisson idempotent processes,

3. (X,N1,N3) is a Luzin-continuous idempotent process,
4. (2.6.10) holds for t € Ry I-a.e. in w € Q.

The triplet (X, N1,N3) is then called a Luzin solution to the equation
with initial condition x.

The next existence result is an analogue of Theorem 2.6.24 and
is proved along the same lines.
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Theorem 2.6.33. Let ug(x) and vg(x), in addition to the above
conditions, satisfy the linear-growth condition ugs(x) 4 vs(x) < Is(1+
sup,<|x¢|), where ls is locally integrable. Then equation (2.6.10)
has a Luzin solution (X, N1,N2) on an idempotent probability space
(Q,II) with a T-flow A such that the idempotent distribution of X
has density

—(e*— u (X e Mo V(X
1 (x) = exp Ziglgxxt ()~ (e~ 1)ur(x) de)

if x is absolutely continuous and xo = , and II} (x) = 0 otherwise.

Proof. We first prove an analogue of the extension property for the
equation

t t
Xt = z+n; /us ) ds)—ns /vs )ds), t € R,. (2.6.11)
0 0

More specifically, we prove that given n; € C(Ry,R) and ny €
C(R,,R) such that IV (n)IIV (ny) > 0, where IV is the Poisson
idempotent probability, every solution of (2.6.11) on an interval [0, T]
can be extended to a solution on Ry . Since by properties of the idem-
potent Poisson process for n € C(Ry,R), A € Ry and t € Ry

A (t) Spyne) B ele=t
IT ( >A) = cA(+t) T pA(1+1)

1+t
and the latter ratio is less than ITV (ny) for all A large enough, we
conclude that ni(t) < A(1+1¢) for all ¢t € Ry if A is large. The same
fact holds for mg. Since also mq and nsy are continuous, the claim
follows by a successive approximation argument as in the proof of
Theorem 2.6.22.

We define idempotent probability IIXV1A2 on C(R+, 3) by
XN (x 1y ng) = TV (0))TIV (no) if x, = 2 4+ g (fo us(x) ds) —
Ny (f(;5 vs(x)ds), t € Ry, and XNV (x iy, ng) = 0 otherwise. Let
(X,N1,N3) be the canonical process on C(R,,R?). It clearly sat-
isfies (2.6.10) IIXN1Mege. We check that (X, N7, N3) is Luzin-
continuous, i.e., that [IXNAN2 g g deviability by showing that the
sets K(a) = {(x,n1,n2) € C(Ry,R?) : TXNMNo(x,ny,ny) > a} are
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compact for all @ € (0, 1], which is carried out as in the proof of The-
orem 2.6.24. In some more detail, let (xz,n 5, n2k) € K(a), k € N.
Since N is a Luzin-continuous idempotent process by Lemma 2.4.17,
we have by Theorem 2.2.13 that for ' € R, and € > 0

lim HN( sup |n(t)—n(s)| > €) = 0.
6—0 5,t€[0,17:
|t—s|<0

Since HN(nlyk) > a > 0 and HN(TLQ,]C) > a > 0, it follows that the
functions n; x and nyi, k& € N, are locally uniformly equicontinu-
ous. Besides in analogy with the above argument there exists B > 0
such that ny x(t) + nek(t) < B(1+t) for t € Ry and k € N. Since
also the (xj,n1k,n9%) satisfy (2.6.11), a standard argument shows
that the xj are uniformly bounded on bounded intervals and locally
uniformly equicontinuous as well. Arzela-Ascoli’s theorem implies
that the sequence {(xi,n1x,n2%), k € N} is relatively compact in
C(Ry,R3). Let (x,71,72) be an accumulation point. It clearly sat-
isfies (2.6.11). Therefore, IIXNA2 (%, 70y, 1) = IV (7 ) IV (722) > a,
where the latter inequality follows since (721,72) is an accumulation
point of (11, n24), IV (n)IIV (ny) > a, and the function IV (n) is
upper semi-continuous.

Let A; be the T-algebra generated by the atoms pix, p [ us(x) ds™1
and pf x)ds"2> Where (x,n1,m2) € C(R;,R?). Deﬁnlng
A = {At, t € Ry}, we see that the idempotent processes X,

(Nl(f[fus(X)ds), t € Ry), and (Ng(fotvs(X)ds), t € Ry) are A-
adapted We now show that the idempotent processes (N1 (r +

f(f us (X —Ni( fo us(X) ds), r € Ry) and (Na r—l—fo vs(X) ds) —
Ni( f(f vs(X)ds), r € R+), when conditioned on A4;, are independent

Poisson idempotent processes. Equivalently, we have to prove that
for n/,n}, € C(Ry,R) the following holds ITXV1A2_5 e,

HX’NI 7N’2 (eft

o Us

N1 = ”Ilvef (X)ds = ny|Ar)
= HN(nl)HN(nQ). (2.6.12)

Let nf,nY,x" € C(R;,R) be such that IIXNVN2(x" n nlf) > 0.
Then by the definition of [IXANLN: 2. the extension property and the
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properties of the Poisson idempotent probability

HXaN17N2(0ftu dle :n,170ft (X)d NQZn’27th:ptx”7

pf(f ug(X) dle f X! dsnl,pf dsN2 f /! d5n2)
= Sup ( ’n,l = nl 0 n2 — ,',L2
(%, nl,nz)E(C(R+ JR3) fo us(x) ds ’ f vs(x) ds ’
pix = pix’ ,pf x)ds™1 = pf (x/) dsnl’
X
P s = P e 10,7
= sup 1(0[0 (x'") sl = nl, Gf X”)dsn2 = n2,

(n1,n2)EC(R4+ ,R?)

pf (x'")ds™1 = pf (x' dsnl’pf (x")ds"2 = pf (x'") dsn2)

HN(nl)HN(M) = sup (0, o gm1 =14,
n1€C(R+ ,R)
Pt as™ = Ppupeyast) | Sup 1O, o gt =
Pty (xryds™2 = Pty (xr) dan)HN(n )HN(" )
= HN( PP p () =Pty dsnl)HN( 1)
HN( F Pty (xyds™2 T P Lt (x ds"2)HN("2)
:HX/\/'1,N2( tX = pix’ ’pfotus(X) N1 f S(x) dsnh

Pltoy(x)asN2 = Ppty, (e dsnz)HN("1)HN( 2)-

Equality (2.6.12) follows.

Finally, the fact that 1 (x) = SUPyp, 1, IV (x 1y, ng) coin-
cides with the expression for II* (x) in the statement of the theorem
follows by routine calculations. U

Remark 2634 We refer to (Nl(fo us(X)ds), t € Ry) and

(./\fz (fo vs(X ), t e R+) as Poisson idempotent processes of rates
us(X) and ’US(X), respectively.

2.7 Semimaxingales

In this section we consider idempotent analogues of semimartingales
and associated integrals. Let (£2,1I) be an idempotent probability
space with a 7-flow A. Let (G;(\;w),t € Ry, w € Q),\ € RY,
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be R-valued A-adapted continuous idempotent processes such that
Go(\;w) = G¢(0;w) = 0. We refer to G(A\) = (Gi(\;w),t € Ry, w €
Q),\ € R?, as a cumulant.

Definition 2.7.1. We say that an R?-valued A-adapted continuous
idempotent process X on (Q,11) is an A-semimazingale with cumu-
lant G(X) if the idempotent process Y (A) = (Yi(\w), t € Ry, ,w € Q)
defined by

Yi(A) = exp(A- (X — Xo) —Ge(A)) (2.7.1)

is an A-local exponential mazingale for every A € Re. If, in addition,
G(A) is an increasing function of t for all A and w, X is called an
A -local mazingale.

Remark 2.7.2. We occasionally say that X is a semimaxingale on
(Q, A, II) rather than that it is an A-semimazingale.

Examples of semimaxingales are the idempotent Wiener process
and the idempotent Poisson process. Also local maxingales with
quadratic characteristics are semimaxingales. Another example is
provided by idempotent processes with independent increments. Re-

call that AX denotes the 7-flow generated by an idempotent process
X.

Theorem 2.7.3. Let X be a continuous A-adapted idempotent pro-
cess with independent increments such that the function ét(A) =
InSexp(A- (X, — Xy)) is finite for all X € RY. Then X is an AX-
semimazingale with cumulant é(A) If, in addition, X¢ is Luzin and
G(\) is differentiable in X, then X is Luzin-continuous.

Proof. We only prove the Luzin-continuity. Since Gy()\) is differen-
tiable in A, by Lemma 1.11.7 the increments X; — X are Luzin idem-
potent variables, so by independence of increments, Corollary 1.8.10
and Theorem 1.7.11 X is Luzin. It is Luzin-continuous by Theo-
rem 2.2.13 and the fact that Gy()\) is continuous in ¢. O

Our primary goal is to show that integrals with respect to semi-
maxingales also give rise to local exponential maxingales. The meth-
ods are analogous to those we used in Section 2.5. In view of ap-
plications to large deviation theory we are interested in studying
semimaxingales on spaces of trajectories that are also strictly Luzin
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idempotent processes with respect to a deviability. Therefore, both
in this section and the next one we assume that {2 is the space
C = C(R;,R%) and II is a deviability on C. We equip C with the
flow C' = (CI!, s € R) that is the completion of the natural 7-flow
C = (Cs, s € Ry ) with respect to II, where the C,s are the T-algebras
generated by the mappings x — x¢, t € [0, s], for x € C. We start
with some simple properties.

Definition 2.7.4. We say that an R -valued function 7 on C is a
strictly Luzin stopping time on (C, CU,1I) if it is a C-stopping time
and is finite and continuous when restricted to Ki(a) for a € (0,1].

The following result is standard.

Lemma 2.7.5. Let (H¢(x), t € Ry, x € C) be an Ry -valued increas-
ing continuous CY-adapted strictly Luzin idempotent process. Let,

force Ry,
7(x) = inf{t € Ry : Hi(x)+t > c}.
Then 7(x), x € C, is a strictly Luzin stopping time on (C, C' II).

Proof. The fact that 7 is a C'stopping time follows by
Lemma 2.2.18. Since Hy(x) is increasing, continuous in ¢ and con-
tinuous in x on Ky(a), a € (0,1], it is also continuous on Kp(a)
as a map from C to C(R;,R) by Polya’s theorem, see Liptser and
Shiryaev [79, Problem 5.3.2]. Continuity of 7(x) on Kp(a) follows
now by Whitt [135, Theorem 7.2] since Hy(x) + ¢ is strictly increas-
ing. U

Definition 2.7.6. We say that a semimazingale (respectively, local
mazingale) X with cumulant G(X) is a strictly Luzin semimazingale
(respectively, local mazingale) on (C, CY, 1) if X and G(\) for every
A € R? are strictly Luzin idempotent processes. We say that X is
a strictly Luzin-continuous semimazingale (respectively, local mazin-
gale) if X and G(\) for every X € R? are strictly Luzin-continuous
idempotent processes.

Lemma 2.7.7. If X is either a strictly Luzin local maxingale or a
strictly Luzin-continuous semimazingale on (C, C1,II), then the local
exponential mazingales Y (X) admit localising sequences of strictly
Luzin stopping times.
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Proof. Let X be astrictly Luzin local maxingale with cumulant G(X).
Let 7, = inf{t € Ry : G¢(2\) +¢ > n}, where n € N. Since
G(2)) is a strictly Luzin idempotent process and is increasing, 7,
is a strictly Luzin stopping time by Lemma 2.7.5. The idempotent
process (Yiar, (A), t € Ry ) is uniformly maximable because

SH (Y;f/\rn(A)Q) < SH (Y;t/\m (2>‘) exp(Gt/\Tn (2>‘))) < en’

where the first inequality holds since G¢(\) is non-negative and the
second follows by the definition of 7, and the fact that (Yia-, (M), t €
R, ) is a supermaxingale starting at 1.

If X is a strictly Luzin-continuous semimaxingale, then the above
argument applies with 7, = inf{t € Ry : sup,<;(|Gs(2X)|V|Gs(A)])+
t>n}. O

In connection with the lemma we introduce the following.

Definition 2.7.8. A local exponential mazingale M on (C, C" 1) is
called a strictly Luzin-continuous local exponential mazingale if it is a
strictly Luzin-continuous tdempotent process and admits a localising
sequence of strictly Luzin stopping times.

Remark 2.7.9. Note that if M is a strictly Luzin-continuous local
exponential mazxingale and T s o strictly Luzin stopping time, then
Minr is a strictly Luzin idempotent variable.

In the rest of the section X is the canonical idempotent process
on C, i.e., Xy(x) = x4, and the following is assumed to hold:

e X is a semimaxingale on (C, C!, II) with cumulant G()).

Lemma 2.7.10. The idempotent process X is a semimazingale with
cumulant G()\) under the deviability TI(-|xq = x) for Il omy ' -almost
all z € RY,

We omit a simple proof and only note that II(-|x¢ = z) is a deviability
by Lemma 1.6.12.

We introduce an idempotent measure that is to play an important
part in the sequel. Let Ay be the set of all R? valued, piecewise
constant functions (A(¢),¢ € Ry) of the form

k

At) =) N L(t € (ti1, ti]),

=1
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where 0 < t) < t;1 < ... < t, A € Rd, 1=20,...,k, k € N. We
define for x € C and z € R?

I(x) = sup / )-dx; —dG(A(t);x)), (2.7.2)
GAOO

where the integral is understood as a finite sum so that

/ ~dxy — dGi(A(1);x))
0

k
= ZP‘Z ’ (xti - xti—l) - (Gtio‘ﬁ X) — Gtifl(Ai;X))], (2.7.3)

II(x) = exp(—1I(x)), (2.7.4)
9= { e, 79
IT, (x) = exp(—I;(x)), x € C, II,(I') = sggl’[w(x), I'c C.(2.7.6)

We have our first property of I1,.

Lemma 2.7.11. For Il o ry ' -almost all x € R?, TI(x|xg = z) <

IT,(x), x € C. In particular, II(x) < II(x) and II is an idempotent
probability.

Proof. By Lemma 2.7.10 it is enough to check that II(x) < IT,(x)
assuming that xg = = [I-a.e. We follow the argument of the proof of
Lemma 2.5.8. Let, for 0 < s; <t; <...<s; <t and \; € R?, § =
1,...,k,

k k

Z = exp [Z At (Xt,- —Xsi) _Z(Gti(Ai)_Gsi(Ai))] .

=1 =1

The definition of IT; and argument of the proof of Lemma 2.5.8 imply
that it suffices to show that SpZ < 1. Let

Th = 1nf{t eER, : max (|Gt(>\i)|V|Gt(2>‘i)|) 2 n}

7 7
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be a common localising sequence for the Y (\;), i =1,...,k, and
er = eXP(Ai' (Xti/\Tn _Xsi/\rn) - (Gti/\Tn ()\i)_Gsi/\Tn (AZ)) ) .

Then S (Y;/|Ci!) = 1 so that

sa([1) = su( [T vsucrtict)
=1
(HYZ (el 1)) = ... =8y =1.

Since 7, — oo, it follows that 7 = lim,_o0 ]_[;c:1 Y,f so that “the
Fatou lemma” (see Theorem 1.4.19) yields the required.

Finally, IT is an idempotent probability since II is an idempotent
probability and II(x) < 1 by definition. O

Below, we are mostly concerned with the case where the cumulant
G(\) = (Ge(\;x),t € Ry, x € C), A € R, is absolutely continuous so
that it has the form

t
/gs)\xds AMeRLteR,,x €C, (2.7.7)
0

where g5(\;x) is Lebesgue integrable in s. The next lemma, gives the
form of IT, for absolutely continuous cumulants. It also shows that
our usage of the notation IT is consistent with the one in Section 2.6
(see Remark 2.6.20). Let

hs(y;x) = f;l@(k-y—gs(k;X)) (2.7.8)

be the convex conjugate, or the Legendre—Fenchel transform, of
gs(A;x). It is non-negative provided g5(0;x) = 0.

Lemma 2.7.12. Let an R-valued function gs(X\;x) be Lebesgue mea-
surable in s and continuous in A, gs(0;x) = 0, and for A > 0, t € Ry
and x € C

t
/ sup |gs(A;x)|ds < 0.
) =4
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If G(X) has the form (2.7.7), then

o
I(x) /hs(ics;x) ds, if x is absolutely continuous,
X) =
0

~+00, otherwise.

In particular, X s absolutely continuous under the hypotheses.

Proof. If x is absolutely continuous, then the desired representation
follows by Lemma A.2 in Appendix A with f(¢,\) = X-x; — g1 (\; x),
(2.7.3) and (2.7.5).
Let x not be absolutely continuous on an interval [0,7]. Then
we can choose ¢ > 0 such that for every § > 0 there exist 0 < #; <
. < tgp < T satisfying

l

l
Z(t%_t%—l) < 6, Z |thi —Xt%_1| > €. (2.7.9)

i=1 =1

For N > 0, we take

Xt i — Xt i
NZ| = 1 t2171,t2i}(t)

Kitg; = Xitgi_y |

(of course we may assume that |x;,, — x¢,, ,| > 0).
Then by (2.7.3), (2.7.5), and (2.7.9)

dXt th()\N(t); X)]

to;
_sz% Xip_, | — Z git(An(t);x) dt
= 1?521 1
T l
S Ng_/srlp 903 1(t € [ (taion, ]
N =1

By (2.7.9) the latter integrand goes to 0 in measure as § — 0 so that
by Lebesgue’s dominated convergence theorem the integral converges
to 0 as § — 0. Thus, I(x) > Ne for arbitrary N.
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Finally, since by Lemma 2.7.11 II(X = x|Xy = z) < II(x) for
Tlory '-almost all z, X is absolutely continuous under I(-| X = ) for
these z. Since II(X = x) = sup,cge [II(X = x| Xy = 2)II(Xy = ), it
follows that X is absolutely continuous under II. U

We assume in the rest of the section that G(\) is given by (2.7.7).
Let us further assume that

Gi(X;x) = A-Bj(x) +Gi(\; %), (2.7.10)

where B’ = (Bj(x),t € Ry ,x € C) is an R?-valued C"-adapted
idempotent process such that Bj(x) = 0 and G(\) = (G¢(\;x), t €
R,,x € C), A € R%, are R, -valued C"-adapted idempotent pro-
cesses such that Go(\;x) = G4(0;x) = 0. Since G()) is absolutely
continuous in ¢, we assume that both B’ and G’()\) are absolutely
continuous so that

Bj(x) = bs(x) ds, (2.7.11)

~

Gi(\x) = gs(\;x) ds, (2.7.12)

S O~

where (bs(x)) is Cl-progressively measurable, fg|bs(x)|ds < 00,
(gs(A;x)) is Ry -valued, B([0,t]) ® B(R?) ® C}'/B(R;. )-measurable as
a map from [0, ] x R? x C to Ry, §5(0;x) = 0, and fgﬁs()\; x) ds < 00
for t € Ry, A € R and x € C. (The product of a o-algebra and a
T-algebra has been introduced in Definition 1.5.9, the product of two
o-algebras has a standard meaning.) Thus, gs(A;x) from (2.7.7) has
the form

9s(A;x) = X-bs(x) +gs(A; x). (2.7.13)
We now introduce more conditions on bs(x) and §s(A; x).

(I1;) The idempotent process (bs(x)) is strictly Luzin on (C,II) and

t
/ sup |bs(x)|ds < o0
) x€Kn(a)

for all @ € (0,1] and ¢t € R;..
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(IT;7) The function (gs(A;x)) is continuous in (A, x) when restricted
to R? x Kyj(a) for a € (0, 1], convex in A € R?, and

sup sup sup §s(A;x) < oo, limsup sup §gs(\;x) =0
<A s<t xeKn(a) A0 5<t xeKn(a)

for alla € (0,1], t € Ry and A € R;.

Let M; = X; — Xo— B). Then M = (M;(x), t € Ry, x € C) is a CI-
local maxingale with cumulant G(X) and the following “canonical
decomposition” holds

X =Xy+B'+M. (2.7.14)

Under (I1;) and (IT;;) the idempotent processes B' and M are strictly
Luzin-continuous. As above, we denote by M a C'_progressively
measurable idempotent process that coincides with the Radon-
Nikodym derivative of M with respect to Lebesgue measure Il-a.e.
We note that for absolutely continuous x

A% —gs (A X) = A M(x) — s (A; %), (2.7.15)
so by (2.7.8), Lemma 2.7.12, (2.7.10), (2.7.14), and Lemma 2.7.11
o
I(x) = / he(My(x);x) dt < 0o Tl-a.e., (2.7.16)
0
where
hi(y;x) = sup (Ay—gi(A;x)), y e R, 1€ Ry, x € C
AERE
(2.7.17)

Definition 2.7.13. Let Ay denote the set of all R —valued C"-
progressively measurable strictly Luzin idempotent processes \ =
(A(t,x),t € Ry,x € C) on (C/1II) such that for « € R, t € Ry
and x € C

¢

/gs(a)\(s,x);x) ds < 00 (2.7.18)
0

and, moreover,

t
/gs(a)\(s,x);x) 1(|A(Gs,%)| > A)ds 50 as 4 — oo,
0

(2.7.19)
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Remark 2.7.14. If condition (Il;;) holds, then bounded C'-
progressively measurable strictly Luzin idempotent processes belong
to AH.

Lemma 2.7.15. Let conditions (H[) and (HH) hold. Let A =
(A(t,x), t e Ry, x € C) € Ay. Thenfo )- M, ds, where t € Ry,
is well defined and finite I1-q.e.

Proof. Since M is absolutely continuous, the integrand in the state-
ment is well defined II-a.e. We show that Il-a.e.
t
/|>\(3,x)-Ms|d3 < 00.
0
Since hy(y;x) is the convex conjugate of §s(X; x) and §(\; x) is non-

negative, by Young’s inequality (see, e.g., Krasnosel’skii and Rutickii
[75])

IA(s,x) - M,| = [A(s,x) sign (A(s,x) - Ms)] - M,
< §s(A(s,%) sign (A(s,x) - My);x) + hs(Mj; %)
< §s(A\(5,%); %) + G5 (= A(s, %); %) + h (M; ).
The integral grom 0 to t of the right-most side is finite II-a.e. by the
definition of Ay and (2.7.16). O

Given an R¢-valued Lebesgue measurable in s function A =
(A(s,x)), we introduce an idempotent process Z(\) = (Z;(\,x), t €
Ry, x €C) by

t
Zi(\, x) = exp / gs(A(s,x); %)) ds) (2.7.20)
0

if the integral on the right-hand side is well defined and finite, and
let Z;(X,x) = 0 otherwise. If X € Ay and conditions (II;) and
(I1;7) hold, then by Lemma 2.7.15, the definition of Ay and (2.7.15)
equality (2.7.20) holds for ¢ € R, II-a.e. The main result of this
section is the following theorem.

Theorem 2.7.16. Let conditions (II;) and (IL;1) hold. If X € A,
then the idempotent process Z(\) is a strictly Luzin-continuous local
ezponential mazingale on (C, CUII).
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The proof proceeds through a string of lemmas. Let us first note
that by Lemma 2.7.11, Lemma 2.7.12 and condition (II;)

SnZ.(\) <1 (2.7.21)
for an arbitrary R, -valued function 7 on C. In the lemmas below we
assume that conditions (II;) and (II77) hold.

Lemma 2.7.17. Let A € Ay. Then the idempotent process Z(X) is
strictly Luzin-continuous. If T7(x),x € C, is a strictly Luzin stopping
time, then Zin- () is a Ctr/[\T —-measurable strictly Luzin variable.

Proof. The argument is similar to the one we used in the proof of

Lemma 2.5.16. We begin the proof of Z(A) being strictly Luzin-

continuous by proving that Z;(\) is a strictly Luzin variable. Since by
(2.7.21) and “the Chebyshev inequality” Z;(\) is a proper idempotent
variable, by (2.7.20) it is sufficient to check that the maps x —
f(f A(s,x)- My (x) ds and x — f(f ds(A(s,x); x) ds are continuous when
restricted to sets Ky(a), a € (0,1]. Let x* — % as k — oo, where
x¥ % € Kyi(a). We first check the convergence

t t
lim [ A(s, %)M, (x*) ds — / M, %)M, (%)ds.  (2.7.22)
k—o0
0 0
Denoting
NA(E, %) = At x)i (A ), (2.7.23)
where
ia(r) = (A+1-2)T AL, z € R, (2.7.24)

we have that, for A > 0,
t t
/)\(s,xk)-Ms(xk)ds—/A(s,fc)-Ms(fc) ds
0 0

t
< / A5, x5) - B, (x9)] 1(|A(5,%5)] > A) ds
0

+/|>\(5,)?:) - M (%)] 1(|A(s,%)| > A)ds
0
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t
+ / |(AA (s, xF) — M(s,%)) - M,y (xF)| ds

0
t
—i—/)\A x*) ds —
0

Note that all the terms in (2.7.22) and (2.7.25) are well defined by
Lemma 2.7.15 and the fact that (A4(¢,x),t € Ry, x € C) € Ay;. We
prove that each term on the right of (2.7.25) tends to 0 as £k — oo
and A — oo.

Since by Young’s inequality for « > 0

M(s,%) - My(%)ds|. (2.7.25)

S .

1, 1.
Ay < —gi(ad; x)+ —hi(y; %),
a «
we have for x € C and « > 0 by (2.7.16)

t

/M( %) 1(|A(s,%)| > A) - M, (x)] ds

0

t

< é/gs(ak(s,x) sign ()\(s,x)-Ms(x));x) 1(|A(s,x)| > A) ds
1 Ot

+a/iLS(Ms(X);x)d3

[Gs(aA(s,x);x) 4+ §s(—aX(s,x);x)] 1(|A(s,x)| > A) ds

I
Qlr
o\“‘:’

+ éI(x), (2.7.26)

so that by (2.7.19) and the inequality I(x) < —Ina on Ky(a) (which
holds since II(x) < II(x))

In
limsup sup /|)\ 8,X) (%) L(|A(s,x)| > A)ds < ——a, a > 0.
A—00 XEKH «

Since « is arbitrary, we have thereby proved that the first term on
the right of (2.7.25) tends to 0 as K — oo and A — oo, and the
second one tends to 0 as A — o0.
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For the third term, we write analogously to (2.7.26) for a > 0

/| (A (s,xF) = A (s, %)) - My(x¥)| ds
0

(2.7.27)

Since X is strictly Luzin, A(s,x*) — A(s,%); hence, by (2.7.23) and
(2.7.24) AM(s,xF) — M (s,%) — 0. Therefore, by condition (II;;)
gs(a(A(s,xF) — M (s,%));xF) — §5(0;%) = 0 as k — oo. Thus,
by Lebesgue’s dominated convergence theorem and condition (I1;;)
(recall that by (2.7.23) and (2.7.24) |\ (s, x*) =M\ (s,%)| < 2(A+1)),
the first two terms on the right of (2.7.27) tend to 0 as £ — oo. Since
« is arbitrary, the inequality I(x*) < —Ina implies that the third
term on the right of (2.7.25) tends to 0 as £ — oo.
Thus, we are left to prove that

t t
lim [ A(s,%)-M, = /,\A (xX)ds.  (2.7.28)
0

k—00
0

Let A be the set of bounded R¢—valued Borel functions (A(t),t € R,)
such that

t t
lim )\(s)-Ms(xk)ds:/)\(s)-Ms(ic) ds.
0

k—o0
0

We prove that A consists, in fact, of all R¢—valued bounded Borel
functions, which will imply (2.7.28) since A\ (s, %), being Lebesgue-
measurable in s, coincides a.e. with some Borel-measurable function.
Since M;(x) is continuous on Kyj(a) by (II;) and (II;;), the conver-
gence x¥ — % implies that A contains all piecewise constant func-

tions (A(t)). Now, by a standard monotone class argument, see, e.g.,
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Meyer [88], it is sufficient to prove that A is closed under bounded
pointwise convergence. We prove this by an argument similar to the
one we used above: let A\,(s) — A(s) as n — oo, where |\, (s)] < A
and |A(s)| < A. Then, as in (2.7.26), we have with the use of Young’s
inequality for a > 0

t
/ (n(s) — A(s)) - My ()] ds
0

so that condition (II;;) and Lebesgue’s dominated convergence the-
orem yield

lim su An(s)—A(s -Msx ds = 0.
p)0/|< (5) = A($)- Ma(x)|

N0 xeKn(a

Hence,

n—0o0 k—00

t
lim Tim sup / n(s) — A(s)) - My (8] ds = 0,
0

n— 00

t
lim [ |(Aa(s) = A(s) - M,(%) ds = 0,
/

which proves the claim. Thus, (2.7.28) and with it (2.7.22) have been
proved. Continuity of x — f(f A(s,x) - My(x)ds on Kyi(a) has been
proved.

In order to prove that

t t
/gs()\(s,xk);xk)ds - /gs(A(s,fc);fc) ds, (2.7.29)
0 0

we note that since A\(s,x) is continuous in x on Kij(a) by the defi-
nition of Ay and §5(A; x) is continuous in (A, x) by condition (II;;),
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Gs(\(s,x%);xF) — gs(A(s,%x);%) as k — oo. Therefore, condition
(IT;;) and Lebesgue’s dominated convergence theorem yield for A > 0
¢
lim [ gs(A(s,%");x")ia(|A(s, x")]) ds

k—o0
0

t
_ / 35s(\(5,%); R)ia (|A(s, %)) ds
0

so that

t
imsup [ 90\, x8)ix) 1(JA(s, )| < 4) ds

k—00

t
< [R5 ds.
0

The latter inequality, (2.7.19) and Fatou’s lemma imply the conver-
gence (2.7.29).

To complete the proof of Z(\) being strictly Luzin-continuous,
by Theorem 2.2.13 it is sufficient to show that for 7€ Ry and n > 0

lim sup II(|Z:(A)—Z,(X)| > n) =0.
0—0 5,t€[0,T7:
|s—t| <o

Since for A > 0

(|Z:(X) = Z;(N)] > n)
< I(Zs(X) > A) VI Z(X)/Zs(X) — 1] > n/A)

and II(Zs(A\) > A) < 1/A by (2.7.21), we deduce that the required
would follow by

t

limH( sup ‘/A(U,X) Mu(x) du‘ > 77) =0,
0=0  N\g te0,7]:
[s—t|<s ¢
t
limH< sup ‘/gu(k(u,x);x) du‘ > 77) =0.
0=0  N\g tef0,71:

[s—t|<§ 8
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The first convergence follows by the inequality

t

[ 70 8t 0

S

[Gu (@A (u,x);x) 4+ §u(—a(u, x);x)] 1(|A(u, x)| > A) du

I
QIr
O\H

t

1 1
+ —/ sup gy (N;x)du+ —I(x), A>0,a>0,
@ J A<ad «

S

derived in analogy with (2.7.26) and condition (IT;;). The second
convergence follows by condition (II;;) and the inequality

¢ T
/gu()\(u,x);x) du < /gu()\(u,x);x) 1(|A(u,x)| > A) du
s 0

t

+/ sup Gy (A; x) du.
IA[<A

S
Finally, since X and (b, (x)) are C!'-progressively measurable, g (\; x)
is B([0,t]) ® B(R_d) ® C;'/B(R, )-measurable as a map from [0, #] x
R? x C to Ry, M is CH—progressizely measurable, and C" is com-
plete, Cfk,—measurability of Zinr () follows by Lemma 2.2.17 and

Lemma 2.2.19. The fact that Zis-(X\) is strictly Luzin measurable
follows by the first part of the lemma. O

We now address the uniform maximability issue. The next lemma
is in the theme of Lemmas 2.7.5 and 2.7.7.

Lemma 2.7.18. Let X € A and (Gi, t € Ry), Gop = 0, be an
increasing continuous C-adapted strictly Luzin idempotent process
such that for I-almost all x

t
/mwumwwsawwe&.
0
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Let for N € N
Tn(x) = inf{t € Ry : Gy(x)+t > N}.

Then Tn(x) is a strictly Luzin stopping time, the idempotent pro-
cess {Zinry (A),t € Ry} is uniformly mazimable, and, moreover,
Si1(Zuney (%) < ¥

Lemma 2.7.19. Let a function X = (\(t,x),t € Ry, x € C) € Ap
be of the form:

k

Alt, x) = Z Ai(x) Lty (),

=1
where k € N,0 < tg < t; < ... <1y, and the \;j(x) are R —valued,
bounded and C{i{l ~measurable strictly Luzin variables on (C, C,II).
Then Z () is a strictly Luzin-continuous local exponential mazingale

on (C,C™, 1I).

Proof. Since by Lemma 2.7.17 Z()\) is a C'-adapted strictly Luzin-
continuous idempotent process, we have to check that there exists
an increasing to infinity sequence of strictly Luzin stopping times
on(x),N € N, such that the (Zirz,x)(A(x),%), t € R;) are uni-
formly maximable exponential maxingales.

Let A be a bound for \;(x), i.e., [\i(x)] < A,i=1,...,k xeC.
We introduce for t € Ry, x € Cand N € N

inf{t e Ry : / sup gs(\;x)ds +t > N}, ifII(x) >0,
IN<24

on(x) =

N, if TT(x) = 0.
By condition (II;;) and Lemma 2.7.18 the 6 (x) are strictly Luzin
stopping times and the idempotent processes (Zt/\a—N_ (A),t € Ry) are
uniformly maximable. Let us check that the (Zinzy (A),t € Ry), N €
N, are exponential maxingales. Let 0 < s < t. We have to prove that

Stu(Zingy (X)|CSH) = Zspoy (A). (2.7.31)

(As above relations involving conditional idempotent expectations
are understood to hold Il-a.e.) We begin with a proof of

St (Zinay NICiine) = Zisninony V), i =1,... k. (2.7.32)

© 2001 by Chapman & Hall/CRC



Semimaxingales 187

We note that by (2.7.1) and (2.7.20) II-a.e.

k i X), X
23, %) = ] Y?fii?i(( )’),3{)' (2739

Since the idempotent processes Y (A) = (Y (\;x), t € Ry, x € C),
A € R? are local exponential maxingales, Lemma 2.7.18 and
Lemma 2.3.13 imply that the (Yiaz, (A), ¢ € Ry), |A] < A, are uni-
formly maximable exponential maxingales.

We prove (2.7.32) by inverse induction in i: by (2.7.33)
Zi, NAGN (A) = Zinsy (N) so that (2.7.32) holds for i = k. Suppose
that (2.7.32) holds for some i € {2,...,k}. We prove it for (i — 1).
By properties of conditional idempotent expectations

SH(Zt/\5N (X)|CE,1/\t) = SH[SH(Zt/\&N( )|Ct /\t)|CH 1/\t]
= Su(Zintnay NICL, nt)-

By (2.7.33) and properties of conditional idempotent expectations

y(Aj(x), %)
t NENG
Stt(Znenon VI ne) H v .

t;

_intnan(x) (A4 (%), %)

(A
St (thmff,v ) (X (%), %)[CE Ar)
) :

Y;fl 1/\t/\(rN ( (X’ )

(2.7.34)

Let t > t;—1. Since \;j(x) is Cgilfmeasurable, by properties of con-
ditional idempotent expectations

SH(Y;ti/\t/\&N( )(AZ(X),X)IC@_IM)
= 1Yy, ntnan (0 (Ni(%), 0)[C1_ )
= SH(Yti/\t/\&N( )(Aax)|Cti,1)|A:Ai(x)
= Yti,l/\t/\&N(x) (Ai(x),x),

where in the latter equality we used that (Yi\s,(x) (A %), t € Ry) is
an exponential maxingale. So, if ¢ > ¢; 1,

Sﬂ(ni/\t/\&N(x)O\i(x)aX)|ng_1/\t) = Y;fi_l/\t/\&N(x)(Ai(x)aX)'
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This also is true if ¢ < ¢; ;. Substituting the equality into (2.7.34)
obtains

1:[ tj AT (x >\j (x),x)

t] 1/\t/\0'N( )(A] (X), X)

= Zti—l/\t/\a'N (>‘)

SH(Zti/\t/\U'N |Cif1 1/\t
J=1

Equality (2.7.32) is proved.

Now, (2.7.31) is obvious if s > #; since in this case Zsnzy (A) =
Zingy (A) = Zinon (A). Let s < t; and ip € {1,...,k} be such that
tio—1 < s < t;,. By properties of conditional idempotent expecta-
tions, (2.7.32) and (2.7.33)

Sit(Zinax NC") = SulSuu(Zingy (VICLE 7)ICY]
= S11(Zt,y ninay VICs)

— Su(Yi atncy () (Nio (%), %) [C5)
- Ztiofl/\s/\ﬁ'N(A Y, \ .
tio_l/\s/\ﬁN(x)( 10 (X), X)

(2.7.35)

Now, as above, since \;,(x) is C;. _ —measurable,
ig—1

Sn (Y;:lo AEAG N () (Aip (x), %) |CsH)
= S11(Yy, atnon () (2 ¥)C) oy, ()
= Y;fio/\s/\&N(x) (Aip (%), %).
Substituting this into (2.7.35), we deduce by (2.7.33) that (2.7.31)
holds. U

Lemma 2.7.19 proves the assertion of Theorem 2.7.16 for piece-
wise constant and bounded functions A. To handle general A €
Ar, we will use the following approximation result, which extends
Lemma, 2.5.10.

Lemma 2.7.20. Lel X' = (Me(t,x),t € Ry ,x € C),k € N, be uni-

formly bounded functions from A such that the Z_(Xk) are strictly
Luzin-continuous local exponential mazingales. If X = (A\(t,x),t €

Ry, xeC) € Art is bounded and is a limit of the N in the sense that

t
/gs(a()\k(s,x)—)\(s,x));x)ds B0 ask— o0, a € Rt eRy,
0

© 2001 by Chapman & Hall/CRC



Semimaxingales 189

then Z(X) is a strictly Luzin-continuous local exponential mazingale.

Proof. The proof uses the ideas of the proof of Lemma 2.5.10. Let
for NeNand ke N

t
on(x) =inf{t € Ry : /gs(2>\(5,x); x)ds +t
0

> N}, (2.7.36)

t
ok (x) = inf{t € R, : /QS(Q)\k(s,x);x) ds +1
0
> N+ 1} Aoy (x). (2.7.37)

By Lemma 2.7.18 and condition (II;;) the oy and o%, are strictly
Luzin stopping times, and (Ziaqsy (A),t € R} ) and (ZMU% (Xk),t €
R,),k € N, are uniformly maximable idempotent processes. In par-
ticular, by Lemma 2.3.13 the (ZMU% (Xk),t € Ry), k € N, are uni-
formly maximable exponential maxingales. Suppose we have proved

that for every R, -valued bounded and continuous function f on C
and t € Ry

Jim SuZ, gk ) (N (3), %) F (%) = S1Zinery (N (x), %) £ (5).

(2.7.38)
Since the (Zt/\fffcv (Xk),t € Ry),k € N, are exponential maxingales,
this would imply that (Zinsy (N), t € R;) is an exponential maxin-

gale as well; hence, since (Zinyy (A), ¢ € Ry) is uniformly max-
imable and oy (x) — oo as N — oo, this would prove in view of

Lemma 2.7.17 that Z()\) is a strictly Luzin-continuous local expo-
nential maxingale. Therefore, we prove next (2.7.38).

By Lemma 2.7.18 and (2.7.37) SH(Zt/\U?V(X)(Xk(x),x)z) <

exp(N + 1), so the family {Zt/w% (Xk), k € N} is uniformly max-
imable, and by “the Lebesgue dominated convergence theorem” (see
Theorem 1.4.19) (2.7.38) would follow by

Zipot X') 5 Zingy (V) as b — oo, (2.7.39)
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As a first step, we prove that, for every a € R and t € R,
t
/ (¥ (s,%); ) — s (@N(s, x); ) |ds B0 ask — .

0
(2.7.40)

By convexity of gs(\;x) in A, for € € (0,1/2],
Gs(aA(s,%); %) < (1 = 2¢)gs (" (s,%); ) + £gs(2aA* (5, %); %)
s (S (A5, %) = A(s,%)); %),
hence, since §s(A;x) > 0,

gs(aX(s,%); x) — g5 (@XF(s,x);x) <& sup  §s(\ix)
IA<2A|cf

+ egs (%()\(s, x) — A (s,x)); x),

where A is an upper bound for [A(s,x)|,|\*(s,x)[,k € N,s € Ry,
x € C. Interchanging \*(s,x) and A(s,x) and integrating, we arrive
at the inequality for x such that II(x) > 0

|§s(a)\k(s,x); x) — §s(aA(s,x); x)|ds

S— .

t

gs/ sup  gs(A\jx)ds +e¢

3 (S (M5, %) = Me(s,)); %) ds
) AI<24]al €

S —

+6/ (S(Ak(s x) — )\(s,x));x)ds,
0

where the right-hand side is finite by condition (II;;). By hypotheses,
the latter two integrals on the right tend in deviability to 0 as k& — oo,
so, for n > 0,

k—o0

t
lim sup IT(x / (aX¥(s,%); %) — Gs(aX(s,x);x)|ds > n)
0
t

<tixie [ sup gOuxds > 0/,
) [A[<24]a
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where the right-hand side is not greater than arbitrary a > 0ife > 0
is chosen small enough to satisfy

t

€ sup / sup  gs(A;x)ds <
xEKn(a)O [A|<24|af

w3

(use condition (II;r)). Limit (2.7.40) is proved. It implies, since by
(2.7.36) and (2.7.37)

{x: on(x) At # ok (x)At)

t
C {x: /|§s(2)\k(s,x);x) — §s(2M\(s,x);x)| ds > 1},
0

that limg_, o (o (x) At # ok (x) At) = 0. Hence, by the inequality

(| Zyp gt ) N (%), %) = Zingry () (M), %)| > 1)
< (on(x) At # ok (x) A D)

_k J—
+ H(|Zt/\0N(x) (>‘ (X),X) - Zt/\UN(x) ()\(X),X)| > 77)7

(2.7.20), and the fact that Zinq (x) (A\(x),x) is a proper idempotent
variable, limit (2.7.39) would follow by

tAon (X) tAon (X)
/ A (s, %) - M,(x)ds LY / A(s,x) - My(x) ds
0 0
as k — oo, (2.7.41)
and
tAo (x) thoy (x)
/ Gs(\¥(s,x); x)ds RS / Js(A\(s,x);x)ds as k — o0.
0 0

The latter limit obviously follows by (2.7.40). Limit (2.7.41) is proved
with a tool we have already used: for a > 0, by Young’s inequality,
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in view of (2.7.17) and (2.7.16),

tAo (X) thon (x)
‘ / M (s, %) - My(x)ds — / A(s,x) - My(x) ds
0 0

(gs(a()\k(s,x) — A(s,x));x)

I
QIr
O\H‘

1
+ gs(a(k(s,x) - Ak(sax));x)) ds + EI(X)a
which implies (2.7.41) in view of the hypotheses. O

The next lemma and its proof are prompted by Theorem 2.5.11.

Lemma 2.7.21. Let X € Ay and be bounded. Then Z(X) is a strictly
Luzin-continuous local exponential mazxingale.

Proof. Let us first assume that X is, in addition, locally uniformly
continuous in ¢ uniformly in x € Kyi(a) for all a € (0,1], i.e., for all
T>0

wr,,(d) = sup sup  |A(t,x)—=A(s,x)] =0 as d —0.

xEKy(a) s,te0,T]:
ls—t|<0

(2.7.42)
Let for Kk € N

k2 .
Ao (t,x) = ;)\(%x> 1=t 1 (8).

Then the X' = (Mf(t,x),t € Ry,x € C) are bounded and piecewise
constant functions from A, which implies by Lemma 2.7.19 that

the Z (Xk),k € N, are strictly Luzin-continuous local exponential
maxingales. Also, since |A\¥(s,x) — A(s,x)| < wy4(1/k) for s € [0,1]
and x € Kyi(a) if & > ¢,

t
sup /gs(a(kk(s,x) — A(s,x%));x) ds
x€Kr(a) )

t

< sup / sup gs(\;x) ds.
x€Kn(a) ) A <awt,q(1/k)
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Since the right-hand side converges to 0 as k — oo by (2.7.42) and

condition (Il;7), we conclude that the X" and X meet the conditions
of Lemma 2.7.20; hence, Z()) is a strictly-Luzin local exponential
maxingale.

Let A be an arbitrary bounded function from A;. We introduce

the Steklov functions

t
Mo(t,x) =k / A(s,x)ds, t e Ry, x € C,k €N, (2.7.43)
t—1/k
where A(s,x) = 0 if s < 0. Then the functions o= (A\F(t,x),t €
R.,x € C) € Ap are bounded and |\f(t,x) — M(s,x)| <
2k sup, x |A(v,x)||t — s|. Hence, by the part just proved the Z(Xk)
are strictly Luzin-continuous local exponential maxingales. By

Lemma 2.7.20 Z(\) is a strictly Luzin-continuous local exponential
maxingale provided

t
/gs(a()\k(s,x) — A(s,x));x)ds B0 ask— 00,
0

aeRteR. (2.7.44)

By convexity of §s(A;x) in A and (2.7.43)

s(a(WF(s,x) — \(s,x));x)ds

o\“
Q»

t 1/k
= [ gs\lak [ (A(s—v,x) — A(s,x))dv;x)ds
forlen | )
t 1/k
< O/ko/gs(a()\(s—v,x) — A(s,%));x) dv ds
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so we prove (2.7.44) by proving that
t
/gs(a()\(s—v,x)—)\(s,x));x)ds B0 asv—o. (2.7.45)
0
Let a € (0,1]. Firstly, we prove that for every x € C

lim sup  gs(a(A(s—v,x)—A(s,x%)); x)ds = 0. (2.7.46)
U—)UO x€Kr(a)

The argument is standard. If (A(s,%x), s € Ry) is continuous in
s, then A(s — v,%) — A(s,%x) — 0 as v — 0 and the required fol-
lows by condition (II;;) and boundedness of (A(s,x), s € Ry). If
(A(s,%x), s € Ry ) is an arbitrary bounded Lebesgue-measurable func-
tion, then, given arbitrary ¢ > 0, we can choose by Luzin’s theorem
a bounded continuous function (A(s), s € R, ) such that f(f 1(A(s) #
A(s,x))ds < €, and (2.7.46) then holds for (A(s,%x), s € R} ) since
it holds for (A(s), s € Ry) and (A(s,%), s € Ry ) is bounded. Limit
(2.7.46) is proved.
We denote

G1o(A) =sup sup gs(A;x).
s<t xeKr(a)

By continuity of A(s,y) in y on Kpr(a), boundedness of A(s,y) and
condition (IT;;) we have that

/ G0 (3(A(5,%) — A(s,y))) ds
0
4 / Gra(=30(\(s5, %) — A(5,¥))) ds — 0

asy = x,y € Ky(a). Hence, for x € Kyj(a) and € > 0, there exists
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an open subset U (x) of Ki(a) such that
t
U-x) € {y € Kn(0): [ 330353 = A(s, ) ds

0
v /gtya(—?,a()\(s,x) — As,y))) ds < e},
0

By compactness of K(a), there exist xi,...,x, € Ki(a) such that
Kp(a) C UF_ U.(x;), which means that for every x € Kii(a) there
exists i € {1,...,k} such that

t
l/%AMO@mw—M&ﬂD%
0

t
+/§t,a(—3a(k(s,xi) — A(s,x)))ds <e. (2.7.47)
0

Next, by convexity of gs(A;x) in A, for x € Kyi(a),
t
[ e s =) = Ao ds

0
<

L =

t
(/?t,a(&x()\(s = 0,%) = As =0, %)) ds
0

+ [ Gra(Ba(A(s, %) — A(s,x))) ds

S .

t
+ /gs(3a()\(s —.x) — Ms.xi)ix)ds), (2.7.48)
0

where ¢ is chosen so that (2.7.47) holds. By (2.7.46), if v is small
enough, then for alli =1,...,k

t

/ sup  gs(Ba(A(s—v,x;)—A(s,%;));x) ds < ¢,
2 x€Kn(a)
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so, by (2.7.47) and (2.7.48)
t
sup /gs(a()\(s—v,x)—)\(s,x));x) ds < e.
x€Kn(a) 2
Limit (2.7.45) has been proved. Limit (2.7.44) has been proved. O

Proof of Theorem 2.7.16. Let X € Ap and Xy = (raX(t,x),t €
R, ,x € C), where for A\ € R? and A > 0

Ao A< 4,

TAN = A
—A, A\ > A

R

Since the map A — 74\ is continuous, it follows that Ay € Ap. Also
A4 is bounded so that by Lemma 2.7.21 Z()\4) is a strictly Luzin-
continuous local exponential maxingale.
Since g¢(\;x) is non-negative, convex in A and §;(0;x) = 0, we

have that g;(ra\;x) is increasing in A, so

ge(raX;ix) T ge(A;x) as A — oo. (2.7.49)
Let on be defined by (2.7.36). By (2.7.49) and Lemma 2.7.18 the
collections of strictly Luzin variables { Z;x 4, (x) (A(x),x),t € R, } and
Zinon (x) (Aa(x),x),t € R, A € R, } are uniformly maximable.
In particular, (Ziagy (x) (Aa(x),x),t € Ry ,x € C) is a uniformly
maximable exponential maxingale, so by Lemma 2.7.17 the theorem
is proved if

Jim SuZingy(x)(Aa(x), %) f (%) = SuZiney (x) (Ax), %) £ (x)
for every bounded, continuous and non-negative f, which by The-
orem 1.4.19 is implied by the convergence Zix, (x) (Aa(x),x) 4
Zinoy (x) (A(x),x). Using the fact that Zinoy (x) (A(x),x) is a proper
idempotent variable, we prove the latter convergence by proving that
as A — oo

(95 (A(s,%); X) — §s(raA(s,x);x)) ds - 0, (2.7.50a)

S .

t
/ (A(5,%) — raA(s,x)) - My(x)[ds 3 0. (2.7.50b)
0
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The first convergence follows by (2.7.49), the fact that the integral
in (2.7.50a) is a strictly Luzin variable (use condition (II;;) and
(2.7.19)) and Dini’s theorem. To prove (2.7.50b) we write as in the
proof of Lemma 2.7.17 for a > 0

t
/|(>\(s,x) —raA(s,x)) - M, (x)|ds
0

[95(a(A(s, %) — TaA(s,%)); %)

I
QI
o\“

+ gs(—a(A(s,x) = raX(s,x)); x)] ds + él(x). (2.7.51)

Next, by the definition of r4 A, convexity of §s(A;x) in A and the fact
that gs(0;x) =0

gs(a(A(s,x) —14A(8,%));x) < gs(aA(s,x);x) L(|A(s,x)| > A),
gs(—a(A(s,x) = TaA(s,%));x) < gs(—aA(s,x);x) L(|A(s,x)| > A).
Hence, as X € Ap, (2.7.19) implies that

[gs(a()\(s,x) —7AM(8,%)); %) + gs(—a(A(s,x) — TA)\(S,X));X)]ds

S —

I
=0 as A — oo,

so, since « is arbitrary, (2.7.51) yields (2.7.50b). O

As a byproduct, we can prove that certain integrals with respect
to X are semimaxingales.

Definition 2.7.22. Let A be the subset of An consisting of func-
tions A such that for t € Ry
¢
/|)\(s,x)-bs(x)| ds < 00, x € C,
0

and
t

/|A(3,x)-bs(x)| 1(A(s,%x)| > A)ds >0 as A — .
0
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For A € Ay;, we define the idempotent process Ao X = (Ao Xy, t €
Ry ) by

AoX; = /)\(s x ds+/>\ x) ds, (2.7.52)

if the integrals are well defined and finite, and Ao X; = X, otherwise,
where X is a continuous idempotent process. By Lemma 2.7.15 and
the definition of Ay we have that (2.7.52) holds Il-a.e.

Theorem 2.7.23. Let g5(A;x) be given by (2.7.13), conditions (1)
and (I1;7) hold, and X\ € Ayp. Then the idempotent process X o X is
a strictly Luzin-continuous semimazingale on (C, C™ I1) with cumu-

lant GMNa) = (GtX(a;x), t € Ry,x € C) given by

t
/gs (aX(s,x);x)ds, t e Ry, e Ryx € C.
0

Proof. By Theorem 2.7.16 (exp(aloX;—G}(a)), t € Ry) is a strictly
Luzin-continuous local exponential maxingale. The fact that both Ao
X and G*(«) are strictly Luzin-continuous C"-adapted idempotent
processes follows by the proof of Lemma, 2.7.17, condition (II;), C!-
progressive measurability of (bs(x)), and the definition of Ap. O

In large deviation limit theorems G(\) is often more specific than
n (2.7.10) and defined in terms of “characteristics”, which we now
introduce. Let (cs(x), s € Ry,x € C) be a C-progressively mea-
surable idempotent process with values in the space of symmetric,
positive semi-definite d x d-matrices such that f(f lles(x)]| ds < oo for
teR; and x € G (vy(I;x), s € Ry,T' € B(RY),x € C) be a transi-
tion kernel (for each x) from (R, , B(R,)) into (R?, B(R?)) such that
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forte Ry,xc Cand o € Ry

v ({0};x) =0, / |22 A 1vy(da; x) < oo,
Rd

t

// |22 A 1vg(de; x) ds < oo, (2.7.53a)

0 Re

/ e 1(|z| > 1) vy (da; x) < o0,

Rd
t
// 711 (|z| > 1) vy(da; x) ds < oo, (2.7.53b)
0 Rd

and the functions ([pa f(z)vs(dz;x), s € Ry) are CMl-progressively
measurable for Borel functions f such that the integrals are well
defined; (75(I';x), s € Ry, T € B(R?),x € C) be a transition kernel
(for each x) from (R, ,B(R;)) into (R?, B(R?)) such that for s €
R, ,x € C and T' € B(R?)

(D5 x) < vy([5x), 75(RYx) <1, (2.7.54)

and the functions ([pa f(z) 7s(dz;x), s € Ry) are CMl-progressively
measurable for Borel functions f such that the integrals are well
defined.

We say that the semimaxingale X has local characteristics
(b,c,v,v), where (bs(x)) is as above, if the associated cumulant is
given by (2.7.7), where

gs(A\;x) = X bs(x) + % )\-cs(x))\—l—/ (e*® —1—\-z)v(dz; x)
Rd
+ <ln(1 —I—/ (M — 1)ig(dz;x)) — / (N — 1)195(dx;x)>.
Rd Rd

(2.7.55)

Remark 2.7.24. The right-hand side is well defined since fRd (eM —
1)0y(dz;x) > —1 by the fact that 0s(RY;x) < 1. It is also not difficult
to check that f(f sup|j<algs(A;x)|ds < oo for t € Ry and A € Ry.
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Let

- / 0s(x) ds. (2.7.56)
0

We call the idempotent process B’ = (Bj(x),t € Ry, x € C) (de-
fined by (2.7.11)) the first characteristic of X “without truncation”,
C = (Ci(x),t € Ry,x € C) the second characteristic, vg(dz;x)
the density of the measure of jumps, and 7s(dz;x) the density of
the discontinuous measure of jumps. The quadruplet (B',C,v,7)
is referred to as the characteristics of the semimaxingale X “with-
out truncation”. In large deviation limit theorems we will also need
characteristics “associated with limiters”.

Definition 2.7.25. A Borel function h : R¢ — R is said to be a
limiter if it is bounded and h(x) = x in a neighbourhood of the origin.

For Borel functions f, for which the integrals below are well de-
fined, we introduce the notation

)« vy (x //f ) vs(dz; x)ds, f(z)e i /f )0 (d; x).

0 R4

The first characteristic of X associated with a limiter A is an idem-
potent process B = (By(x), t € Ry ,x € C) defined by

By(x) = Bi(x)+ (h(z) —z) v (x). (2.7.57)
The modified second characteristic associated with A is an idem-
potent process C = (Cy(x),t € Ry,x € C) such that the Ci(x)
are symmetric positive semi-definite d x d-matrices, specified by the
equalities

A-Cy(x)A = A= Cy ()N + (A - h(z))? * v (x)

- /()\-h(gc) o 7,(x))%ds, A € R, (2.7.58)
0
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Analogously, the modified second characteristic “without truncation”
C' = (C}(x), t € Ry,x € C) is specified by the equalities

t
)\éé(X))\ = >\Ct( ))\—i—()\ a *I/t / >\ x.]/s 3_
0

(2.7.59)
Note that (2.7.57) implies that if B = (B;(x x), t € Ry,x € C) is the
first characteristic associated with a limiter h(z), then

By(x) = By(x)+(h(z) —h(z))*vy (x). (2.7.60)

Obviously, B;(x),Cy(x),Cy(x),Cl(x), and f(z) * v4(x) (when well
defined) are continuous in ¢ and C}'~measurable in x. We note that
the cumulant assumes the form

Gi(hix) = A~ By(x) + 1 A CLOA+ (€T — 1= A+ h(z)) % 14 ()

+/ (In(1+ (X" — 1) 0 75(x)) = (M — 1) ® i5(x)) ds.
0

(2.7.61)

Remark 2.7.26. The definition of the characteristics of a semi-
mazingale is motivated by the definition of the characteristics of a
semimartingale and the fact that semimazingales are “large devia-
tion limits” of semimartingales as is shown in part II. Note that the
expression (2.7.61) for the cumulant is analogous to the logarithm of
the stochastic exponential of a semimartingale, Liptser and Shiryaev
[79], Jacod and Shiryaev [67]. Thus, By is “the drift term”, Cy is
“the diffusion term”, vyds is “the predictable measure of jumps”,
and Usds is “the discontinuous part of the predictable measure of
gumps”. As we will see in part II, this analogy is not only in form,
but it also helps us to formulate conditions under which large devia-
tion limit theorems for semimartingales can be proved. The terminol-
ogy “truncated” and “nontruncated” characteristics is also inherited
from semimartingales. The analogy with semimartingales would be
more complete if we required in Definition 2.7.1 that G¢(\;w) be,
in addition, of locally bounded wvariation in t. In fact, this prop-
erty holds if a semimaxingale admits characteristics as is the case
in all our examples of semimazingales. However, since a number of
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properties of semimazingales do not depend on G(X) being of locally
bounded variation, we have decided not to include this requirement
in the definition.

We now state conditions on the characteristics that imply condi-
tions (H[) and (H[[).

Lemma 2.7.27. Let the canonical idempotent process X be a semi-
mazingale on (C,CY,II) with local characteristics (b,c,v,?), where
b and c are strictly Luzin idempotent processes, and [qq(exp(X-z) —
L= X-z)vy(de;x) and [pqexp(X-z) Uy(de; x) are continuous in (X, X)
when restricted to RY x Kyi(a) for a € (0,1] and s € Ry. If for all
a€(0,1], Ac Ry andt € Ry

t
/ sup [by(x)|ds < 00, sup sup [les(x)]| < oo,
) x€Krn(a) s<t xeKm(a)

sup sup sup / (*® =1 — X z)vy(de; x) < oo,
s<t x€Km(a) |)\\§ARd

lim sup sup / (A —1 = - z)vg(de;x) =0,
A=0 s<t xeKi(a)

sup sup sup / i (dz; x) ds < o0,
s<t xeKr(a) |A<A g
R

lim sup sup / (e)"x — 1)ﬁ5(dx; x)‘ =0,
A—0 s<t x€Kp(a) R

then the associated cumulant satisfies conditions (I1;) and (Ilf).

2.8 Maxingale problems

In this section we are concerned with identifying deviabilities for
which the canonmical idempotent process on C(R;,R?) is a semi-
maxingale with a given cumulant. As in the preceding section we
denote C = C(R,R?), C; = C;(R,R%), and C = (C;, t € Ry ). We
also assume as given a cumulant G()\) on C. Let z € RY.

Definition 2.8.1. We say that a deviability I1 on C is a solution to
the mazingale problem (x,G) if the canonical process X is a semi-
mazingale with cumulant G(X) on (C, C,II) such that Xg = x I-a.e.
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Examples are provided by the Wiener and Poisson idempotent
processes: by Theorem 2.4.2 the Wiener idempotent probability
on C(R4,R) solves the maxingale problem (0,G) with G¢(A;x) =
A2t/2 and by Theorem 2.4.16 the Poisson idempotent probability
on C(R4,R) solves the maxingale problem (0,G) with G¢(A;x) =
(expA — 1)t. In view of applications to large deviation theory, we
are interested in finding conditions when a maxingale problem has
a unique solution. Existence issues are of less importance to us.
Besides, large deviation convergence theorems of part I also imply
that under their hypotheses the associated maxingale problems have
solutions.

Definition 2.8.2. We say that uniqueness holds for the mazingale
problem (x,G) if it has at most one solution.

Our candidate for a solution of (z,G) is the idempotent measure
IT, defined in (2.7.6). We begin with the case where the cumulant
does not depend on x.

Lemma 2.8.3. Let G(\;x) not depend on x € C, be differentiable
in A for allt € Ry and the differences G¢(\) — G5(X) be convezx in A

for all 0 < s <t. Then the idempotent measures IL; . on (RT)E,
where 0 < t) < to < ... < g, specified by the densities
k
II Tlyeno,Tk) = inf e AN (@i—zi-1) Gr;(N=GCr;_1 (A)
tl,...,tk,( 1, ) k) H/\GRd )

where to = 0 and o = z, form a projective system of deviabilities,
which has I1, as the projective limit.

Proof. By differentiability of G¢(\), Lemma 1.11.4 and Lemma 1.11.7
the Iy, . ; are deviabilities. In order to prove that they form a
projective system it suffices to check that, given ¢;_1 < t; < t;41,
i1 and z;y1, we have

inf sup (A1-(@i—zi—1)+ Ao (@ip1—3i)— (Gt (M) =Gy, (A1)
xieRd /\1€Rd,
/\2€Rd

— (Gtipy (A2) — Gr(N2)))

= sup (A - (zip1 — zic1) — (Gryy (N) = Gii_, (V).
AER4
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The latter equality follows by a minimax argument, see, e.g., Aubin
and Ekeland [6]. By Theorem 2.2.4 the projective limit of the IT;, ¢,
coincides with IT,. O

Remark 2.8.4. As a consequence, Il is o deviability under the
hypotheses.

The following existence and uniqueness result, which is a converse
to Theorem 2.7.3, shows that the distributions of certain idempotent
processes with independent increments are uniquely specified by the
associated cumulants. We denote G} (\) = supg<g<;|Gs(A)].

Theorem 2.8.5. Let G¢(\;x) not depend onx € C. Let, in addition,
G(X) be differentiable in X for allt € Ry and the differences G¢(\) —
Gs(X) be convex in X\ for all 0 < s < t. Then II, is a unique
solution to problem (xz,G). The canonical idempotent process X has
independent increments and starts at x under I1,.

Proof. We define IT, | ;, as in Lemma, 2.8.3. The construction of the
IT;, ...+, and the fact that they induce deviability IT, on C imply that
the canonical idempotent process X has independent increments and
starts at « under IT;, and S, exp(A- (X — X)) = exp(Gt(A)—G5(N))
so that X is a semimaxingale with cumulant G()\).

We prove uniqueness. Let IT be a solution of (z,G) and X be the
canonical idempotent process on C. We note that for every n € N
and A € R? the family {Y;n, (), ¢ € Ry } is II-uniformly maximable.
(Recall that Y ()) is defined by (2.7.1).) To see this, we write by
(2.7.1)

St (Yian(N)?) = Slelg Yinn (2X; ) exp(—2Gian(A)) exp(Ginn (22))11(x)

< (SuYinn(20)) exp(2G5 () + G (2)).

Since SuYian(2A) < SuYp(2A) = 1 by Lemma 2.3.13, the uniform
maximability is proved.

Then by “the Doob stopping theorem” (Theorem 2.3.8) the se-
quence {n,n € N} is a localising sequence for Y (\) and, in partic-
ular, Y (\) is a C-exponential maxingale under II. Therefore, for
0<s<t,

St (exp(A (X —X;))|Cs) = exp(Gi(A)—Gs(N), (2.8.1)
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so by Lemma 1.11.9 X has independent increments under II. Let
Hfg,tl,"_,tk, 0=ty <t <t <...<tg, denote finite-dimensional

idempotent distributions of X so that I\, (z0,21,...,2x) =
(X, = =0,Xy, = zi,...,Xy, = zx). By independence
of increments of X we have that Hgg,tlrn,tk(xo,xl,...,xk) =

I (o) Hle Hgf_hti (xi—1,%;). Also by (2.8.1) and Lemma 1.11.5

Y (i1, @) = inf e M@ -0 exp(Gy, (\) =Gy, (V).
AeR4
Thus, Hgg,tl,...,tk, = Il 4,,..t, Since by Theorem 2.2.2 and Corol-
lary 1.7.12 TI*(x) = infy, 4, Hgg,th...,tk (Xt0,Xty,---,%X4,), the re-
quired follows by Lemma 2.8.3. U

Remark 2.8.6. Note also that if X is an idempotent process with
independent increments and cumulant G(X) on an idempotent prob-
ability space (Q,1II), then Gi(A) — G5(A) = InSpexp(A - (X; — X))
so that G¢(A\) — Gs(N) is convex for s < t.

If G¢()) is given in terms of characteristics by (2.7.7) and (2.7.55),
we have the following consequence.

Corollary 2.8.7. Let Gy(\) have the form (2.7.7) and (2.7.55),

where by, cs, Vs, and Ug do not depend on x. If, in addition,

(L) 1+ir£(e’a|“”|—1)oﬁs>0,te&,ae&,
s_

then Il is a unique deviability on C such that X is a semimazingale
starting at x with independent increments and local characteristics
(b,c,v,0) under Il,.

Proof. By Theorem 2.8.5 we only need to prove that G;()) is differ-
entiable in A, which follows by condition (Ly). O

The next lemma gives sufficient conditions for condition (L) to
hold.

Lemma 2.8.8. Condition (Lg) holds if at least one of the following
conditions holds

1. lim info(|z| <a) >0, t € Ry,

a—00 s<t

2. supvs(RY) < 1, t e Ry,
s<t
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3. for every t € Ry there exists € > 0 such that sup elle iy < 0.
s<t

Proof. 1t is straightforward to see that conditions 1 and 2 imply (Lyg).
Let condition 3 hold. We have for « € Ry, s € Ry and b€ Ry

1+ (e7el — 1) ey > 1+ (e7l 1(e]z] < b) — 1) @ i
>1+ (efab/e(l — e bedlely — 1) e o
=14 (e — 1)y (RY) — e /e bell 0 by, (2.8.2)

Since 75 (R%) € [0, 1], it follows that 1 + (e=®/¢ — 1), (R?) > e@b/¢,
and, hence picking b such that e® > 2sup,«; efl*! o iy, which is pos-
sible by hypotheses, we conclude that the left-most side of (2.8.2) is
bounded from below by e~ “/¢/2 for s < t. O

We now consider the case where the cumulant depends on x. The
following is an existence result for a diffusion maxingale problem. It
is a consequence of Theorem 2.5.19 and Theorem 2.6.24. We denote

X; = Sup0§s§t|x5|'

Theorem 2.8.9. Let the mazingale problem (x,G) be specified by
the cumulant

t t
Gi(\;x) :/)\-bs(x)ds—l—%/)\-cs(x))\ds,
0 0

where functions (bs(x)) and (cs(x)), assuming values in R? and
the space of symmetric positive semi-definite d X d-matrices, re-
spectively, are C-progressively measurable and continuous in x, and
fg|bs(x)|ds < 00 and f(f lles(x)|| ds < oo. Let also by(x) and ci(x)
satisfy the linear-growth conditions

be(x)] < L(14x7), Nlen(x)] < L(1+x;?), t € Ry, x € C,

where Iy s Lebesgue measurable and f(f lsgds < oo, teRy. Let X be
a Luzin solution to the idempotent Ito differential equation

Xt = bt(X)+Ct(X)1/2Wt, Xo =T,

where W is an R -valued idempotent Wiener process. Then the idem-
potent distribution of X solves problem (x,G). In particular, IL, is
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a solution to the mazingale problem (z,G). It assumes the form

II,(x) = exp

l\Dli—‘

/ by (30)) -0 (%) (b () )
0

if xo = x, x is absolutely continuous and x; — by(x) is in the range
of ci(x) a.e., and I1;(x) = 0 otherwise.

The next result concerns existence for maxingale problems of the
Poisson type.

Theorem 2.8.10. Let (us(x),s € Ry,x € C(R;,R)) and
(vs(x), s € Ry, x € C(Ry,R)) be C(R4,R)-progressively measur-
able Ry -valued functions, which are continuous in x and satisfy the
linear-growth condition us(x) +vs(x) < [5(1+x%), where ls is locally
integrable. Let

t t

Gi(\;x) = /us ) ds+(e /vs )ds, A € R
0 0

Let (X, N1,N3) € C(R;,R3) be the Luzin solution to the idempotent
equation

t t
Xt:x+N1</us(X) /vs , x €R,
0 0

where N1 and Ny are independent Poisson idempotent processes, that
was constructed in the proof of Theorem 2.6.33. Then the idempotent
distribution of X is a solution to problem (z,G) so that II, is a
solution to (z,G) and assumes the form

I, (x) = exp( - / sup (X —(* - 1)y (30) (¢~ )y (x0) i

AER

if x is absolutely continuous and xg = x, and I1,(x) = 0 otherwise.

Proof. Let A; denote the 7-algebra on C(R,,R3) with atoms p;x,
P [, () ds™1 and Pty (x) ds™2: where (x,n1,n2) € C(R,,R3), A =
0 S

A, t € and 1dempotent probability II% NNz on C(R ,R3) be
+
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defined as in the proof of Theorem 2.6.33. It is sufficient to check
that Z = (Z;(x), t € Ry) defined by

tATN (%)
24(x) = exp (\kung o~ 0) = = 1) [ () ds
0
tATN (%)
— (e 1) / 0s() ds)),
0

where 7y (x) = inf{t € Ry : x; > N} and A € R, is an A-exponential
maxingale on (C(R,,R3), IINN1A2)  Let (x/,nf,nh) € C(Ry,R?) be

such that ITXVA2(x! nf nb) > 0. Then for s < ¢ by the definition
Of HX7N17N2

S(Zt|“45/\TN)(x’7n,17n’2) = sup
(x,n1,n2)EC(R4,R3)
tATN (X) tATN (x)
exp(()\nl( / us(x) ds) — (e* = 1) / us(x) ds)
0
tATN (%) tATN (x
sl [ ) - /
0 0
XNz ((x,nl,n2)|AsATN)(x ,ny,mb). (2.8.3)
Since
HX’NI N ((X, ni, n?) |AS/\TN) (Xla nlla nIZ)

<o n1) I (0

SAT X SAT X n
fo/\ N( ’)ur(x’)dr fo/\ N( I)UT(X’)dr 2)7

it follows that the right-hand side of (2.8.3) is not greater than
Zonry(x)(X'). For the reverse inequality, let %X be defined on
[0,s A 7n(x")] by %(¢q) = x/(¢), on [s A Tn(X'),t A Tv(X)] as a so-
lution of the equation

q q
Xg = stTN(x,)—i—e/\ / Uy (X) dr—e / vy (%) dr,

SATN (%) sATN (%)
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and on [t A Ty (%),00) by

q q
%q = Repry(i) / p (%) dr— / on (%) dr-

tATN (X) tATN (X)

The latter two equations have solutions by a standard

argument. We define 7; on [0 f SATN (X )dr] by
in(g) = nil@), on [ u(x)dr, [, o, ()dr] by
n1(q) = n’l( OSATN(X,)UT(X')dr) (q — OS/\TN ( " d ) and
on [fg”f“*)ur(fc)dr,oo) by f(e) = wn(f"™ u(x)dr) +

(¢ — t/\TN %) up (%) dr). Similarly, 7n2(q) = nb(g) on
[ SATN v( ’)dr], na(q) = n’2( OSATN(X,) (X ')d?") + e~ (q —

fos/\TN( x') r( )dT) on [fOS/\TN( x') ( )dr tATN (%) ( )d?"],

and m(q) = m( NGy (%) dr) + (g - (;:Am( %)y (%) dr) on

[ JATN vp(X)dr,00). Then (x,71,n2) satisfies equation (2.6.11),
HXNI:NZ((A ﬁ2)):HN(ﬁ1)HN( 5). Since
tATN (’A() tATN (f{)
exp()\ﬁl( / up (%) dr) — (e} — 1) / us(fc)ds)nf‘f (1)
0 0
sATN (x')
:exp()\nll( / ur (x') dr)
0
sATN (x)
@) [ ) ) ()
0
and
tATN (}A() tATN ()AC)
eXp(—)\ﬁg( / vp (%) dr) —(e *—1) / vs(ﬁ:)ds>HN(ﬁ2)
0 0
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S/\TN(X’)
f— exp (—>\’n/2 ( / 'UT- (xl) dr)
0
sATN (x')
— (6_/\ - 1) / Ur (X,) dT) HN([TLIQ]AS/\TN(X’))’
0

we conclude that the expression in the supremum on the right-hand
side of (2.8.3) evaluated at (X,71,72) equals Zary (x)(X').
Thus, S(Zinry [Asary) = Zsary - Therefore,

S(Zinry|As) = (S(Zinry [Asary) L(s < TN)) V (Zry L(s > 7))
= (Zsnry 1(s < 7N)) V (Zry L(s > TN)) = Zsnry-

O

We now study the uniqueness issue. We introduce for future use
for t € Ry

I;(x) = sup /)\ ~dxs — dGs(A(s);x)), (2.8.4)
0

I.(x) = {It(x)’ fxo =2, 585

o, otherwise,

IT, ; (x) = exp(—I; (%)), II;+(T') =supIl,(x), [ C C. (2.8.6)
xeC

As we have seen, II, is a natural candidate for a solution to (z, G).
We first show that it is a tight 7-smooth idempotent measure on C
under fairly general assumptions.

Definition 2.8.11. We say that G(\) satisfies the linear-growth con-
dition if there exist Ry —valued, increasing and continuous in t func-
tions F'(\) = (F}(\),t € Ry), A € RY, such that F}(\) = F}(0) =0
and for some increasing function ky € Ry we have for all 0 < s <1,
x€C and A € R?

G\ x) =G (A x) < FA(L+kix))) = FLO(14-Ex})).

Lemma 2.8.12. Let G()) satisfy the linear-growth condition. Then
I1, is a tight T-smooth idempotent measure on C.
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Proof. With no loss of generality we assume that © = 0 and check
that Ip(x) = — InIIy(x) defined by (2.7.2), (2.7.3), and (2.7.5), where
x = 0, is a tight rate function on C in the sense of Remark 1.7.17, i.e.,
the sets Lg,(a) = {x € C: Ip(x) < a} are compact for all a € R;.
Let x € Li,(a). Then xo = 0 by (2.7.5). By (2.7.2), (2.7.3), (2.7.5),
and the linear-growth condition we have for 0 < s < ¢, denoting by
ei, i =1,...,2d, the d-vector, whose |(i + 1)/2|th entry is 1 if i is
odd, —1 if 7 is even, and the rest of the entries are equal to 0,

|Xt - Xs| max € (xt - Xs)

1 + ktx;‘ - i=1,...,2d 1 + ktxz(

e

e

<d o (G ) ~ O (i) 79)

= T\ TN\ T T exy e/ ¢

<d I{laxM(Ftl(ei) — Fl(e;)) +da. (2.8.7)
i=1,...,

Since F}()\) is increasing in ¢, x has bounded variation over bounded
intervals; therefore, since k; is increasing, for 7' > 0

T

d Var;x 2d
t l
—— <d Fr(e;)+d
/1+kat - Z_Zl T(e)+ @
0 =

(recall that F}()\) = 0), which implies that
[ ax; 2d
< Fl(e; 2.8.
/ e _d; r(ei)+da, (2.8.8)
0 =
where ¢ = kr vV 1. By (2.8.8) and the fact that xo = 0 we deduce
that

2d
In(1+crxy) < erd(Y Fr(e)+a). (2.8.9)
i=1
Hence,
sup xp < 00. (2.8.10)
XELIO(G)

In analogy with (2.8.7) we can write for 7" > 0 and b > 0

|x¢ — X be; - (x; — Xs)
—— <d max —————=~

1 + ktx:; - i=1,...,2d 1 + ktx:;
<d max (F/(be;) — Fl(be;)) + da.

i=1,...,2d

b
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Therefore, for § > 0

sup sup  |x; — x|
x€Lpy(a) s,t€[0,T7:
ls—t|<d

d
< —[ max sup ‘Ff(bei)—Fsl(bei)‘—i-a](1+kT sup x7),
b i=1,...,2d S,tE[O,T]Z xELlO(a)
ls—t|<d

so by continuity of F}(\) in ¢

. da N
limsup sup sup  |xp—x4| < — |14+ kr sup x} ).
0—0 x€Lry(a) s,tef0,17]: b x€lLy,(a)

ls—t|<d
Letting b — oo and using (2.8.10), we conclude that the left-hand
side of the latter inequality is 0. An application of Arzela—Ascoli’s
theorem ends the proof. O

Remark 2.8.13. The above proof shows that if I, 7(x) < a, then the
bound (2.8.9) holds, which implies that the sets Us<i{x} : TI; 5(x) >
€} are bounded under the hypotheses for t € Ry and € € (0, 1].

By Lemma 2.7.11 if II solves the maxingale problem (z, G), then
II(x) <II;(x), x € C (2.8.11)

Our goal is to establish conditions when we actually have equality
above. Clearly, we need only to be concerned with the case IT,(x) >
0. We assume in the sequel that the cumulant is given by (2.7.7) and
(2.7.13), where (bs(x)) is C-progressively measurable, fg|b5(x)|ds <
00, (§s(\;x)) is non-negative, continuous in A and B([0,t]) ® B(R?) ®
C;/B(R, )-measurable as a map from [0,#] x R x C to R, , §5(0;x) =
0, and f[fsupw:Ags()\;x)ds <ooforte R,,Ae R, and x € C.
By Lemma 2.7.12 if IT,;(x) > 0, then x is absolutely continuous. We
note that by (2.7.2), (2.7.5), (2.7.6), (2.8.4), (2.8.5), and (2.8.6)

I, ;(x) | II;(x), x €C, ast— oo. (2.8.12)
The argument of the proof of Lemma 2.7.12 also shows that
t
_ /hs(ics; x)ds if x is absolutely
Ii(x) = : continuous on [0, ], (2:8.13)
00 otherwise.
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For the following theorem we recall that Z(\) = (Z;(\,x), t €
Ry,x € C) is given by (2.7.20) if the integral on the right-hand
side is well defined and finite, and Z;(),x) = 0 otherwise.

Theorem 2.8.14. Let deviability II solve the mazingale problem
(2,G) and x € C. Let there exist an Re—valued function A =
()\(s x), s € Ry, x € C) with the following properties.

a) Z(N) is a strictly Luzin-continuous local exponential mazingale
on (C,CY 1I) and admits a localising sequence of strictly Luzin
C-stopping times;

b) if X is such that II;(X) > 0 and a.e. in s € [0, ]

>‘(37 i)';(s_gs(j‘(sv i); i) = sup (A')L(s_gs(A; i)),

AERY
(2.8.14)
then X5 = X5, s € [0,t], where t € R .

Then I(pg ! o psx) =TI, 4(X), s € Ry, and II(%) = I, ().

Proof. Let {Tn, N € N} be a localising sequence of strictly Luzin C-
stopping times for Z(\) so that the (Ziasy (A), t € Ry ) are strictly
Luzin uniformly maximable exponentialA maxingale§ under II. Since
StiZipry (A) =1 and lima 00 SHZt/\TM()\) 1(Zipry (A) > A) =0, for
A large enough SuZiary (A) 1(Ziary (A) < A) = 1 so that the in-
equality

SttZinry (V) 1(Zinry (V) < 4)
[ sup Zt/\TN(x)(j‘(x)vx)H(x)] \/(CLA),
x€Ki(a)

where a € (01 1], implies that for @ small enough
SUDxe Ky (a) DAty (x ()\(x),x) (x) > 1. On the other hand, by
(%)

the deﬁmtlons of Z(A) and IT,, and (2.8.11)

Zt/\TN (x) (X(X),X)H(X) < Zt/\TN (x) (X(X),X)Hw (X) <L
(2.8.15)
Thus, if @ > 0 is small enough, then

SUP  Zyry () (M), %) (x) = 1. (2.8.16)
XEKH((L)
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Being a strictly Luzin idempotent variable on (C,II),
Zt/\TN(x)(j\(x),x) is continuous in x when restricted to Ky(a).
Also II(x), being a deviability density, is upper semi-continuous.
Therefore, the product Zt/\TN(x)(j\(x),x)H(x) is upper semi-
continuous when restricted to Ki(a). As the latter set is compact,
the supremum in (2.8.16) is attained, so for some x" € C

Zinrn o) (AEY), xMTI(xY) =1 (2.8.17)
(we suppress in xV dependence on t). Then by (2.8.15)
Zinrn ) (AN ), x)I (xV) = 1. (2.8.18)

In particular, IT,(x"V) > 0 so that by (2.7.6) and Lemma 2.7.12 xV
is absolutely continuous and x)’ = z. Thus, by the definitions of Z
and IT, as well as Lemma 2.7.12 we have that almost everywhere on

[0, A Tx(xN)]

~

A(s, x™) %) = gs (A(s,xV);xN) = sup (A% —g, (A x™))

AER4
(2.8.19)
and

/ )\suﬂgt (A% —g, (A xN)) ds = 0. (2.8.20)
€
ATy (xN)

Hence, by the requirements on A we conclude that xN=%,,0<s<
t Aty (xN). Since t A 7y (x) is a C-stopping time, by Lemma 2.2.21
tATn(xY) = t ATy (X). Therefore, by (2.7.5), (2.7.6), Lemma 2.7.12,
(2.8.5), (2.8.6), (2.8.20), and (2.8.13)

Hx,tATN(ﬁ) (%) = Ha:,t/\TN(xN)(XN) = Hw(XN)' (2.8.21)

Thus, by (2.8.17), (2.8.18) and (2.8.21), II(x") = M, (xV) =
IT, ;nry (%) (X), which implies, since xN e pt_AlTN(A) OPiary (%) X, that

H(Pt_AlTN(,E)OPt/\TN(x)ﬁ) > I(xN) = I jary (2) (%) (2.8.22)

On the other hand, by (2.8.12) II,;(x) > II,;(x) for x € C and
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t € Ry, so by (2.8.11), (2.8.4), (2.8.5), (2.8.6), and Lemma 2.2.21

H(p;/\lTN(;() O Pinry (%) X) = SUP{H(X)§ X € p;/\lTN(;() O Pinry (%) )Ac}
< sup{TL (3% € L o) © Penry i X

< sup{IT, jhry () (X); X € pt}lm(;() ° Pinry (%) X}

= IL, jnry (%) ()

Comparing this with (2.8.22) yields

TPy (50 OPtnrn (%) = I gy ) (%) (2.8.23)
Since Ty (X) — 00, it follows that ﬂ]"vo:lp;\lm (%) Ptrry %)X = pt_loptfc;
so since the sets p;\lTN (%) OPtATy (%) X are closed, by the 7-smoothness

property of deviability
1 T 1 A
(py “opex) = lim T(p, s 0Penry (3)%)- (2.8.24)
Also the convergence 7x (%) — oo, (2.8.4), (2.8.5), and (2.8.6) yield
L, (%) = Jim L, 0 o) (5) (2.8.25)

Putting together (2.8.23), (2.8.24) and (2.8.25) results in the equality
I(p, ' opy%) = I, ;(%X). The final assertion follows by taking in both

sides of the latter equality the limit as ¢ — oo, using 7-smoothness
of IT and (2.8.12). O

Remark 2.8.15. In the sequel we routinely omit indications that cer-
tain relations hold almost everywhere with respect to Lebesgue mea-
sure when this is understood.

Conditions for Z(\) to be a strictly Luzin-continuous exponential
maxingale on (C, C,TI) are given in Theorem 2.7.16. However, the
deviability II is not known to us, so it would be difficult to verify
the hypotheses of the theorem. Therefore, we introduce somewhat
cruder conditions, which have the advantage of not involving II. The
following conditions replace conditions (II;) and (II;;).

I The function bs(x) is continuous in x and

t

/sup |bs(x)|ds < 0o
) xeK

for all compacts K C C and t € Ry.
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IT The function §s(\;x) is convex in A € R?, continuous in (\,x) €
R? x C, and

sup sup sup §s(A;x) < oo, lim sup sup gs(A;x) =0
IA|<A s<t xEK A=0 5<t xeK

for all compacts K C C, t € Ry and A € R;.

If gs(A;x) has the form (2.7.55), Lemma 2.7.27 provides sufficient
conditions for conditions I and II to hold in terms of characteristics.

Lemma 2.8.16. Let g;(\;x) be given by (2.7.55), where (cs(x), s €
Ry, x€C), (v5(I;x), s e Ry, I' € B(RY),x € C), and (05(I';x), s €
R, T € B(R?),x € (C) are as defined in Section 2.7 with CIl-
progressive measurability replaced by C-progressive measurability.
Let by(x) and cs(x) be continuous in x, and [pa(exp(A-z) —1 —
A-x) vg(da;x) and [pq exp(X - ) Dg(de; x) be continuous in (X, x). If
for all compacts K CC, A€ R andt € Ry

t

/Sup|bs(x)| ds < 0o, supsup ||cs(x)|| < oo,
xeK s<t xeK

sup sup / (el —1 — Alz|) vy(da; x) < o0,
s<t xeK g
R

lim sup sup / (A —1—\-x) vs(dr;x) =0,

A=0 5<t xeK

Rd
sup sup/ eAlel Us(dz;x) ds < o0,
s<t xeK
hmsupsup‘/ I/s dxx‘—O
A=0 5<t xeK

then conditions I and II are satisfied.
We now define the class of integrands.

Definition 2.8.17. Let A denote the set of_all R? —yalued C-
progressively measurable idempotent processes A = (A(t,x),t €
Ry,x € C) such that the A(t,x) are continuous in x, for a € R,
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teRy andxeC

t
/gs(o&\(s,x);x) ds < 00
0

and for every compact K C C

t

sup /gs(o&\(s,x);x) 1(JA(s,x)| > A)ds — 0 as A — 0.
xeEK
0

Obviously, A c Ay for every deviability II on C.

Remark 2.8.18. IfI1, is a deviability, then both in conditions I and
11 and the definition ofA we could consider only compacts Km,(a),
where a € (0,1] and K, (a) = {x : II;(x) > a}, and require that x
be such that II,(x) > 0.

The following consequence of Theorem 2.7.16 allows us to check

that Z () satisfies condition a) of Theorem 2.8.14.

Theorem 2.8.19. Let conditions I and II hold. If X € A and I
solves the mazingale problem (z,G), then the idempotent process
Z(X\) is a strictly Luzin-continuous local exponential mazingale on
(C,CUII), which admits a localising sequence of strictly Luzin C-
stopping times.

Proof. By Theorem 2.7.16 Z()) is a strictly Luzin-continuous local
exponential maxingale on (C, C' II). It is straightforward to check
that the sequence {7y, N € N} defined by

v (x) = inf{t € Ry : /QS(Q)\(S,X);X) ds+t > N}
0

is a localising sequence of strictly Luzin-continuous C-stopping times.
O

We now consider the issue of choosing the function A to satisfy
condition b) of Theorem 2.8.14. There are two ways of doing this
as is shown by the following lemma. We denote by Vg,(A;x) the
gradient of gs(A;x) with respect to A if it is well defined.
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Lemma 2.8.20. Let g5(\;x) be differentiable in X\. Let x € C be
absolutely continuous.

~

1. If a function A = (A(s,x), s € Ry, x € C) is such that
X5 = Vgs(A(s,%); X)

for II;-almost all x and almost all s € Ry, then condition b)
of Theorem 2.8.14 is satisfied.

~

2. If a function A = (A(s), s € Ry) is such that the equation
x5 = Vgs(A(s);x), xo = ,

has the only solution x = x, then condition b) of Theo-
rem 2.8.14 is satisfied.

Proof. By the requirements on x in part b) of Theorem 2.8.14 and
the necessary condition for attaining supremum xs = Vgs()\(s X); X).
Hence, if \ is from part 1 of the lemma, then X, = X, so that since
%o = %o = = we conclude that x = x. If \ is from part 2 of the
lemma, then X = x by definition. O

We are able to obtain somewhat general uniqueness results only
for the case where X is chosen as in part 1 of Lemma 2.8.20, so we
concentrate on that case. However, we give examples that show an
application of the approach in part 2. We next state a uniqueness
result for a “diffusion” maxingale problems.

Theorem 2.8.21. Let the canonical process X be a semimaxingale
under I with local characteristics (b,c,0,0) starting at x. Let the
following conditions hold:

1. the functions bs(x) and cs(x) are continuous in x € C,

2. for every t € Ry and compact K C C

t

/sup |bs(x)|2ds < 00, supsup ||cs(x)|| < oo,
) xeK s<t xeK

3. for every t € Ry and compact K C C

inf inf inf X-cg(x)A > 0.
s<txeK \cR4:
|A=1
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Then I1 =11,.

Proof. We first note that g,(A;x) = X - ¢ (x)A/2. Let x € C be
such that IT,(x) > 0. We prove that II(x) = II,(x). We apply
Theorem 2.8.14. By Lemma 2.8.16 conditions I and II are satisfied.
Since x is absolutely continuous and ¢;(x) is positive definite for all
x € C, we can define

At,x) = (%) 7 (% — by (x)). (2.8.26)

Since X, = Vg;(A(t,x);x) for all x, by Lemma 2.8.20 \ satisfies
the condition of part b) of Theorem 2.8.14, so by part a) of The-
orem 2.8.14 and Theorem 2.8.19 it suffices to check that A € A.
Firstly, we note that for x € K, where K is compact,

t

/ sup |, —bs(x)[2ds < 0. (2.8.27)
2 xEK

Indeed, we have

t t

/sup|§.cs—b x)|?ds < 2 / x)|?ds
xeK

0 0
t

—I—2/ig[g|b (%) — bs(x)[%ds. (2.8.28)

Since by Lemma, 2.7.12

we conclude that the first term on the right of (2.8.28) is finite. The
second one is finite by hypotheses. Inequality (2.8.27) is proved.
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Next, we have by (2.8.26) for x € Kp(a) and a € R4, denoting

¢ = infs<y infyxe g infy (pa, A - ¢5(x)A, that
Al=1

t
/gs(aX(s,x);x) 1|3 (s,%)| > A)ds
0

a?
2

/(écs — by(x)) - cs(x) H(%s — bs(x)) L(|A(s,x)| > A)ds
0

< S [l = bR 10AG 0] > Ay
0

so that by (2.8.27) and absolute continuity of the Lebesgue integral
the required limit

lim sup /g (aA(s,x);x) 1(|A(s,x)| > A)ds =0

A—o0 xceK
0

would follow by

t

lim sup/ 1(|A(s,x)| > A)ds = 0.

A—o0 xceK

The latter limit follows since by (2.8.26), (2.8.27) and hypotheses

xeEK

t t
/ 5,%x)|%ds < ¢~ /sup |%5—bs(x)|2ds < oo.
0

O

As a consequence of this result, Theorem 2.6.24 and Theorem
2.6.30, we have the following existence and uniqueness result for
idempotent Ito equations.

Theorem 2.8.22. Let (bs(x),s € Ry,x € C) and (o5(x), s €
R, ,x € C) be respective R?-valued and R -valued C-progressively
measurable idempotent processes. Let the following conditions hold:
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1. bs(x) and o4(x) are continuous in x € C,

2. linear growth: for everyt € Ry and x € C

t
b (x)|? os(x)] 2
/|11( )*|2 ds—+sup Hl 1 )*“2 < 00,

; X, s<t 1+ x;

3. for every t € Ry and compact K C C

inf inf inf X-o,(x)o,(x)TA > 0.
s<txeK \cR4:
=1

Then the equation
Xy = by(X) + oy (X)W, X =1,

has a unique Luzin solution. The idempotent distribution of X 1is
given by

o0

1) = exp(— [ b)) (on(x)on07) " Ger—bi o)) )
0

if x is absolutely continuous and xo = z, and II*X (x) = 0 otherwise.

Proof. By Theorem 2.6.24 the equation has a Luzin solution X. By
Theorem 2.6.30 and Theorem 2.8.21 uniqueness holds. The form of
1% is given in Lemma 2.6.19. O

Remark 2.8.23. One can weaken the conditions of Theorem 2.8.22
by requiring that the non-degeneracy condition 3 in the hypotheses
hold for compacts Km,(a), where a € (0,1], and x in conditions 1
and 2 is such that II,(x) > 0.

If the function gs(\;x) is more general than in Theorem 2.8.21,
we cannot apply Theorem 2.8.14 to all x € C such that IT,(x) > 0,
so we have to introduce additional regularity conditions, e.g., require
that the derivative %x; be locally bounded. As for “nonregular” x,
a way to establish for them the equality II(x) = II,(x) is to see to
it that each such x can properly be approximated by “regular” x.
Below we assume without further mentioning that II is a solution to
the maxingale problem (z,G).
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Definition 2.8.24. Let D C C. We define the II,—closure of D as
the set of all x € C such that II;(x) > 0 for which there exists
a sequence x¥ € D such that x¥ — x and T, ;(x*) — T, 4(x) as
k — oo for allt € Ry. We say that D is II;-dense in C if its
IT, —closure coincides with the set {x € C: IL,(x) > 0}.

Remark 2.8.25. If conditions I and II hold, then by (2.8.4),
(2.8.5) and (2.8.6) II,;(x) is an upper semi-continuous function
of x. In this case in the above definition of the IL,—closure of D
it is sufficient to require that x* € D be such that x* — x and
lim infy, o Hmyt(xk) >1II,(x), t € Ry

Lemma 2.8.26. If II(p; ' o py x) = I, 4(x),t € Ry, for all x €
D C C, then H(p;* opy x) = I, ;(x), t € Ry, for all x from the
I1,—closure of D. If, in addition, the set D is I1,—dense in C, then
uniqueness holds for the mazingale problem (z,G) with II = IL,.

Proof. Let x belong to the IT,—closure of D. Let x* € D be such
that x¥ — x and II, ;(x*) — II,,(x), t € R;. Since pixF — pyx, it
follows that, for arbitrary ¢ > 0, p; * op;x* C p; (B6 (ptx)) for all k&
large enough, where B.(p;x) is the closed e-ball about pyx. Since by
the 7-smoothness property of deviability lim, g H(p; ! (B6 (ptx))) =
T(p; ! op; x), we conclude that lim supy_, . TI(p; * opy x*) < T(p; ' o
pix). Since also I (p, " opy x¥) = I, ;(xF) — T, 4(x) as k — oo, we
have that II,;(x) < H(p; ' op;x). On the other hand, IT, ;(x) >
II, (pt_l opy X) > H(Pt_l op; x) by the definitions of I, ; and IT,, and
(2.8.11), so IL, 4(x) = TI(p, *opy x), t € Ry.

Finally, if D is II,-dense in C, then by the part just proved,
the 7-smoothness property of deviability and (2.8.12) II(x) =
limy_yeo H(pt_1 opyx) = limy_y00 I ¢(x) = II;(x) when IT,(x) > 0. If
IT,;(x) = 0, then II(x) = 0 = IT,(x) by (2.8.11). O

Theorem 2.8.27. Let gs(\;x) meet conditions I and II and be dif-
ferentiable in A. Let there exist a family {G,,, m € N} of subsets of
R? and an R%-valued function (A(s,x,y), s € Ry, x € C,y € RY),
which is B[0,t] ® C; @ B(RY)/B(R?) ~measurable when restricted to
[0,t] x C x R for t € Ry, continuous in x, bounded on the sets
[0,t] x K x G, where t € Ry, K C C and is compact, and m € N,
and such that

y = Vgs(A(s,x,9);x) (2.8.29)
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fory € UX_Gy,, (almost all) s € Ry and I, —almost all x.
Let

(0.0)
D = U {x € C: x is absolutely continuous, xg = x, and
m=1

xs € Gy, s € Ry} (2.8.30)

Then T (p; ' opyx) = I, 4(x), t € Ry, whenever x is in the T~
closure of D. If the set D is, in addition, I1,—dense in C, then
uniqueness holds for the maxingale problem (xz,G) with II = I1,.

Proof. For x € D we define A(s,x) = A(s,x,X,). The function A(s, x)
is C-progressively measurable, bounded on the sets [0,7] x K for
T € R, and continuous in x. Therefore (A(s,x),s € Ry ,x € C) €
A so that by Theorem 2.8.19 Z(\) is a strictly Luzin-continuous
local exponential maxingale under II and admits a localising sequence
of C-stopping times. Since also by (2.8.29) %y = Vgs(A(s,X); )
for (almost all) s € R} and II;-almost all x, Theorem 2.8.14 and
Lemma 2.8.20 imply that TI(p; ' op; X) = I, (%), t € Ry, and an
application of Lemma 2.8.26 ends the proof. U

We give an application.

Theorem 2.8.28. Let d = 1. Let the canonical process X on C be a
semimazingale starting at x € Ry under II with local characteristics
(bq,0,v,0), where vs(T';x) = 1(gs(x) € T')bs(x), and bs(x) and gs(x)
are Ry —valued functions, which are C-progressively measurable in

(s,x) and continuous in x € C. Let for every t € Ry and compact
K cC

inf inf bs(x) > 0, sup sup bs(x) < 00,

s<txeK s<t x€K

inf inf >0, sups < oo.

Ak 00 > 0 ) < o
Then I1 =11,.

Proof. We apply Theorem 2.8.27. Conditions I and II are met by
Lemma 2.8.16. The function gs(A\;x) = (e*=) — 1)by(x) is dif-
ferentiable in A. We take in the hypotheses of Theorem 2.8.27
Gm = [1/m,m] and

b >07
As, %) =4 x)  b@gx) Y
0, y <0.
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We check that D is IT,~dense in C. Let x € C be such that IT;(x) >
0. By Lemma 2.7.12 x is absolutely continuous; also

/sup Ax; — () —1)by(x))dt
) AER

so that %X; > 0 a.e. We define x* by x’g =z and x¥ = (%, 1(%, <
k)) V #. Convergence x* — x is obvious. We prove that for t € Ry

t
lim | sup(Ax® — (2" — 1)b,(x*))ds

k—o00 ACR
0
_ / Sup(As — () _ )by (x))ds. (2.8.31)
) AER
We have
t
/ (0040~ 1)by (o)) ds
t
Xs ks o
0/ B~ a6 )
l(xs < k,xs —)ds
t
1 1
—i-O/ Fgs(x kbs(xF)qs(xF)  kgy(x) +bs(xk))
(1(xs < %) + 1(x, > k))d

Since f(f %X Inxs 1(xs > 1)ds < oo by the fact that I(x) < 0o and hy-
potheses, by(x*) — by(x) and ¢,(x*) — ¢5(x) as k — oo, Lebesgue’s
dominated convergence theorem implies that the right-hand side con-

© 2001 by Chapman & Hall/CRC



Maxingale problems 225

verges to

0/ (q:zc) . bs(x;c;s x) q:E;) + bs<x>) 1(%, > 0) ds

ending the proof of (2.8.31). O

We now counsider a version of the above result, which will be used
in an application to the analysis of a many-server queue in part II.
This result also shows the use of the other method of choosing the
function .

Theorem 2.8.29. Letd = 1. Let deviability 11 on C be such that the
canonical process X is a semimazingale on (C,II) starting at x € Ry
with local characteristics (b,0,v,0), where

vs([yx) = 1(1 € Tvs(x) + 1(—1 € Dus(x) (x5 A ms(x)),
bs(x) = vs(x) — us(x) (x5 A ms(x)),
and vs(x), us(x) and mg(x) are Ry —valued functions, which are C-
progressively measurable in (s,x) and locally Lipshitz-continuous in

x € C. Let also for every t € Ry and compact K C C

inf inf vs(x) >0, sup sup vs(x) < oo,

s<txeK s<t x€K
inf inf ug(x) > 0, supsup us(x) < 0o
s<txeK 5( ) ’ sglt)xelg S( ) ’
inf inf mg(x) > 0.
s<txeK

Then 11 = I1,.

Proof. We first consider the case where z > 0. Let x be such that
I, (X) > 0, supsc(oq%s| < oo and infycoy%s > 0 for t € Ry, We
define a function 5\(3) by the equality

%, = MOy (%) —e MOy (%) (ko Ay (%)). (2.8.32)
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The function A(s) is well defined, satisfies the conditions of part 2 of
Lemma 2.8.20 and, being locally bounded and Lebesgue measurable,
is an element of A; also by Lemma 2.8.16 conditions I and II are met;
so Z()) is a strictly Luzin exponential maxingale by Theorem 2.8.19
and admits a localising sequence of strictly Luzin C-stopping times.
Therefore, by Theorem 2.8.14 TI(x) = IL,(%) and M(p; ' o p;%x) =
HCL‘,t()Ac), teR,.

For more general functions x such that II,(x) > 0 we apply
Lemma 2.8.26. Let us consider the instance where infscjg %5 > 0

for t € Ry. We define

S

xb = x+/§cp1(|§cp| < k) dp. (2.8.33)
0
Then supse[o,tﬂfc’; — %5/ — 0 as k — oo0; in particular,

lim infy 00 infyepo g fc’; > 0 so by the part just proved H(pl;1 opixF) =
IT, ,(%%), t € R;. Since for absolutely continuous x

t
I(x) = /i‘elgo\ks_(e)\_l)vs(x)_(e_)\_l)us(x) (Xs/\ms(x))) ds,
0

to prove that II(x) = I1, (%) it is sufficient to show by Lemma 2.8.26
and Remark 2.8.25 that for all t € Ry

t

lim sup/sup()\f.c’sc — (e* = 1wy (x%)
k—o0 AER

— (e = Dug(xF) (%5 Amy(%5))) ds

< / sup (A% — (X — 1)y (%) — (e = 1)us (%) (k5 Ams (%)) ds.
) A€ER

(2.8.34)
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t
/sup Ax;— (e —l)vs(fck)—(e_/\—l)us(fck)(fcf/\ms(fck)))ds
AeR

+ sup(—(eA — 1)ug(&F) = (e — 1)uy (&F) (X5 A my (%))
A€R

1(xs] > k) ds. (2.8.35)

The second integral on the right converges to 0 as £k — co. We
work with the first integral. Let C; > 0 and Cy > 0 be respective
upper and lower bounds over large values of k and s € [0,¢] for the
(x Amg(X )) C3 > 0 and Cy > 0 — upper and lower bounds for the
vs(%x*¥), and C5 > 0 and Cs > 0 — upper and lower bounds for the
us(%X¥). Let M(s) be the points where the supremums in the first
integral on the right-hand side of (2.8.35) are attained so that

%, = N Dy (8F) —e N Oy (&7) (KEAm, (7). (2.8.36)
Since for AF(s) positive Ny (xF) — e*)‘k(s)us(fck)(fc’; A
ms(fck)) > C46Ak(s) — C5C; and for MF(s) negative

N O (%K) — e N Oy (&F) (KE A my(&F) < Oy — e N OG0,
we conclude that

E(s) < %] + 0501, M) < %] + Cs
- Cy ’ - 0y

We thus write for the first integral on the right of (2.8.35)

t
/ )\xs (e —1)1)5()%]“)—(e_)‘—1)u5(§ck)(§cf/\ms(§ck)))ds

t
- / (M(8)is — () — oy (&)
0

— (€M) — Duy (%) (£ A my(29))) ds
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By (2.8.37) and the facts that x is absolutely continuous, u,(x), vs(x)
and m,(x) are continuous in x and bounded, and the X* converge
uniformly on [0,¢] to X as k — oo, the latter two integrals converge
to 0 as k — o0, so (2.8.34) follows.

Let us now assume that X is an arbitrary function such that
IT,(x) > 0. Clearly, x is R;-valued, absolutely continuous, and
%0 =z > 0. Let ¥ = o+ [ %, 1(%, > 1/k)du. Since x, = 0 on
the set {x; = 0} (a.e.), we have that ¥ — % uniformly on bounded
intervals. Since x¥ = %, Vv (1/k) for k large, by the part proved
M(p; ' o pxF) = II, 4(%*), t € Ry, so by Lemma 2.8.26 in order to
prove that II(x) = IT,(x) it is sufficient to show that (2.8.34) holds.
We have
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t

:/sup Axs — (€ = 1) (%F) — (67 = 1)us (XF) (%5 Amns (%F)) )
0

1(x, > 1/k)ds

sup (e* — Dy (xF) — (e — l)us(fck)(fc’lsC A ms(fck)))

o\“

1(%, < 1/k)ds. (2.8.38)

Routine calculations show that the second integral on the right-hand
side of (2.8.38) converges to f(f vs(x) 1(x5 = 0) ds as k — oo. Defin-
ing A\¥(s) on the set {s: %; > 1/k} by

);(5 = BAk(s)Us(ﬁk)—e_/\k(s)us(f(k)(ﬁsAms()A(k)),

we have estimates analogous to (2.8.37) with the right inequality
replaced by

()Acs/\ms(fck))eﬂ\k(s) <

so that
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The required convergence follows by the fact that the last three in-
tegrals on the right-hand side converge to 0 by the same argument
as above.

We now consider the case z = 0. Let X be such that IT;(x) > 0,
SUPgefo,q|Xs| < 00, infseoq%xs > 0, and infye g%s > 0 for £ € Ry
and some ¢ > 0. We again define A(s) by (2.8.32). It is evi-
dently bounded on [e, t]. Next, since by (2.8.32) %, < e*®)y (%), we
have that e*®) > is/Cé; hence, X, = Ay (%) — e My, (x) (fcs A
ms(%)) > MO, — CLOL (%5 Amg(X)) /X5, where C%, C} and C} have
a similar meaning as above. We thus conclude that there exist Ay, As
and Ajg, which depend on X, s € [0, €], but do not explicitly depend
on X, such that for s € [0, ¢]

. < . A
Az, < M) < Agx 4+ 22 (2.8.39)
Xs

Since %, is bounded both from below and above on [0,¢€], so is
A(s). Hence, by Theorem 2.8.14 II(X) = IL,(x) and II(p; ! o p;X) =
IT, (%), t € R;. _

Next, let X be such that IT,(x) > 0, inf,cpq%s > 0, and
infere g %xs > 0 for ¢ € Ry and some € > 0. We define x* in analogy
with the case x > 0 by (2.8.33). Then following the same line of
reasoning we need bounds on \¥(s) defined by (2.8.36) in order to
prove that

t
/ 1 () 1o (%F) — v, (%)| ds — 0, (2.8.40)
t

k(s A A N
/|e A 1 fug (%7) (%5 A mg (%))

€

—ug(X) (%5 Amg(%))]ds = 0, (2.8.41)
j 12 (5) — 1oy (%F) — vs(%)| ds — 0, (2.8.42)
0
/gleA ) — 1Jus () (%5 A ms(%7))
0 —us(%) (%5 Amg(%))|ds — 0. (2.8.43)
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On the interval [e,t] bounds (2.8.37) apply yielding convergences
(2.8.40) and (2.8.41). Bounds on [0,€] that imply limits (2.8.42)
and (2.8.43) are given by (2.8.39) with suitable A;, Ay and As.
Next, let x be such that II,(x) > 0 and not 1dentlcally equal to
0. Let ¢ = inf{s € R+ . %, = 1/k}. We define %* by % xs = Sxfk/elrg
for s € [0 ex] and x¥ = %,V (1/k) for s > €. Then TI(p; " o p;x*) =
II, ,(%*), t € R;, so we need to prove that (2.8.34) holds. We have

t
/sup Ax —(e* —1)vy(x k)—(e_)‘—l)us(fck)(fcf/\ms(fck)))ds
AeR

< / sup(ARE— (e} = 1)v, (%5) = (e = L)uy (£°) (REAm, (%F))) ds

AER

sup(—(e* — 1)vy (%%) — (67 — Dus (x%) (%% A miy(%4)))

1(%, < 1/k)ds. (2.8.44)

By an argument similar to the one used for deriving an asymptotic
bound for the right-hand side of (2.8.38) the limit superior as & — oo
of the sum of the latter two integrals is not greater than I;(x). Let
M (s) be the points, where the supremums in the first integral on the
right of (2.8.44) are attained. Then the integrand takes the form

Ao ()RE = () = 1)ug (%) — (e M) — yuy(8F) (1" /\ms()?:k))
< W (8)%E 4 wg(%F) 4 s (&F) (%5 A mg (xF)).

Since the derivatives )?:’s“ equal X, /€r and €, — 0 as k — oo, the esti-
mates (2.8.39) applied to x¥ show that the first integral on the right of
(2.8.44) converges to 0 as k — oo provided limy_; o X¢, ‘ln xek/e]g ‘ =

0. The latter limit follows since xek‘ln Xe, /€k) ‘ < foe’“|xs In|x,|| ds
and f0|xs In|x,|| ds < oo since I;(X) < co.
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Finally, if X, = 0 for all s € Ry, then we let fc’; = s/k for
5 € [0,1/k] and ¥ = 1/k for s > 1/k. O

Remark 2.8.30. This theorem illustrates the general feature that
if the function X\ is chosen as in part 2 of Lemma 2.8.20, then one
needs to impose Lipshitz continuity conditions on the coefficients.

Our purpose now is to state uniqueness results for more general
functions gs(A;x). In the next lemma, given a closed convex set
F C R™, we denote as projpA the projection of A € R™ onto F'; for
a closed convex cone N € R?, we denote as aff N the affine hull of
N; Nt ={\eR¢: \-y <0forally € N} denotes the polar cone
of N. As above, ri N denotes the relative interior of V.

Lemma 2.8.31. Let conditions I and II hold, and gs(\;x) be dif-
ferentiable in X. Let there exist a closed convexr cone N C R¢
such that gs(A\;x) is strictly conver in X € aff N, gs(\;x) >
gs(projaﬁNA; x),A € RY s € Ry ,x € C, and the following holds:

1. for every t € Ry and compact K C C

A X
lim inf inf gs( ) =
AC aff N:  s<txEK |pr0]N)\|

|pTog N\ A|—o00

)

2. for every t € Ry, compact K C C and A € Ry

inf  inf inf gs(\;x) > —oc;
e aﬁN s<txeK
Iprojy Al<A
3. for everyt € Ry, A€ Ry, x € C, and sequence x*¥ — x

t

lim sup  g5(A;x") = g5(X; %) ds = 0;
k—o00 A aﬁN
0 |projyAl<A

4. if N+ #0, then for everyt € Ry and x € C

A;
lim supsupg 5 (X %) <0.
AENL: s<t |>‘|

[A| =00
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Then T (p; *opix) = IT, ;(x), t € Ry, for every x such that xo = z,
Xs € N (a.e.) and supgep, |Xs| < oo. Also, if II;(x) > 0, then
xs € N (a.e.)

Proof. We apply Theorem 2.8.27. Denote as N’ the polar cone of N
relative to aff N, i.e., N' = N+ naff N and let for m € N

1
Ny, = {ycaff N: )\-yS—E|A||y| for all A € N'},
Gn = {y€Ny: |y <m}.

We next define A(s,x,y) in the statement of Theorem 2.8.27. If y ¢
riN, we set A(s,x,y) = 0. Let y € ri N (the latter set is nonempty
since N is convex, von Leichtweiss [131]). Since ri N = US>_, G, we
have that y € G, for some m.

We now prove that for every compact K C C and ¢t € Ry there
exists Cp > 0 such that the inequality A -y — gs(A;x) < 0 holds for
x € K, s <tand A € aff N such that |A\| > Cy. If |y| = 0, then
aff N = N, so A = projy A and in view of condition 1 -y — gs(A; x)
is negative for x € K and s <t if |\| is large enough.

Let us assume now that |y| > 0. We first consider the case when

1
A € aff N is such that A -y < —2—|)\||y|. Then for s < ¢
m

1
oy — . < —_ i ; .
Ay—gs(Ax) < 2ml/\llyl Aelgf_ffN%ftgu(MX)

which by conditions 1 and 2 of the lemma is negative for all x € K
and s < ¢ if |A| is large enough. Now, let A € aff N be such that

1
A-y > —=—[Alyl. Then
2m

[projyA| > 1
Al T 2(m+1)

(2.8.45)

To see this, write A = A\; + A2, where A\; = projyA and Ay = projyA.
1

Since y € Gy, C Ny, and A\p € N, it follows that Ay -y < ——|A1]]y;
m

1
on the other hand, A -y > ——|\||y|, so
2m

A
Xally] > Aoy = Ay—A1y > M(p\ﬂ_u) >
m 2

Al

T )}

m
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Al

1
Hence, [Ao|(1+ —) > D (recall that |y| > 0) which is equivalent
m m

to (2.8.45) by the definition of As.
Inequality (2.8.45) and condition 1 imply that, given L > 0, we
have, if |A| is large enough, that for x € K and s <t

A y—gs(Ax) < I/\Ilyl—2 A,

L
(m+1)

which is negative if L has been chosen large enough.

Thus, in all the cases we have that A -y — gs(A;x) < 0 for all
x € K and s <tif A € aff N is such that |A| is large enough. The
claim is proved.

We thus conclude, since A -y = proj, g yA -y and by hypotheses
gs(A;x) > gs(proj, gy A X), that for x € K and s <t

sup (A-y —gs(Ax)) = sup (A-y —gs5(A;x))
A€Rd Acaff N
= sup (A-y—gs(\;x)), s <t. (2.8.46)

e aff N:
[AI<Co

Since the function A -y — ¢gs(A;x) is strictly concave in A € aff N by
the hypotheses, it attains supremum on {A € aff N : |A\| < Cp} at a
unique point, which we take as A(s,x,y).

Thus, we have defined A(s, x,y) for all y € RY. We check that it
satisfies the conditions of Theorem 2.8.27. By definition

A(s,x,y)-y—gs(A(s,x,y);x) = sup (A\-y—gs(A;x))
AER4

for s € Ry, y € UP_ Gy, x € C, which implies (2.8.29). Equality
(2.8.46) shows that A(s,x,y) is bounded on the sets [0,t] x K x Gy,
where t € Ry, K is compact, and m € N. Also it is B[0,t] ® C; ®
B(R%)/B(R%) —measurable when restricted to [0, ] x CxR? for t € R,
since gs(A; x) is C-progressively measurable in (s,x) and continuous

in ), and for I € B(R?)

{(s,x,y) : A(s,x,y) € T'}

={(s,x,y):  sup (Ay—gs(X;x)) = sup (Ay—gs(A;x))},
xernaff N AER4
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if I' 0, and

{(s,x,9) : A(s,x,y) € I'}
={(s,x,y):  sup (Ay—gs(\;x)) = sup (A\-y—gs(\;x))}
xernaff N AERC

Ui, xy) sy ¢ 1iNg,

if I' 5 0, where supy = co. (Note that by continuity of gs(A;x) in A
the supremums may be taken over the rationals.)

Finally, A(s,x,y) is continuous in x. Indeed, let x* — x as
k — oo. If y ¢ 1i N, then A(s,x*,y) = A(s,x,y) = 0. Let y € ri N.
Hence, y € G,, for some m and, since the set {x* &k € N} is relatively
compact, the set {A(s,x*,y),k € N} is bounded; so there exist \' €
aff N and subsequence k' such that A(s,x¥,y) — X as k' — oo.
Since A(s,x*,y) -y — gs(A(s,x*,y); xF) > Xy — gs(\; xF) for X € RY
and g, (\; x) is continuous in (A, x), we conclude that A'-y—gs(\';x) >
Ay—gs(A;x) so that X'-y—gs(N';x) = supy¢ o y (A-y—9s(X;x)). Since
the point where the supremum is attained is unique, ' = A(s,x,y)
proving that A(s,x*,y) — A(s,x,y) as k — oo. Thus, existence of
A(s,x,y) in the statement of Theorem 2.8.27 is proved.

Let x be such that

X0 =, X; €N, A= sup |x,| < o0. (2.8.47)
seRy

We prove that II(p, ‘op;x) = IT, 4(X), t € Ry . Let D be defined as in
Theorem 2.8.27. According to Theorem 2.8.27, the required equality
will follow if we find a sequence x* € D, which converges to x as
k — o0, and is such that

lim IL,(x*) = II, 4(%), t € R,. (2.8.48)

k—o0
Since ri N is nonempty, there exist § € N and r € (0,1) such that
|g| = 1 and A\ - § < —r|A| for all A € N'. We observe that if y € N
and |y| < A, then, given k € N, there exist o > 0 such that a — 0
as k — oo and y + oy € Gy if k > kg = [(A+ 1)/r] + 1. Indeed,
since A\-g < —r[Aand Ay <0if X e N, || =1 and |y| < A, we
have, for A € N' and 0 < o < 1, that A+ (y + ax§) < —agr|A| <
—apr|A||ly+aryl/(L+A), so if ag, = (1+A)/(rk), then y+ iy € Gy,
for k > k.
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We define next x¥ = %, + o 9s, s € Ry. Since X5 € N, we have
by (2.8.47) that x¥ € Gy, so x¥ € D by (2.8.30). By Lemma 2.7.12,
(2.8.6), and Remark 2.8.25, for (2.8.48) we need to prove that

t t

limsup/ sup (A-x¥—g,(\;x*))ds S/Sup (A-xs—gs(X; %))ds.
k—o0 ) AER4 )

Since for y € ri N the left equality in (2.8.46) holds and x* € G}, C
ri IV, it suffices to prove that

t

limsup/ sup (A xF — g,(A\;x%)) ds
k—o0 0 Aeaff N

t
/ sup (A Xs — gs(A\; %)) ds.  (2.8.49)
e afEN

0
We denote AF = A(s,x* x¥) and observe that \¥ € aff N. Since
x* € N, it follows that )\’5“ xF < projy A - ¥, so, by the definition
of A(s,x,y)

s

0< sup (A xf — gs(N; xk)) < |prOJN)\k||Xk| — (Af;xk),
Acaff N

which implies by the facts that x* is bounded (see (2.8.47)), A\ €
aff N and condition 1 holds that

B = sup sup |projy M| < oo. (2.8.50)
k>ko s<t

Next, by the definitions of \¥ and x*

sup (A- x’j — gs()\;xk))
Acaff N
= (M5 %, — g (A5 %)) + Al - — (95 (A5;xF) — g, (M%),
(2.8.51)

Since || = 1 and § € N, we have that A\ - § < |projyA\¥| < B. Also,
by (2.8.50) for k > kyp and s < 't

lgs(AFsxF) =g, (A5 %) < sup gs (N xF)—gs (X5 %))
)\E‘aﬂ.N:
|[projyA<B
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Therefore, by (2.8.51) and (2.8.50) for & > kp and s < ¢

sup (A -xF — go(AsxF)) < sup (A% — go(\i X)) + Boy
A€ aff N e aff ¥
+osup g5 (AixF) = gs(A;%)]
Xeaff v:
[projyAl<B
which implies (2.8.49) by the convergence oy — 0 and condition 3,
finishing the proof of (2.8.48).

We consider now the second assertion of the lemma. There is
something to prove only if N # R%. If y € R\ N, then A-y > | A||y]
for some A € N+ and € > 0, so by condition 4 of the lemma, for
every x € C,

Ay — gs(A
lim sup 2 Y = 9 (%)

AeNL: |>‘|
[A| =00

> elyl,

and therefore supycga(A-y—gs(A;x)) = oo. By Lemma 2.7.12, (2.7.6)
and (2.7.8) this implies that x; € N if II,(x) > 0.
O

We now apply Theorem 2.8.27 and Lemma 2.8.31 to a proof of
the following uniqueness result.

Theorem 2.8.32. Let conditions I and II hold, and gs(\;x) be dif-
ferentiable and strictly convez in X\ € RE. Let, in addition, the fol-
lowing hold:

1. for every t € Ry and compact K C C

lim inf inf 2%
[A| =00 s<txe K |>\|

?

2. for every t € Ry, compact K C C and A € Ry

inf inf inf A;X) > —00
|)\\§As§txngS( ;%) )

3. for every t € Ry and x € C there exists | > 1 such that
(IA;x)

lim inf inf Is

> 1,
A|—o0 s<t gs(A; x)
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4. for everyt € Ry, compact K C C and x € K there exist n > 0
and v > 0 such that

gs(\;x')

liminf inf inf > 0.

A|ooo s<t X €K: gs(nA; x
sup [x,—x|<y
r<t

Then uniqueness holds for the mazingale problem (z,G) with II =
I1,.

Proof. We first observe that conditions 1 and 2 of the theorem imply
that for every t € R, and compact K C C

inf inf inf g,(\: —0. 2.8.52
nf, érgltigng( ;X) > —00 ( )

It is easy to see that all the conditions of Lemma 2.8.31 hold with
N = R?. (In particular, condition 3 follows by conditions I and II.)
Hence, by Lemma 2.8.31 II(p, * op; x) = IL, 4(x), t € Ry, if, in addi-
tion, xg = = and sup,cg, |%;s| < 0o. The proof of Lemma 2.8.31 also
shows that there exists function A(s,x,y) satisfying the conditions
of Theorem 2.8.27 with G,,, = {y € R? : |y| < m} so that by Theo-
rem 2.8.27 it suffices to prove that the set D = {x : supycp, |%s| <
00,x9 = z} is II;—dense in C. Assuming with no loss of generality
that = = 0, we fix * € C such that IIy(x) > 0 and look for x* € D
such that x¥ — % as k — oo and

lim L(x*) = (%), t € R,.. (2.8.53)
k—00

We define
xF = /§u1(|§<u| < k)du. (2.8.54)

0
The convergence x* — % follows by the fact that fot |§cu| du < oo and
Lebesgue’s dominated convergence theorem. By Remark 2.8.25 for

(2.8.53) it suffices to show that

limsup I;(x*) < I;(x), t € Ry, (2.8.55)

k—00
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where by Lemma 2.7.12 and (2.8.54)

t
L(x) = / sup (- % — gs(As %)) ds,

t
L(x") = /Sup (A~ %xs (%] < k) — gs(X;x%)) ds.

I, (x") = / 1| > k) sup (—ga (X x*)) ds
0

t
+ [ 1050 < 8 sup (-, — g, (x) ds
) AER4

and that condition 1 of the lemma and conditions I and II easily yield
the convergence

t

lim [ 1(|xs] > k) sup (—gs(A\;x*)) ds = 0,
k—o0 AERY
0
we have that (2.8.55) would follow by

t t
limsup/ sup()\-;cs—gs()\;xk))dsg/sup (Axs—gs(X; %)) ds.

k—o00 ) AER4 : AER4
(2.8.56)
By the definition of A(s, x,y)
A(Sa }Aca )Acs) ) );cs - gS(A(Sa }Aca ﬁs): }Ac)
= sup (A - X5 — gs(\; X)), (2.8.57a)
AERE
A(Sa Xka )Acs) ) )'Acs - gS(A(87 xka )Acs)’ xk)
= sup (A - X5 — gs(A; x)). (2.8.57b)
AERC
We denote
Ao = A(s, %, %), M= A(s,x¥,%,) 1(|A(s, %P, %,)| < ap),
(2.8.58)
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where a; 1 co are chosen so that

t

limsup/ sup (A - X5 — gs(A;xF)) ds
k—o0 9 AER4

t
— limsup / (AF - %, — g, (ks xk) ds,

k—o0

Then (2.8.56) and the lemma would be proved if

t
fimsup (4%, — g.(Asx)) ds

k—o0

t
< [Guk = gz ds. (285)
0

We first note that by continuity of A(s,x,y) in x, the convergence
x¥ — % and (2.8.58)

lim A\ = ),, s € R,. (2.8.60)

k—00

We now show that for some « > 0
sup/|gs (aXf; %)| ds < 0. (2.8.61)
By Young’s inequality for every a > 0
¢
0

(the 1ntegrals are well defined since )\k is bounded). Thus, since
Ao gy — go(AR:xF) > 0 (see (2.8.57a) and (2.8.58)), we have that

t
/gs(xf;xk)ds <
0

QI*—‘

t
/gs X)ds+— It( )
0

QIr

t
/ s(aNF; )ds—i—llt() (2.8.62)
0
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Condition 3 of the lemma implies that, given £ € R, and x € C, there
exist [ > 1 and € > 0 such that gs(IA\;x) > (1 + €)lgs(A\;x) for all ||
large enough and s < t (by condition 1 of the lemma g4(\;x) is non-
negative if |A| is large enough). Hence, gs(IPA;x) > (1 +¢)PIPgs(\;x)
for arbitrary p € N so that for arbitrary M > 1 there exists L > 1
such that for all |A| large enough

A
gs(\;x) > MLgs(z;x> , s <t. (2.8.63)

Combining this with condition 4 and recalling condition 1, we con-
clude that there exist § > 0,7 > 0 and kg € N such that for arbitrary
M > 1 there exist L > 1 and A > 0 for which

gs(AsxF) > dg5(nh; %) > 5ML95(%)\§ X) , s <t

for all k > ko and |A| > A. Choosing now a =n/L and M = 2/(dn),
we have that g,(\;x¥) > 2¢,(a\;%)/e, s < t, when k > ky and
|A| > A. Hence, for k > ky

t t t
/gs Fyds > //\1|Iif gs (N x¥ ds—l—/gs 1(|M\F| > A)ds
0 0 0
t t t
>/ inf g ()\'xk)ds—i—z/ s(aXk; A)ds—z/ sup gs(a\;x)ds
B J Al<a”? @) <A ’

and (2.8.62) yields for k£ > kg after a simple algebra

t

t
/gs a)\k )ds < Li(x +2/ sup gs(aX;x)ds
/ ) In<A

t

—a/ inf g,(\;x¥)ds,

IA<A

which yields, since I;(X) < oo and conditions I and II hold,

t
sup/gs(aj\f;fc) ds < oo.
k

0
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Inequality (2.8.61) now follows since the functions gy(a\¥;%) are

bounded from below uniformly in s € [0,¢] and k in view of (2.8.52).
Inequalities (2.8.61) and (2.8.62) yield, since by (2.8.52) the func-

tions gs(j\’;; x*) are bounded from below uniformly in s < t and &,

t
SHP/ |95(A5; )| ds < oo (2.8.64)
k
0

Since condition I, the convergences x* — % and (2.8.60) imply that
gs(\F:xk)y — QS(As;i),s < t, as k — oo, by Fatou’s lemma and
(2.8.64) f[f |gs(As; X)| ds < oo; hence, by Lemma 2.7.12

t
(As-%5)VOds < It(§c)+/ 1gs(Ag: %)| ds < oo. (2.8.65)

0

On the other hand, since by (2.8.57a) and (2.8.58) AsKs—gs(Ag; %) >
0 and by (2.8.52) the function gs(As;X) is bounded from below on
[0,t], we conclude that As - X, is bounded from below on [0,¢]. This

fact and (2.8.65) show that

S .

t
/|Xs->*<s| ds < o0, (2.8.66)
0

in particular, f(f As - X5 ds is well defined and finite.

Since the convergence gs(j\f;xk) — gs(j\s;fc), s < t, and uniform
boundedness from below of the functions gs(j\’s“; x¥), s € 0,1],k €N,
also imply by Fatou’s lemma that

t

t
likminf/gs(j\];;xk) ds > /gs(j\s;f() ds,
— 00
0 0
we conclude that (2.8.59) would follow by

¢ ¢
limsup/j\f-ﬁsds S/S\S-ﬁsds.

k—00
0

To prove the latter, note that by La Valleé Poussin’s theorem the
sequence { (A, s € [0,]),k € N} is uniformly integrable with respect
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to Lebesgue measure in view of (2.8.61) and condition 1 of the lemma.
This fact and convergence (2.8.60) yield for arbitrary m > 0

t
lim [ A%, 1(]x,| < m)ds = /f\s-écs 1(|xs] < ) ds.
0

In view of (2.8.66), we thus complete the proof by showing that
t

limsuplimsup/j\f-ﬁ:s 1(|xs| > m)ds < 0. (2.8.67)

m—o0  k—o0o

Given arbitrary € > 0, by (2.8.61) we can choose M; > 0 such that
—Sup/|gs (aXk; %) ds <e. (2.8.68)

By (2.8.63) we can choose A; > 0 and L; > 0 such that gs(aX;x) >
MLy gs(A\/Ly; %) for s € [0,t] and |A\| > A;. Young’s inequality then
yields

Inequality (2.8.68) and finiteness of I;(x) then imply that

t
limsuplimsup/S\’;-f'cs 1(jxs] > m) 1(|AF| > A)) ds < e.

m—0 k—oo
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Since
t

t
/is - Xy 1(|%s| > m) ds §A1/|§c5| 1(|%,| > m) ds
0 0

t
+/i’; i L] > m) 18] > Ay)ds,
0
]

and f[f |%,| ds < oo, the proof of (2.8.67) is over.
The following uniqueness result, which is stated in terms of b,(x)
and gs(A; x), is a direct consequence of Theorem 2.8.32.
Theorem 2.8.33. Let conditions I and II hold, and gs(\;x) be dif-
ferentiable and strictly convex in X. Let the following hold:

1. for every t € Ry and compact K C C
gs(A; %) _

- 7

lim inf inf
RY

[A| =00 s<txe K
2. for every t € Ry and compact K C C

sup sup |bs(x)| < oo,
s<t xeK
3. for every t € Ry and x € C there exists | > 1 such that
Gs (I\;
lim infinf 2% S
A—oo s<t 1Gs(A;x)
4. for everyt € Ry, compact K C C and x € K there exist n > 0

and v > 0 such that

~ )\‘ 12
lim inf inf inf ?5(77}() >0
A =00 s<t x'eK: gs(nA; x)
sup |x,—x;.[<y
r<t
Then I1 =11, .

As another consequence, we have the following.
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Theorem 2.8.34. Let Il be a deviability on C under which the
canonical tdempotent process X is a semimazingale starting at x with
local characteristics (b, c,v,0). Let the following conditions hold:

1. the functions bs(x) and cs(x) are continuous in x € C and
the function [pq (X% — 1 = X+ z)vg(de;x) is continuous in
(A, x) € R x C;

2. for everyt € Ry, A >0 and compact K C C

sup sup |bs(x)| < oo, sup sup |[cs(x)|| < oo,
s<t xe K s<t xecK

sup sup/ (el — 1 — Alz|) vy(da; x) < o0
s<t xe K g
R

and
)l\im sup sup / (N —1=A\-z) vy(da; x) = 0;

=0 s<t xeK
Rd

3. for every t € Ry and compact K C C there exists B € Ry such
that

a) inf inf inf / 1(A -z > B)vg(dz;x) > 0,
AeRd: s<txek
Al=1 Re

b) for every x € K there exist n > 0 and v > 0 such that

liminf inf inf inf
V=00 \eR4: s<t x'€K:
A=1 sup P = [<7y

/exva ) 1(A -z > B) vg(dz; x')

d

=

> 0.

exp(nuA - z) (A -z > B) vs(dz; x)

—~

=
=

Then 11 = I1,.
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Proof. We check the conditions of Theorem 2.8.33. Conditions I
and IT are met by Lemma 2.8.16. Condition 2 of Theorem 2.8.33
holds by hypotheses. Condition 1 of Theorem 2.8.33 follows since
gs(A;x) grows at least exponentially fast in A, which results from the
inequalities

gs(\;x) > / (e/\'“” — 1= X z)vs(dz; x)
Rd

> (PP —1 — |>\|B)/ 1(\ -z > B|)|) vs(dz; x)

Rd

and condition 3a).
Let us consider condition 3 of Theorem 2.8.33. We have that

(%) = %)\-cs(x))\—l—/ (€M — 1 — X ) vy (da; %)

Rd
1 1
< ik-cs(x))\—i— g/ (22T — 1 —2X-z) 1(\-z > 0) vs(dz; x)
Rd
1
+ 5/ -2)2 1) - 7 < 0) vy (da; x)
Rd

1 1
< 50250 + 5 [ O 0wl
Rd

Therefore, by the fact that gs(\;x) grows at least exponentially fast

in A and conditions 2 and 3a) of the theorem

lim inf inf 7gf (2 %)

>3
A—oo s<t gs(A; x)

- 7

verifying condition 3 of Theorem 2.8.33.
Finally, condition 4 of Theorem 2.8.33 follows by the inequalities

(0 %) 2/ 21 (N > BIN|) vy (da; x)

Rd

© 2001 by Chapman & Hall/CRC



Maxingale problems 247

when || is large enough, and

N 1 1
. (10:) < 5 (1) .00 () + 5 [ 1A+ ) (i)
Rd
1
—i—ieBW“ / (nh-z)? I/S(dac;x)—i-/ e 1(\-z > B|A|) vg(da; x),
Rd Rd
and conditions 2 and 3. O

Remark 2.8.35. Condition 3b) holds if condition 3a) holds and

lim sup sup sup fRd (|| Jvs(dz; x) < .
u—0  s<t xeK Uu

Theorems 2.8.21, 2.8.28, 2.8.32, 2.8.33, and 2.8.34 are con-
cerned with “the nondegenerate case” singled out by condition 1 of
Theorem 2.8.33. We now consider another degenerate case along
with Theorem 2.8.29, which takes advantage of the generality of
Lemma 2.8.31.

Theorem 2.8.36. Let II be a deviability on C under which the
canonical process X is a semimazxingale starting at x with local char-
acteristics (b,0,v,0) such that for some |l € N and v; € R?

l l
bs(x) = D 0P (xJui, (%) =) 1(v; € Db (x),
i=1 i=1
where R -valued functions bgi) (x) are continuous in x and C-
progressively measurable.
Let also for every t € Ry and compact K C C
inf inf 5 (x) > 0, supsup bl?(x) < oo, 1<i<l.

s<txek ° s<t xeK

Then I1 =11, .

Proof. Let N denote the smallest closed convex cone containing
v1,...,0;. Noting that gs(A;x) = 2221 (exp(A-vi)—l)ng) (x), one can
see that the hypotheses of Lemma 2.8.31 are satisfied. Specifically,
the following stronger versions of conditions 1 and 2 of Lemma 2.8.31
hold:
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1'. for every t € R, and compact K C C

. . A x
lim inf inf M =
ACRA: s<tx€K |projyA|

|Proj yAl—o0

I

2'. for every t € Ry and compact K C C

inf inf inf A X) > —oo.
AeRMStxngs( ;%)

Property 2" is obvious, property 1’ follows by the inequality

IprojyA| < ¢ 'rriaxl()\-vi)v(), (2.8.69)
i=1,...,

where ¢ is a constant depending only on vy, ve,...,v;.

By Lemma 2.8.31 I_I(pt_1 opix) = Il (x) when x9 = z, X, €
N and supyeg, |%s| < oo. Therefore, in analogy with the proof of
Theorem 2.8.32 it suffices to show that the set D = {x € C: %, €
N, supycg, [%s| < o0, xo =z} is II,~dense in C. Let X € C be such
that II,(%X) > 0 and x* be defined by (2.8.54). By Lemma 2.8.31
X € N, so x¥ € D. The argument of the proof of Theorem 2.8.32
with the use of property 2’ implies that it suffices to establish (2.8.56)
for t € Ry. Since )5:5 € N, we have that X - )5:5 < projyA - ﬁs for
A € R?, which implies by properties 1’ and 2’ that supycga (A - X5 —
9s(X;xF)) < supy cga (projyA-x, — gs(A; x*)) < 00, k € N. Therefore,
by a measurable-selection theorem there exist Lebesgue measurable
functions (A\¥, s € R, ) such that

o N . 1
Mty —go (M%) > | sup (A%, — g, (A xF)) — 7 [ VO,
AERY k

Then, for suitable a; > 0, the functions A¥ = A 1(|\¥| < ay) are
bounded and satisfy the equality

t

limsup/ sup (A - X5 — gs(A;xF)) ds
k—o0 9 AERC

t
= limsup/(jxlsC x5 — gs(AF; xF)) ds

k—o0

© 2001 by Chapman & Hall/CRC



Maxingale problems 249

0 (2.8.56) and the theorem are proved if

t t
limsup/(jxlc —gs(\ ))ds < / sup (A\-%,—gs(\; X)) ds.
0

k—00 ERd

Next, the hypotheses on bgi) (x) imply that, given arbitrary ¢ € (0, 1),
we have, for k large enough,

t t
—a)/bg@( )ds < /b %) ds < (14¢) /b
0 0

Hence, for arbitrary A € R%

Therefore,

t
(O 3= g ds < [ sup (3%, 9,015 s
S
0

S .

t l t

2e N
+6/gs kY ds + _EZ/bgl)(x)ds

0 =17

and, since ¢ can be taken arbitrarily small, the proof is complete if

sup/ lgs(AF: xF)| ds < . (2.8.70)

The proof of the latter inequality is similar to that of (2.8.64) in the
proof of Theorem 2.8.32. More specifically, it is not difficult to check
that under the assumptions of the theorem the following holds:

© 2001 by Chapman & Hall/CRC



250 Maxingales

1. for every t € Ry, compact K C Cand A € R,

xeK AERY:

t
/SUP sup  |gs(A;x)|ds < oo,
0 IprojyAl<A

2. for every t € Ry and x € C, there exists [ > 1 such that

liminf  inf 220
AeRd:  s<tlgs(A; %)
|Projy A|l—o0

> 1,

3. for every t € Ry, compact K C C and x € K, there exist n > 0
and vy > 0 such that

. . . A x!
liminf inf inf M > 0.

AeRd:  s<t xeK:  gs(nAix)
IProjyAl—oo 75}%1; xr—x7.[<y

Note that part 2 follows from (2.8.69), the other two properties being
obvious.

These conditions, along with properties 1’ and 2’ above, imply
(2.8.70) in the same way as in the proof of Theorem 2.8.32 conditions
I and II together with conditions 1-4 of Theorem 2.8.32 implied
(2.8.64) with |projyA| playing the role of |A|. O

© 2001 by Chapman & Hall/CRC



Part 11

Large Deviation
Convergence of
Semimartingales

251

© 2001 by Chapman & Hall/CRC



Chapter 3

Large deviation
convergence

This chapter contains basic facts on large deviation convergence in
Tihonov spaces and their adaptation to the setting of the Skorohod
space.

3.1 Large deviation convergence in Tihonov
spaces

In this section we develop the theory of large deviation convergence
in Tihonov spaces. Our exposition is along the lines of the content
of Section 1.9.

Let E be a topological space with Borel o-algebra B(E). Let ®
be a directed set, {Py, # € ®} be a net of probability measures on
(E,B(E)), and {rg, ¢ € @} be a net of real numbers greater than
1 converging to co as ¢ € ®. We recall that C,' (E), 6:(5)), and
Cyf (E) denote the respective sets of R -valued bounded continuous
functions on E, R} -valued bounded upper semi-continuous functions
on F, and R, -valued bounded lower semi-continuous functions on E.
Let II be an F-idempotent probability on E, where F denotes the
collection of closed subsets of E.

Definition 3.1.1. We say that the net {Py, ¢ € ®} large deviation

253
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(LD) converges at rate 14 to I1 if for every h € C,f (E)

lim(/h(z)’“d) dP¢(z))1/”’ _ \E/h(z) dIi(z). (3.1.1)

ped
E

Remark 3.1.2. One could also consider the version of the above
definition where h ranges in the set of Ry -valued bounded continu-
ous functions on E of compact support. Then the definition we have
given would refer to “weak large deviation convergence”, while the
case of compactly supported h would specify “vague large deviation
convergence”. Since our focus is on “weak large deviation conver-
gence”, we simply call it “large deviation convergence”.

Note that if £ is a Tihonov topological space, then according to
Theorem 1.7.27 the F-idempotent probability II is uniquely specified
by the right-hand sides of (3.1.1). We generally denote the large

deviation convergence by P Y, 11. Since the net re is fixed in the
s

rest of the chapter, we simplify the notation by writing P 111 We

1 1 /e
denote P,/ (4) =(Py(4))"" and |Ifllo = ([ F(2)* dPy(2)) ",
where f: E— Ry.

We state a Portmanteau theorem for large deviation convergence.

Theorem 3.1.3. Let E be a Tihonov topological space. The follow-
ing conditions are equivalent.

1. p, 41
2. (1) 11m1nf||gH 6 > \/gdH for all g € C (E),

(i7) hmd)sup 1flls < \/f dIl  for all f € Cb (E).

2'. The inequalities of part 2 hold for all lower semi-continuous rel-
ative to 11, bounded Borel-measurable functions g : E — Ry and
all upper semi-continuous relative to 11, bounded Borel-measurable
functions f: E — Ry, respectively.

3. (7) li%ian$/r¢(G) > II(G)  for all open sets G C E,

(i7) limsup Pé/”’(F) <II(F) for all closed sets F C E.
¢
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3'. The inequalities of part 3 hold for all open relative to 11 Borel-
measurable sets G and closed relative to I1 Borel-measurable sets F,
respectively.

4. lim P;/w (H) =1I(H)  for all continuous relative to I1
¢ Borel-measurable sets H C E.

5. lim [|A]| 4 = \/ hdIl  for all continuous relative to I1
¢ E bounded Borel-measurable
functions h: E — Ry.
6. hm |hll ¢ = \/ hdIl  for all bounded Borel-measurable

functions h: E — Ry that are
uniformly continuous with respect
to a given uniformity on E.

Proof. The proof is almost identical to the one of Theorem 1.9.2.
We give it here to make the reading easier. Clearly, 1 = 6, 2 & 2/,
2=1,2=3,2=53<3,3 =4, and 5= 1.

We prove the implication 1 = 3. To prove 1 = 3(7), we note that,
since E is Tihonov and G is open, 1(G) = sup h over h € C;/ (E) such
that A < 1(G). Therefore, by Theorem 1.4.4 II(G) = supy, \/; h dI1,
so that if he < 1(G) is such that II(G) < \/ g he dII + €, then

. . 1/7‘¢ . _
hn%mfpgzﬁ (G) > hgluhgn 6= \b[hgdﬂ > 11(G) —

The proof of 3(iz) is analogous if we note that 1p = inf h over
h € C;f (E) such that h > 1(F) so that by Theorem 1.4.19 II(F) =
infy, \/ ,, h dII.

We prove that 3(i) = 2(i) and 3(ii) = 2(ii). For g € C; (E)
such that [|g]| = 1 let

gr(2) = Z:(gna?,g_l[% 1<g(z) > %)}, keN.

Since the sets {z : g(z) > z} are open by the lower semi-continuity
of g, 3(7) yields

limjnt g | » > i:g}%_lhr%mf[% P/ (9() > %)]

> g [10(oe > £)] = Vv > Vo
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The proof of 3(ii) = 2(i7) is similar if we consider f(z) =
maxi—o,.k—1[(i +1)/k 1(f(2) > i/k)].

Now we prove 4 = 3. Let G be open and § > 0. Let h be a
function from C;" (E) such that h < 1(G) and \/ hdIl > II(G) — 6.
Let H, = {z € E: h(z) > u}, u € [0,1]. Then the function II(H,)
increases as u | 0. Therefore, it has at most countably many jumps.
Also II(H,) > \/  hdll—u, so II(H,) > II(G)—2¢ for u small enough.
Thus, there exists ¢ > 0 such that I[I(H.) > II(G) — 20 and II(H,) is
continuous at €. By 7-maxitivity of II the latter is equivalent to H,
being continuous relative to 1I, so we conclude that

1in;)infp¢f/r¢(a) > li(;nP;/w(HE) = TI(H.) > II(G)—26.

The proof of 3(7i) is similar.

We prove that 6 = 3(i7). Let V be a uniformity on E and
F be a closed subset of E. Let {p,} be a collection of uni-
formly continuous with respect to V pseudo-metrics on E, which
is closed under the formation of maximums and such that 1(F) =
inf.~ginfy (1—pa (2, F)/e)T. (As above, po(z, F) = inf,icp pa(2,2').)
The functions (1 — p,(z, F)/e)T are bounded and uniformly contin-
uous with respect to V so that by Theorem 1.7.7

limsup P,’™ (F) < inf inflim ||(1 — pa(z, F) /) 7| 4
é e>0 a ¢

= ;ggigf\/(l — palz, F)/e) " dll(z) = LI(F).
E

The implication 6 = 3(4) is proved in an analogous manner. O

Remark 3.1.4. As the proof shows, in part 6 it is enough to require
that the convergences hold for functions h that are Lipshitz continu-
ous with respect to the pseudo-metrics specifying the uniformity.

Remark 3.1.5. Part 3 of the theorem can be used to define “narrow
large deviation convergence”, which is identical to the definition of
the large deviation principle, see, e.g., Varadhan [128]. Thus, on
Tihonov spaces large deviation convergence is equivalent to the large
deviation principle.

We recall that B, (z) denotes the closed r-ball about an element
z of a metric space.
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Corollary 3.1.6. Let E be a Tihonov topological space. If Py “ II,
then

II(z) = lim liminf Py i "“(U) = lim lim sup Py ad (e U),
veu!  ¢ed veul pea

where U., is a collection of open neighbourhoods of z whose closures
decrease to z. In particular, if ¥ is a metric space, then

II(z) = lim lim sup Py i " (By(2)).
r—0 ped

Proof. The claim follows by the inequalities

II(z) <II(U) < liminf P /T"’(U) < limsup P, L "l U)
¢€‘I) d)eq)

< II(cl U),
and the fact that limy gy [I(cl U) = II(2). O

The following fact follows by Theorem 3.1.3.

Corollary 3.1.7. Let E be a Tihonov topological space. Let a Borel
subset Ey of E be equipped with relative topology. Let Py(E \ Ep) =
II(E\ Ey) = 0 and the restriction of 11 to Ey, which is denoted by 11,
be T-smooth relative to the collection of closed subsets of Ey. Then

Py L if and only if ]5¢ q II, where ]5¢ denotes the restriction of
P¢ to Ey.

Remark 3.1.8. The 7-smoothness property of II holds if either Ej
1s a closed subset of E or Il is a deviability on E.

Lemma 1.9.14 provides us with the following corollary.

Corollary 3.1.9. Let E' be a Tihonov topological space and Py 4 II,
where 11 is supported by Ey C E. Then the following holds.

1. lim ||h]| 4 = \/ h dII
o =

for all Ey-continuous bounded Borel-measurable
functions h: E — Ry,
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2. (2 lim inf > dll
(4) L gl ¢ > \E/g

for all Ey-lower-semi-continuous bounded
Borel-measurable functions g: E — Ry,
() timsup |f]5 < \/ £ an
E
for all Ey-upper-semi-continuous bounded

Borel-measurable functions f: E — Ry,

3. () lim inf P,/"* () > 11(G)
for all Ey-open Borel-measurable sets G C E,
(é4) limd)sup P/"(F) < TI(F)

for all Ey-closed Borel-measurable sets F' C F,

J. lim P,/ (H) = 11(H)
for all Ey-continuous Borel-measurable sets H C E.

The next corollary allows one to strengthen topology for which
LD convergence can be proved. We say that two topologies on a
topological space are locally equivalent at a given point if they have
equivalent local bases at the point.

Corollary 3.1.10. Let Oy and O2 be Tihonov topologies on E, and
let Oy be finer than Oy. Let Ey C E be such that O and Os are

locally equivalent at every z € Ey. If Py Mo for topology Oq,
the Py can be extended to probabilities on the Borel o-algebra of E
generated by Os, 11 is supported by Ey and the restriction of I1 to
Ey is T-smooth relative to the collection of closed subsets of Ey for
the topology induced on Ey by Oy, then 11 is a T-smooth idempotent
probability relative to the collection of sets closed in topology O and

Py LS| for topology Os.

Proof. Since the topologies induced on Ey by O; and Oy coincide,
II(E \ Ey) = 0 and the restriction of II to Ey is 7-smooth relative
to the collection of closed subsets of Ey for the topology induced
on Ey by Oy, Il is a 7-smooth idempotent probability relative to the
collection of sets closed in topology Q2. The required LD convergence
follows by the fact that if h : E — R, is continuous for topology Oo,
then it is Ey-continuous for topology O;. O
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Below, we will need convergence of integrals of not necessarily
bounded functions. This requires an analogue of uniform integrabil-
ity.

Definition 3.1.11. A Borel-measurable function f : E — Ry is said

to be uniformly exponentially integrable (of order ry) with respect to
the net {Py} if
1/T¢

=0.
a—00 ¢€<1>

lim lim sup( / P 1(f(2) > a) dPy(2))
E

In analogy to uniform integrability by Chebyshev’s inequality the
uniform exponential integrability holds if for some € > 0

1/r
limsup</f(z)r¢(1+€) dP¢(z)> Ire < o0.
¢

E

Lemma 3.1.12. Let E be Tihonov. Let Py MO0 as ¢ € ® and 11
be supported by Ey C E. Then the following holds.

1. For all Ey—continuous and uniformly exponentially integrable with
respect to { Py} Borel-measurable functions h: E — Ry

lim / h(z)r¢dP¢(z)>1/ " 2 \/ h(z2) dII(2).
E

ped
E

2. For all Eq-lower-semi-continuous Borel-measurable functions g :

E— Ry
lim inf(/g(z)r¢dP¢(z)> e > \/g(z) dll(z).
E

pcd
E

Proof. The second part, being “a Fatou lemma for LD convergence”,
is proved by a similar means: for a € R, by Corollary 3.1.9

lim inf(/g(z)r¢dP¢(z)> e

ped
E

> lim i / (9(2) A a)”’de)(z))l/ "
FE
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Since the latter converges to \/ g(z) dll(z) as a — oo, the proof of
part 2 is over.
Part 1 follows by part 2 and the inequalities

tm sup / W) dPy(2)) e
FE

ped

1/r

< limsup(/ h(2)" 1(h(2) < a)dp¢(z)) Ire
Pped

1/T¢

+ lir;lesq?p(E/ h(z)" 1(h(z) > a)de)(z))

< \/ h(=) 1(h() < a) dI1(2)
E

n lir(;lesq§1p< E/ h(2)™ 1(h(z) > a)dP¢(z)>1/r¢a

where the latter inequality holds by Corollary 3.1.9. U

The following lemma gives an extension in a different direction.

Lemma 3.1.13. Let E be a Tihonov topological space. Let Py q
II. Let hy : E — Ry be uniformly bounded and Borel-measurable
functions such that for a function h : E — Ry

lim h =h
Jm ¢(2p) = h(2)

for Il-almost every z € E' and every net zy — z as ¢ € ®. Then

lim< / h(2) dp¢(z))1/ ¥ = \/ h(z)dIi(z).
E

P
E

Proof. The proof is similar to the one of Lemma 1.10.2 so we only
sketch it. Defining hy(2) = infyey, sup,icy SUPg >4 hg(2'), where as
we recall U, denotes the collection of open neighbourhoods of z, and
h(z) = infgeq hy(2), we can write for arbitrary € > 0 and suitable ¢

© 2001 by Chapman & Hall/CRC



LD convergence in Tihonov spaces 261

by Theorem 3.1.3 applied to ﬁ% that

1/r
lim sup(/ he(z)"® dP¢(z)> Ire
PP

_ /T _
< lirges;p(z By (2) dP¢(z)>1 ’ < \E/h¢0(z) dll(z)

<\ 1(z) dl(z) + € < \/ h(2) dII(2) + .
E E
The complementary inequality

ligleibnf( / ho(2)"s dP¢(z)>1/ s \E/h(z) dll(z)—e
E

is proved by a mirror argument. Specifically, defining h,(2) =
supy ey, infyrey infy>g he(2') and h(z) = supyeq hy(z), we have for
arbitrary € > 0 and suitable ¢;

lim in / ho(2)"* dPy(2)) e

ped
E

> lim i / iy, ()7 dP¢(z)>1/ s \E/% (2) dI1(2)
FE

> \/ 1(2) dlI(2) — € > \/ h(z) dTI(2) — €.
E E

O

As a consequence of Lemma 3.1.13, we obtain the following ver-
sion of the contraction principle on preservation of LD convergence
under mappings.

Theorem 3.1.14. Let E be a Hausdorff topological space and E' be
a Tihonov topological space. Let 11 be a deviability on E. Let Borel-
measurable functions fy : E — E', ¢ € ®, and a II-Luzin-measurable

function f : E — E' be such that for I1-almost every z € E and
every net zg — z we have that fy(zy) — f(2). If Py q I1, then

Pyof;t 4 Mof L.
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Proof. The proof is similar to the one of Theorem 1.10.3. We first
note that ITof~! is a deviability on E’' by Theorem 1.7.11. Next, for
an R, -valued bounded continuous function h on E’ by a change of
variables and Lemma 3.1.13

lim (/ h(z')7 dPy o fq:l(z'))l/w

pcd
El

= lim (/ ho fy(2)" dPas(Z)) e
E

=\/hof(z)dll(z) = \/ h(z)dllo ().
E E'

O
The following consequence is often used below.

Corollary 3.1.15. Let E be a Hausdorff topological space, E' be a

Tihonov topological space, and 11 be a deviability on E. If Py |
as p € ® and f : E — E' is Borel measurable and continuous Il-a.e.,

then Pyof~1 q Mof 1

We now derive a criterion of “large deviation relative compact-
ness” in the theme of Prohorov’s one for weak convergence.

Definition 3.1.16. An F—idempotent probability 11 on E is called
a large deviation (LD) accumulation point of {Py,¢ € @} (for rate
ry) if there exists a subnet {Py,$' € @'} of {Py, ¢ € @} that LD
converges (at rate ry ) to 11.

Definition 3.1.17. The net {Ps,¢ € @} is called large deviation
(LD) relatively compact (for rate ry) if every subnet {Py, ¢ € @'}
of {Py, ¢ € @} has an LD accumulation point (for rate ry ).

We recall that IC denotes the collection of compact subsets of E.

Definition 3.1.18. The net {Fs,¢ € @} is called exponentially tight
(of order r4) if infcxc lim supyeq P(;/% (K°) = 0.

Theorem 3.1.19. Let E be a Tihonov topological space.

1. If the net {Ps,¢ € ®} is exponentially tight, then it is LD
relatively compact, the accumulation points being deviabilities.
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2. Let E be, in addition, a locally compact Hausdorff topological
space. If the net {Py,¢ € ®} is LD relatively compact, then it
15 exponentially tight.

Proof. The proof is analogous to the proof of Theorem 1.9.17. We
start with part 1. Let C;,(E) = {f € C;(E) : ||f|| < 1}. For a

given ¢ € ®, the mapping Vi, : f — |||l 4, f € Cf,(E), is an element
of the space [0, 1]0;1(E). The latter space, endowed with product
topology, is compact and Hausdorff. Therefore, the net {V,, ¢ € ®}
is relatively compact on [0, l]cgl(E) so that there exists a subnet
{Vy, ¢' € @'} that converges to an element V' of [0, l]cgl(E). We
extend V to a functional on C;"(E) by letting V(c f) = ¢V (f), c €
Ry . By the definition of topology on [0, I]C'II(E)

lim [|f|l ¢ = V(f), f € Cy (). (3.1.2)
P e
The latter implies that V satisfies conditions (V0), (V1) and (V2)
of Theorem 1.7.25, i.e.,

(V0) V(1) =1,

(V1) V(cf) =cV(f), c € Ry,
(V2) V(fVvg) =VI(f)V Vi)

The first two properties directly follow by (3.1.2). The third property
is valid in view of the inequalities ||f|l4 V |lglls < |If Vgl <
21/ (1115 V llgll ) and (3.1.2).

Also, exponential tightness of { P4, ¢ € ®} and (3.1.2) imply that
V' is tight in the sense of Theorem 1.7.25. Thus, the functional V'
satisfies all the conditions of Theorem 1.7.25, so according to the
theorem V (f) = \/ fdIL f € C,/(E), for some deviability I, which

implies that Py L (at rate r4). This completes the proof of part
1.

Part 2 follows since by the argument of the proof of (1.9.5), where
we use large deviation relative compactness of { P} in place of weak
relative compactness of {Il;}, for arbitrary ¢ > 0 there exist open
sets Aq,..., A with compact closures such that

k
. 1/r
lim sup Pd)/ ¢ (E\ U Ai> <e.
gce i=1
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(Cf. also the proof of part 2 of Theorem 3.1.28 below.) O

Corollary 3.1.20. Let {Py,, ¢ € @}, v € T, be nets of Borel
measures on respective Tihonov topological spaces E,. If the nets
{Py, ¢ € @} are exponentially tight (of order ry) for every v € T,
then there exists a subnet {(Py ,,v € T), ¢’ € ®'} of {(Psr,v €
T), ¢ € @} such that the nets {Py ,, ¢’ € '} LD converge (at rate
re ) to deviabilities on the E, for everyv € T.

Proof. For f, € Cf(BEy), let Vy,(fo) = ([g, 7o dP¢,v)1/r¢- By
Tihonov’s theorem the set {(Vy.(fv), fo € C,;;(EU),U €T), ¢ €

2} is & relati oY ()
is a relatively compact subset of [], [0, 1] , where the
latter set is equipped with product topology. Thus, there exists a
convergent subnet {(Vy o (fv), fo € CII(EU),U €T), ¢ € @'}. Now
the required follows by the argument of the proof of Theorem 3.1.19.

O

Theorem 3.1.19 allows us to introduce the following useful con-
cept.

Definition 3.1.21. Let E be a Tihonov topological space and Ey C
E. We say that the net {Py, ¢ € @} is Ey-exponentially tight if it is
exponentially tight and every LD accumulation point 11 is supported
by E().

The following is a version of the contraction principle.

Corollary 3.1.22. Let E be a Tihonov topological space, Ey C E,
and E' be a locally compact Hausdorff topological space. If the net
{Py, ¢ € @} is Ey-exponentially tight and a function f: E — E' is
Borel measurable and Ey-continuous, then the net {Pyof~!, ¢ € ®}
s exponentially tight.

Proof. By part 1 of Theorem 3.1.19 the net {P;, ¢ € ®} is LD rel-
atively compact. Since f is continuous a.e. with respect to every
LD accumulation point of {Fp, ¢ € @}, by Corollary 3.1.15 the net
{Pyof ~1 ¢ € @} is LD relatively compact as well; hence, it is expo-
nentially tight by part 2 of Theorem 3.1.19. U

We now assume that £ is a metric space and introduce “metrics”
for large deviation convergence. We first define an analogue of the
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Prohorov metric. We again assume as given a net {Pj, ¢ € ®} of
Borel measures on E, a net of real numbers {ry4, ¢ € ®} greater than
1 converging to oo, and an F-idempotent probability II on E. The
analogue of the Prohorov metric is defined by

pgj(P(z),H) =inf{e>0: Pé/”’(F) <TII(FF) +e,
I(F) < P,/™ (F) + ¢ for all closed F C E}.

(As above, for A C E, we denote A° = {z € E: p(z,A) <¢€}). The
next lemma follows by regularity of Borel measures and 7-maxitivity
of idempotent measures.

Lemma 3.1.23. We can equivalently write

pf;l(P(z),H) =inf{e > 0: P;/w(A) < TII(A9) +e,
I(A) < P;/w (A9) +€ for all A€ B(E)}.

Remark 3.1.24. The distance pibd could equivalently be defined in
terms of open e-neighbourhoods.

Theorem 3.1.25. The net {Ps} LD converges to 11 if and only if
pibd(Pd),H) — 0 as ¢ € P.

Proof. The proof is analogous to the proof of Theorem 1.9.22. We
first prove that ifpibd(Pd), II) — 0, then the Py LD converge to II. By
Theorem 3.1.3 it is sufficient to prove that, given a closed set F', an
open set G, and ¢ > 0, there exists 6 > 0 such that if pibd(Pd),H) <
5, then P,/"(F) < II(F) + ¢ and P,/™(G) > II(G) — e. Since
IT is 7-smooth relative to F, there exists 6; € (0,€¢/2) such that
[(F) > II(F™) —¢/2. Therefore, if pl(Py,T1) < d1, then P,/" (F) <
II(F%) + 6, < TI(F) + €. Next, using 7-maxitivity of IT, we choose
d2 € (0,€/2) such that II(G) < II(G7%2) + €/2. Then, if pi(Py, IT) <
62, then TI(G) < I(G~%) + ¢/2 < P,/™*(G) + e. Taking 6 = 61 A 6
proves the claim.

Conversely, let P % 1. We show using again Theorem 3.1.3
that given € > 0 there exists a collection of sets H;, ¢ = 1,...,k and
6 > 0 such that the H; are continuous relative to II and the fact that
P,/ (Hy) — TI(H,)| < 6,i = 1,...,k, implies that pl¢(P,TI) < e.
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Let 6 < €/4. Let closed §/2-balls By,...,B; centred at zy,...,z,
respectively, be such that H(E \ Uélei) < §. By 7-maxitivity of I
for each i = 1,2,...,1 there exists a closed ball B} centred at z; of
radius not less than §/2 and not greater than d, which is a continuous
set relative to II. Observing that a finite union of sets continuous
relative to Il is also continuous relative to II, we take as Hy, ..., Hp 1
the collection of arbitrary unions of the balls By, ..., B]. We also take

Hy = (E\ UL Z)6,, where ¢’ > 0 and is chosen such that Hj, is

continuous relatlve to IT and II(Hy) < 24. Let |P1/r¢ (H;)—1I(H;)| <
0,1=1,...,k. Let F be a closed subset of F and let H' be the largest

set out of H 1,+..,Hi_1 such that F' has non-empty intersection with
each of the sets B! that make up H'. Then H' C F? so that II(F) <

I(F N H') + I(F N Hy) < T(H') + (H) < Py (H') +36 <
P;/T¢(F26) + 36. By a symmetric argument P;/w(F) < P;/w (F'n
H')+P,™ (FNHy) < P,/ (H')+P,/™ (Hy) < I(H')+11(Hy)+26 <
H(F25) +44. Thus, pls (P¢,H) <. O

We now define an analogue of the Kantorovich- Wasserstein metric
by

1/rg
A (Pl = sy / Flaye dpy(z) " Vi)
fecH(e
HfHBL<1

Theorem 3.1.26. The net {Py} LD converges to I1 if and only if
pil (Py,11) = 0 as ¢ € @.

Proof. The fact that the convergence pizdeL(P¢’H) — 0 implies LD
convergence of the P, to II follows from Theorem 3.1.3 and Re-
mark 3.1.4. For the converse, by Theorem 3.1.25 it suffices to prove

that if P, ‘3 II, then

1ir£ s;1p(pgdBL(P¢, IT) —2pibd(P¢, IT)) <0.
€

Let ||fllpr < 1. Given 6 > 0, we choose open d-balls
As(zk), k = 1,2,...,1, such that II(E \ U,_,A4s(z,)) < 6. Since

: 1
lim supye g P¢/T¢ (E\UL_ As(21)) <IL(E\ UL_, As(21)),we may as-
sume that P(;/”’ (E\U!_,A5(z)) < 0. Abbreviating py = piz&d(Pd)’ 1))
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and recalling that As(z)P¢ denotes the closed py-neighbourhood of
As(z), we have

=1,...,l
As(zk)
< Mo k@laxl(f(zk) + 6)P(;/r¢ (As(zr)) + 0

=1,...,

< (Mo Jmax f(z) (I( A5 (24)P%) + pg) + 1706 46

=1,..,,

(/f(z)r¢ dp¢(z)>1/r¢ < (lkmax / F(2)7 dP¢(z))1/r¢+6
E

<M \[(f(2) + 0+ pg) dl(z) +1opg + 11706 + 5
E

< 1Mo \/ f(2) dll(z) + 20 /Topy + 21706 4 5. (3.1.3)
E
Similarly,

V F(z)dli(z) < max f(z)T1(As(2)) + 6
E

=1l,..

< max f() (P (As ()7%) + ) +0

=1l,...

. 1/r
Skﬂai}fz( / (f(z)+5+p¢)¢dP¢> " tpsto

As(zp)P?

< (/(f(z) + +p¢)r¢dP¢(z)>1/r¢ +pp+0
E

< ( / f(z)rqﬁde)(z))l/% + 2+ 20, (3.14)
E

Inequalities (3.1.3) and (3.1.4) imply that
Pl (Pos 1) =2pg < (117 1) (142pg) +-20"/ 70 546

Since [V/7¢ — 1 as ¢ € D, Py < 1, and § > 0 is arbitrary, the proof is
complete. O

We now consider sequential compactness for metric spaces. We

thus assume that ® = N and replace general nets {ry} by sequences
{rn}. Probability measures are denoted by P,.
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Definition 3.1.27. A sequence {P,, n € N} is LD relatively se-
quentially compact (for rate ry) if every subsequence {P,} of {P,}
contains a further subsequence { Pyn} that LD converges (at rate vy )
to an F-idempotent probability on E.

Theorem 3.1.28. 1. Let E be a metric space. If a sequence
{P,,n € N} of probabilities on (E,B(E)) is exponentially tight,
then it is LD relatively sequentially compact, the LD accumu-
lation points being deviabilities.

2. Let E be homeomorphic to a complete separable metric space.
If a sequence {P,,, n € N} is LD relatively sequentially compact,
then it is exponentially tight.

Proof. We prove part 1. Let us assume first that E is a separable
metric space. Then it is embedded as a dense subspace into a com-
pact metric space E’'. We extend probabilities on (E, B(FE)) to prob-
abilities on (E', B(E')) by letting P'(4’) = P(A'NE), A" € B(E').
The set C,f L(E'") of Ry -valued continuous functions on E’ that are
bounded by 1, endowed with the topology of uniform convergence, is
a separable metric space. Let C,f 1, 4(E") denote a countable dense

+ ’
subset. The set [0, 1]Cb,1,d(E) with product topology is sequen-
tially compact, so the diagonal argument yields existence of a subse-
quence ny such that the sequences { || f||5,,% € N} converge for all

fe CIl,d(El)v where | f||},, refers to the norm relative to P, . The
inequality

gl =Nl ol < THFI = A1 +2 sup l9(z") = f ()]
Z/ ’

and the fact that C}f, ,(E') is dense in C,"|(E') show that the se-
quences { | f||%, .,k € N} converge for all f € C,",(E'), which im-

ng?
plies in analogy with the proof of Theorem 3.1.19 that there ex-

ists a deviability TI' on E' such that P, YW oas ko oo

at rate r,, . Exponential tightness of {P,,n € N} implies that
infrecI'(E'\ K) = 0 (where K is the collection of compact sub-
sets of F) so that II'(E' \ E) = 0 and the set function II defined
by II(A) = 1I'(A), A C E, is a deviability on E by Corollary 1.7.12.
It is left to check that |f|ln, — Vg fdI for all f € C,(E). By
Theorem 3.1.3 we may assume that f is uniformly continuous on E
so that it can be extended to f' € C; (E'), see, e.g., Engelking [47].
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The required follows since [|f||}, — Vg f'dll'; [|f'5, = Iflln
and /g f'dIl' = \/ f dIL

Now, if £ is an arbitrary metric space, then by the exponential
tightness condition there exists a o-compact space E' C F such that
limy, 00 pL/m (E\ E') = 0. Applying the part just proved to the
probabilities P) on the separable metric space E' defined by P, (A) =
P,(A)/P,(E"), A € B(E"), we deduce existence of an LD convergent
subsequence for the P!. This provides us with an LD convergent
subsequence for the P,,. Part 1 is proved.

For part 2 we first check that for every 0 > 0 and € > 0 there
exist open d-balls Aq,..., A such that

k
lim sup P/ (E\ U Ai> <e. (3.1.5)

Let open d-balls A; be such that U2, A; = E. Let subsequences k;
and n; be such that

k kg
lim sup lim sup P/ ( B\ J 4;) = lim Pyl (\J 4)
— 00
i=1

n—00 .
k—o0 i—1

and P, X I for some F-idempotent probability II'. Then, for
arbitrary k,

t(E\Y ) 2" (51U 4)

The required inequality (3.1.5) follows since limy ., IT' (E \
Ui?:lAi) =0.

Since each P, is tight by Ulam’s theorem, (3.1.5) implies that for
arbitrary e > 0 and k € N, there exist open 1/k-balls Ay, ..., Agy,
such that for alln € N

1 " €
Pn/rn (E\ Z:LJlAkz> < ok
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The set B = (oo, Ui¥, A is totally bounded and hence relatively
compact by completeness of E. Also for every n € N

o0

PY™(E\B) < ZU%mU%ks

k=1 i=1

O

Remark 3.1.29. Part 1 also follows by Theorem 3.1.19 and Theo-
rem 3.1.25 (or Theorem 3.1.26).

As a consequence, we have the following version of Corol-
lary 3.1.22. The proof is similar.

Corollary 3.1.30. Let E be a metric space and E' be homeomorphic
to a complete separable metric space. Let By C E. If a sequence
{Py, n € N} of probabilities on (E,B(E)) is Ey—exponentially tight
and a function f: E — E' is Borel measurable and Ey-continuous,
then the sequence {P, of ™', n € N} is exponentially tight.

As an illustration of the use of LD relative compactness argu-
ments, we prove Géirtner’s theorem. Let £(X) denote the distribu-
tion of a random variable X and Ey4 denote expectation with respect
to a probability measure Pg.

Theorem 3.1.31. Let {X?, ¢ € ®} be a net of R¥ —valued random
variables defined on respective probability spaces (g, Fg, Py) such
that for each \ € RF

1
lim — InE, A-X?) =GN,
¢1€r{11> " nEyexp(rgy ) =G(N)
where G(\) is an R-valued lower semi-continuous and essentially

smooth conver function such that 0 € int (dom G). Then L(X?) 4
II, at rate ry, where 11 is the deviability specified by the density

II(z) = exp(—supyerr (A - 7 — G(N))).

Proof. We act as in the proof of Lemma 1.11.19. We first note that
the net {£(X?), ¢ € ®} is exponentially tight. To see this, we write
by Chebyshev’s inequality, for A > 0 and n > 0, denoting by e;,
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i = 1,...,2k, the 2k-vector, whose |(k + 1)/2|th entry is 1 if £ is
odd, —1 if £ is even, and the rest of the entries are equal to 0,

1/r 1/r
(X > A) < max, P (e X0 > Afk)

1
< exp(—nA/k) Z.Jnax%(qu exp(rene; - X‘b)) /rs.

The exponential tightness follows since by hypotheses
. 1
lim (B exp(rgnei X)) 1" = exp(Glnes),
where the right-hand side is finite if 7 is small enough by the fact
that G()\) is finite in a neighbourhood of the origin.

Therefore, by Theorem 3.1.19 there exists a subnet {X ¥ e d }
of {X? ¢ € ®} and a deviability IT on R¥ such that £(X?') Mo
Next, it follows from Chebyshev’s inequality that if A € int(dom G),
then the function (exp()\ “x), T € Rk) is uniformly exponentially
integrable with respect to {£(X?'), ¢’ € ®'}, so by Lemma 3.1.12

lis (I exp(ryr - X))o = \[ exp(A - @) dil(x),
RFk
A € int(dom G).

Thus, Vg exp(\ - z) dlI(z) = exp(G())) for all A € int(dom G),
which as in the proof of Lemma 1.11.19 implies that IT = II. U

The following result is proved similarly to Theorem 1.9.28.

Theorem 3.1.32. Let E be a Tihonov space. Let G be a subset of
C;'(E) consisting of uniformly bounded and pointwise equicontinu-
ous functions, i.e., Supsegsup,cp f(2) < oo and for every € > 0
and z € E there exists an open neighbourhood U, of z such that

ld
Supyeg SUprep, | f(2) — f(2)] < e If Py = 11, then

. , 1/r
lim sup (/f ¢dP¢) ¢—\E/de\:0.
E

feg

As we have mentioned, if we replace space C;“ (E) in the definition
of weak LD convergence by space C,'g (E) of Ry -valued continuous
functions with compact support, then we obtain the notion of vague
LD convergence.
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Definition 3.1.33. We say that a net {Py, $ € ®} of probabilities
on (E,B(E)) vaguely LD converges at rate r4 to a K-idempotent
probability I1 on E if for every [ € C’,‘CF(E)

lim (/f(z)% de)(z))l/% =\/ /(2) dII(2).
E E

ped

If F is locally compact and Hausdorff, the vague LD convergence
has properties similar to the properties of the weak LD convergence.
For instance, there is an easy analogue of Theorem 1.9.2. A distinc-
tive feature of this type of LD convergence is that nets of probability
measures are LD relatively compact.

Theorem 3.1.34. Let E be a locally compact Hausdorff topologi-
cal space. Then a net {Py, ¢ € ®} of probabilities on (E,B(E)) is
vaguely LD relatively compact.

The proof is similar to the proof of part 1 of Theorem 3.1.19, the
main distinction being the use of Theorem 1.7.21 in place of Theorem
1.7.25.

At times it is more intuitive to formulate large deviation con-
vergence of probability measures as large deviation convergence in
distribution of the associated random variables.

Definition 3.1.35. Let {X,, ¢ € ®} be a net of random variables
defined on respective probability spaces (g, Fy, Py) and assuming
values in a topological space E and X be an idempotent variable de-
fined on an idempotent probability space (,11) and assuming values
i E, whose idempotent distribution is T-smooth relative to the col-
lection of closed subsets of E. We say that the net {Xy, ¢ € @} large

deviation converges in distribution to X if Py o X(;l Mo x1,

We denote large deviation convergence in distribution by X as
well. Whether this notation refers to large deviation convergence
of probability measures or large deviation convergence in distribu-
tion of random variables should be clear from the context. We will
also occasionally say that a net of random variables is LD relatively
compact if the associated net of laws is LD relatively compact.

We have the following version of Lemma 3.1.12. Let us say that
anet {{, ¢ € ®} of R, -valued random variables on respective prob-
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ability spaces (24, Fy, Pp) is uniformly exponentially integrable rel-
ative to {Py, ¢ € ®} (with rate ry) if

lim 1i By 1 A)Hre =0,
Jim. lrgesgp( oly 1(Es > A))

Lemma 3.1.36. Let &4 4 &, where & is an Ry -valued idempotent
variable on an idempotent probability space (2, 11). If the net {£4, ¢ €
1} is uniformly exponentially integrable relative to {Py, ¢ € ®}, then

limgea (Eot)’) /™ = S¢.

We now prove a number of technical lemmas. Let us recall that
if X and Y are random variables with values in respective separa-
ble metric spaces E and E’ with Borel o-algebras, then (X,Y) is
a random variable in £ x E' with product topology and Borel o-
algebra; in particular, if ¥ = E’ and p denotes the metric on E, then
p(X,Y) is a random variable. The following result is an analogue
of Lemma 1.10.5 and admits a proof along the same lines. We give
another proof that illustrates the use of metrics.

Lemma 3.1.37. Let E be a separable metric space with metric p,
and let Xf/z)5 and Y, where ¢ € ®, 1 € ¥, ® and U are directed sets,
be nets of random variables with values in E, defined on respective
probability spaces (g, Fg, Pp).

Let

. . 1/rg ¢ v o
lim lim sup P X7,Y?)>¢e)=0,e >0,
- pLy (P( ¥ ) )

and

L(X9) 4 1y as p € @,

where 1Ly, ¢ € ¥, are F-idempotent probabilities on E.
Then, for an F-idempotent probability 11 on E, we have that

~

L’(Y‘i’)—d)HasngE@

if and only if

My, %11 as ¢ € ©.
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Proof. The claims follow by Theorem 1.9.25 and Theorem 3.1.26
since in view of the definitions of ppr, and pideL

|ppL Ty, TT) = pif, (L(Y),T0)| < plfh,, (L(X]), TTy)

oBL
T /T T /7‘
o ([ rmrean) " (frorean)
IfllL<t *¢ ¢

. 1/r
<ol (L(XD), 1) + (/(1 Ap(X5, V)" dpd)) 3

Q2
O

We will often use the case where the X $ do not depend on .

Lemma 3.1.38. Let E be a separable metric space with metric p,
and let X? and Y?, where ¢ € ®, be nets of random variables defined

on respective probability spaces (g, Fy, Py) with values in E. If

L(X?) 4 I, where 11 is an F-idempotent probability on E, and

1/T¢
P
p(X?,Y?) %5 0 as ¢ € ®, then L(Y?) L

We give another application of metrics.

Definition 3.1.39. We say that a net {X?,¢ € ®} of random vari-

ables on (Qg, Fy, Pp) assuming values in a metric space E with met-

ric p converges to z € E super-exponentially in probability at rate

re (or simply super-exponentially in probability if the rate is under-
1/rg

stood) and write X? Pd)—) z if limgeq P;/w (p(X?,2) > €) = 0 for

every € > 0.

1/r¢
Remark 3.1.40. Note that X¢ & 2 if and only if

. r 1/rg
ilég(/(l/\p(Xd),z)) ¢ dP¢) =

24

0.

Lemma 3.1.41. Let {X?, ¢ € ®} be a net of random wvariables on
respective probability spaces (g, Fy, Py) assuming values in a metric

1/r¢
P
space E with metric p. Then X¢ s 2 if and only if L(X?) 14 1,,

where 1, denotes the unit mass at z.
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Proof. If L(X?) L 2z, then by the definition of LD convergence

) 1/rg
<}>1€I£Il> (/(1/\p(X¢,z))r¢ dP¢> = \E/l/\p(z',z) d1,(Z") =0.
Q2

The converse follows since as in the proof of Lemma 3.1.37

Pos (LX), 12) < (/(1/\/)()(¢>,z))qu dP¢>1/T¢.

Qy
O

The next lemma considers joint LD convergence. We formulate
the results in the language of LD convergence in distribution.

Lemma 3.1.42. Let E and E' be separable metric spaces, and let X?
and Y?, where ¢ € ®, be nets of random variables on (Qg, Fg, Py)
with values in E and E', respectively. Let X and Y be idempotent
variables on an idempotent probability space (Q,II) with values in
E and FE', respectively, whose idempotent distributions are T-smooth
relative to the associated collections of closed sets. Let EE X E' be
equipped with product topology.

1. If X° q X, Y? q Y, X and Y are independent, and X?
ld

and Y? are independent, then (X?,Y?) 2 (X,Y).

1/r¢
P
2. If X Y X andY? & 2, then (X2,Y9) X4 (X, 2).

Proof. The proof of part 1 uses Theorem 3.1.32 and is analogous
to the proof of part 1 of Lemma 1.10.8. In more detail, let qu(

and Pg denote the respective distributions of X¢ and Y?, and IT¥*

and ITY denote the respective idempotent distributions of X and Y
Theorem 3.1.32 implies that for an R, -valued bounded uniformly
continuous function h(z,2’') on E x E’

i / ( / W) dP) () dPY (z))l/ "

E E

~( / (sup n(z,2) I ()" dP (z))l/”’\ —0. (3.1.6)
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Also, since sup,cpr h(z, 2') 1Y (') is continuous in z € E,

1/T¢
. / Y \\To X
élég(/(zs;lelg, h(z, 2") 11" () dpr, (z))

= sup(sup h(z,2)IIV (z)) I¥(2). (3.1.7)
zeE 2'eE’
The required follows by (3.1.6) and (3.1.7).
The proof of part 2 is also analogous: we observe that (p X
1/7‘¢,
P)(X2,Y?), (X% 2) % 0, where p x p is a product metric on
E x E', so that the required follows by part 1 and Lemma 3.1.38. [

3.2 Large deviation convergence in
the Skorohod space

The purpose of this section is to lay groundwork for deriving large
deviation convergence results for semimartingales.

We begin by introducing basic notation for the Skorohod space.
We denote by D = D(R,,R%),d € N, the space of R¢-valued,
right-continuous with left-hand limits functions x = (x4, t € Ry).
We equip it with the Skorohod J; topology and metrise it by the
Skorohod—-Prohorov-Lindvall metric denoted by pg, under which it
is a complete separable metric space. Let D denote the Borel o—
algebra on D, Dy, for ¢ € Ry, denote the sub—o-algebra generated
by the coordinate maps x — x5, s < t, and D = (D, t € Ry). (Note
that the flow D is not right-continuous.) Given x € D, we denote
X; = SuPs<¢ x|, x{_ = Sups<t|xs|v X5 = SUPscr x|, Ax, =
X; — Xy, where x;_ denotes the left-hand limit of x at ¢, xg_ = xg.

As above, we denote by C = C(R,;,R%) the subspace of I of
continuous functions with induced topology, which is the locally uni-
form topology with the metric defined in Section 2.2. By contrast
with D and as we did in part I, we equip C with 7-algebras rather
than o-algebras. Keeping to the notation of part I, C denotes the
discrete 7—algebra on C, which is the power set of C; C; denotes the
sub—r—algebra generated by the coordinate maps x — x5, < ¢, and
C= (Ct, t e RF)

If a deviability IT on D is supported by C, i.e., II(D\ C) = 0, then,
since C is closed in D, by Corollary 1.8.7 the restriction of II to C is
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a deviability on C, and, conversely, the image of a deviability on C
under the natural embedding is a deviability on D with support in C
by Corollary 1.7.12. Therefore, we do not distinguish between devi-
abilities on D with support in C and deviabilities on C. Similarly, a
Luzin-continuous idempotent process with paths in C can be consid-
ered as an idempotent variable with values in D, whose idempotent
distribution is a deviability on D.

Our main object in the rest of the book is a net {X?, ¢ € ®} of
stochastic processes with paths in D defined on respective stochas-
tic bases (¢, Fy, Fy, Py), where (4, Fy, Py) are complete probabil-
ity spaces and Fy = (.7:5) ,t € Ry) are filtrations, which we define
as right-continuous increasing flows of complete sub-o-algebras of
F. Our approach for establishing LD convergence results for semi-
martingales consists in proving LD relative compactness by checking
the conditions of Theorem 3.1.19 and identifying the LD accumula-
tion point. Therefore, we proceed with deriving exponential tightness
results for probability distributions on the Skorohod space.

We first give a necessary and sufficient condition for exponential
tightness in D. For x = (x4, t € Ry) € D, T'> 0 and 6 > 0, we define
the modulus of continuity

(%, 0 f ma ti_1,t
wy(x,0) = inf_ma x, wx([tj-1,15)),
where wy([s,t)) = SUDy yes,t) [Xu — Xo|, § < t, and the infimum is
taken over all collections (¢;) such that 0 =ty <t < ... <t =T
and t; —t;_y > 0 for j < k. The next theorem routinely follows by
characterisation of compacts in D, see, e.g., Jacod and Shiryaev [67],

and is analogous to tightness conditions for sequences of probabilities
in D, cf. Ethier and Kurtz [48].

Theorem 3.2.1. Let {X?, ¢ € ®}, where X¢ = (Xf), teRy), bea
net of stochastic processes with paths in D defined on respective prob-
ability spaces (g, Fg, Py). The net {L(X?), ¢ € ®} is ezponentially
tight if and only if for oll T >0 and n > 0

(¢)  lim hmsupP L ¢(sup|X¢| > A) =0,

A—o0 ped

(i%) glmhmsupP L " (w T(X‘i’,é) n) = 0.

The concept of Ep-exponential tightness with £y = C plays an
important role in the developments below, so we repeat it here.
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Definition 3.2.2. We say that a net {Py,¢ € ®} of probability
measures on 1 is C-exponentially tight if it is exponentially tight and
every LD accumulation point 11 4s supported by C.

The next result gives conditions for C-exponential tightness.

Theorem 3.2.3. Let {X?, ¢ € @}, where X? = (Xf’, teRy), be
a net of stochastic processes with paths in D, defined on respective
stochastic bases (g, Fp,Fp, Py). The net {L(X?), ¢ € @} is C-
exponentially tight if and only if either one of the following equivalent
conditions I or IT holds.

I (i) hm limsup P, L ¢(|X¢| > A) =0,
pE®
(17) lim limsude)/ ?( sup X — x2| > n) =0,
020 geo s,t€[0,T:
[s—t|<d
I (¢) lim limsup Py il ¢(sup|X¢| > A) =0,
A—o0 HeD

(i7) %gr[l]hmsup sup P¢/ ?(sup |X T+t - X? > n) =0,
pe®  7eSr(Fy) 0<t<4
where T > 0 and n > 0 are arbitrary, and St(Fy) denotes the set of
all F y—stopping times not greater than T'.

Remark 3.2.4. A similar result holds if the X? assume values in
a complete separable metric space E. Then instead of conditions

I(i) and II(i) one should require that the nets {L(X?), ¢ € ®} be
exponentially tight in E for all t € Ry, and in I(ii) and II(ii) replace
the moduli of the increments of the X? by the distances between the
values of the X9, cf. Ethier and Kurtz [48].

We precede the proof with a lemma. In the rest of the book we
use E to denote expectation and F to denote o-algebras.

Lemma 3.2.5. Let &;,1 € N, be positive random variables on a
probability space (2, F, P) and let

p {max{k eN: YF &<t} ifa<t,
=

0, otherwise.

If § >0,t € Ry and N € N are such that N6/t > 1, then

-1
P(A, > N) < (1—%) max P(g <6, Ay > k).
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Proof. In view of Chebyshev’s inequality for n < N

< krrll,a,x,NP(At >N, & <0) + (:;E(f 1(A; > N)). (3.2.1)

Choosing n such that E(fn 1(A; > N)) = ming<y E(fk 1(A; > N)),
we estimate the expectation on the right of (3.2.1) as follows

E(¢,1(A; > N)) %ZE@ (4; > N))

k=1
1 t
= NE(;@ 1(4; 2 N)) < P4 > N).
Substituting the estimate into the right-hand side of (3.2.1) gives the
required inequality. O

Proof of Theorem 3.2.3. It is obvious that part I implies part II. Let

C-exponential tightness of {£(X?), ¢ € ®} hold. We prove that the

assertion of part I holds. The argument is fairly standard. We derive

part I(ii). Let us denote 45 = P;/rd’ (sup 5 1€[0,T]: X! - X2 > n).
s—t|<0

In analogy with the diagonal argument in th(|e pr‘o_of of Theorem 1.9.17

there exists a subnet {Py,zg,¢ € @'} of {Py,z45, ¢ € ®,0 >

0} such that Py % 1T for some deviability II and limgcqr 24 =
lim sup,_,o limsupyeq z4,5. Then Corollary 3.1.9 and the fact that
II(D\ €) = 0 yield for arbitrary ¢’ > 0

lim sup lim supP(;/rd’( sup |X,§b — Xf| > 77)
0—0 Pped s,t€[0,17]:
ls—t|<§

< limsupPl,/Td”( sup |Xt¢’ -x¥ > )

¢'ed’ s,t€[0,7):
[s—t]<d’
<I(xeC: sup [x—x4>n).
5,t€[0,T7:
|s—t| <o’

The claim follows since the right-hand side can be made arbitrarily
small by choosing ¢’ in view of the T7-smoothness property of a de-
viability with respect to decreasing nets of closed sets. Part I(i) is
derived similarly.
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Thus, it remains to prove that part II implies the C-exponential
tightness. We first prove that under the hypotheses the net
{L(X?), ¢ € ®} is exponentially tight in D. We apply Theorem 3.2.1.
The first condition of the theorem holds by hypotheses. We check
the second. We define stopping times

of =0, 0f =inf{t € Ry : |X{-X7, |>n/2}, keN
k—1

Introducing A# = max{k € N: ¢ < T} and é’k = U,'f 0’?71, we
have for § < T by the fact that wys ([a,‘i’_l, O';f)) <

P, (wT(Xd’ §) >n) < P¢(A > 1, mln fd) < 6)

<A
Py(A7 > N) + Py min € <5, 1 < A < N)
k<A
N—-1 1
< Py(AL > N)+ DY Py(€f < 6, A = i)
i=1 k=1

Since by Lemma 3.2.5, for N € N,

¢ 2L 49
Py(AS > N) <2 jxll?;prd)(g N,AT2k>,

we obtain the estimate
Py(wp(X?,6) > 1) <2 max_P, <§¢’<E A¢’>k)
QTR O =) =2 TN O\ = Ty T =
+N? max Py(¢f <6, A7 > k). (322)
Next, by right-continuity of X¢

Po(€f <6, A2 2 k) = Py(sup| X%, | -X% |20 0{<T)
1< Tett T op T2

¢ 77)
< — > =
Po(SpIXTy e =Xl 2 5
< sup P¢(Sup|X —X¢ > ﬂ). (3.2.3)
7eSp(Fy) t<o 2
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Similarly,

Po(f <3 Apz k) < swp Py sup [XE X212 D).
TEST(Fy) t<2T/N
(3.2.4)

Substituting (3.2.3) and (3.2.4) into (3.2.2) yields

P,/ (wh (X?,8) > n)

<2Ure  sup P¢/¢<sup|X —X7¢_’|zﬂ)
TEST(F¢,) 2

+ N?"  sup P/¢< sup | T+t—Xf|2ﬁ>.
TGST(F¢) t<2T/N 2

Taking on the left-hand side the limits, firstly, as ¢ € @, then as
N — 00, and finally as 6 — 0, checks the required condition.

We now prove the C-exponential tightness. Let II be deviability
on I, which is an LD accumulation point for {£(X?)}, and let x € D
be a discontinuous function. We show that II(x) = 0. Let t € Ry
and 1 > 0 be such that |Ax;| > 7. Using Proposition VI.2.1 of Jacod
and Shiryaev [67] (see also Liptser and Pukhalskii [78] for details),
we have that if 6 > 0 is small enough, then

{y €D: ps(x,y) <6} C {y €D: sup |Ays| > S }
[t—s|<d

n
C {yG]D): sup |y; —ys| > Z}
|t—s|<d

i n i n
C {y €D: sup |ys—yil > Z}U{y eD: |yr—yi sl > g}

t<s<t+6
U
U{yED: sup [ys — yi-s| > 8}
1—0<s<t

Then by Corollary 3.1.6

II(x) < limsuplim sup Py al " (ps(x, X?) < 8)

0—0 Pped
< lim sup lim sup 31/7¢ sude)/ ¢< sup |Xu_|_s X2 > g)
0—0 pcd u<t 0<s<0
The latter limit equals 0 by hypotheses. U

© 2001 by Chapman & Hall/CRC



282 Large deviation convergence

The following analogue of the Lenglart—-Rebolledo inequality will
allow us to estimate the probabilities in part II(ii) “in predictable
terms”.

Lemma 3.2.6. Let X = (X;,t € Ry) and Y = (Y}, t € Ry) be
positive processes on a stochastic basis (2, F,F, P). If BE(X;/Y;) <1
for every F-stopping time T < oo, then for every F-stopping time
0<00,a>0andb>0,

P(supXt > a) < Q+P(squ} > b)
t<o a t<o

(here sup, <o, = supt€R+).

Proof. We define the stopping time 7 = inf{t € Ry : X; > a} < o0.
If P(o < o0) =1, then

P(SupXt > a) < P(XO'/\T > a) < P(Ya'/\T > b)
t<o
+P(X0'/\T > a,Yonr < b) < P(YU'/\T > b)+P(XUAT/YUAT > a/b)

By Chebyshev’s inequality

b b
P(sup X; > a) < P(Yppr > b)+— < P(supY; > b)+—.
t<o a t<o a

To obtain the required, note that

1
P(supX; > a) = lim P(supX > a——).
(tSG t ) N—o0 t<o ¢ N

If P(0 < o) < 1, then by the part just proved we have for N > 0

1
P(SupXt > a) < P(SupXt >a— —)
t<o t<o N

1
= i P( X ——) < PlsupY; > b)+——0 .
Moo tgs;l/PM 1747y = (?515 s )+a—1/N

Since N is arbitrary, the proof is over. O

The following useful fact is a direct consequence of Theorem 3.2.3.
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Corollary 3.2.7. Let {X? ¢ € @} and {Y? ¢ € ®} be nets
of stochastic processes with paths in respective Skorohod spaces
DR, ,R?) and D(Ry,R¥) such that X® and Y? are defined on
a common probability space (Q4,Fg,Py) for every ¢ € ®. If
the net {L(X?), ¢ € @} is C(Ry,R?)-exponentially tight and the
net {L(Y?), ¢ € @} is C(Ry,R¥)-exponentially tight, then the
net {L(X? Y?), ¢ € ®} of distributions on D(Ry,R? x RF) s
C(R4,R? x R¥)-exponentially tight.

The next two results concern methods of identifying LD limits.
The following theorem presents the method of finite-dimensional dis-
tributions.

Theorem 3.2.8. Let {X? ¢ € ®}, where X? = (Xf), teRy), be
a net of stochastic processes with paths in D defined on respective
probability spaces (Qg, Fp, Py). Let the net {L(X?), ¢ € @} of the
distributions of the X? on D be C-exponentially tight. Let for all
keN and t; < ... <t € U, where U is a dense subset of Ry, as
b€ D,

l

d
LXP, .. XD) =5 Ty,

t17°

where 11y, 4 are deviabilities on (RT)E,

Then idempotent probability I on D with density I(x) =
inftl,...,tkeUHtl,...,tk(tha---7th) lf X = (Xt,t S &) S (C, and
II(x) =0 if x = (x4, t € Ry) € D\ C, is a deviability on D, and

£(x?) 4 .

Proof. By Theorem 3.1.19 {£(X?), ¢ € ®} is LD relatively compact.
Let IT' be an LD accumulation point. It suffices to prove that IT" = II.
By C-exponential tightness of {£(X?), ¢ € ®} this is true on D\ C.
Let x € C. By the contraction principle (Corollary 3.1.15) we have
that II'om; ' , =1, 4. By Theorem 2.2.2 and Remark 2.2.3
H,(X) = inftlym,tke[] Ht1,...,tk, (th, PN ,th) = H(X) O

The following result, which roughly shows that LD limits in dis-
tribution of non-negative martingales are exponential maxingales,
lays a foundation for the maxingale problem method of proving LD
convergence. We denote E;/ e = (Ed)g)l/rd), where, as above, Ey
denotes expectation with respect to Py.
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Theorem 3.2.9. Let X%, ¢ € ®, be processes with paths in I de-
fined on respective stochastic bases (4, Fs,Fgy, Pg). Let the net
{L(X?), ¢ € @} be C-exponentially tight and II be a deviabil-
ity on D supported by C, which is an LD accumulation point of
{L(X?), ¢ € ®}. Let M? = (M, teR,), ¢ € @, be Ry —valued
martingales on (Qg, Fg,Fg, Py) such that the net {(Mt(b)l/”’, p €D}
is uniformly exponentially integrable relative to the net {Py, ¢ € ®}
for each t € Ry, and let My(x), t € Ry, x € D, be an Ry —valued
function, which, for everyt € Ry, is C-continuous, Borel measurable
and, if restricted to C, Cy—measurable in x.
If, for everyt € Ry, as ¢ € P,

B\1 P;/%
(MP)M7e —My(X?) S 0,

then (My(x),t € Ry,x € C) is a C-ezponential mazingale on (C,II).
Proof. Since {£(X?), ¢ € ®} is C-exponentially tight, we can as-

sume, by taking a subnet if necessary, that £(X?) o
Consider a function f(x) = g(x¢,,...,xs,), where 0 <t; < ... <

tr and g : (RY)* — R, is continuous and bounded. Since f and
M, are Borel measurable, C-continuous and II(D\C) = 0, by the
contraction principle for every ¢ € Ry
L(My(X?)f(X?) 4 Ton 1,
where h : D — R, is defined by h(x) = M;(x)f(x). Since by
hypotheses and boundedness of f
Pl/r¢,
%
(M7)!7e f(X) = M(XP) f(X9) % 0,
it follows by Lemma 3.1.38 that
(M2 £(x9)) & Ton L. (3.2.5)

By uniform exponential integrability of {(Mt(z) )7 ¢ € @} relative
to {Py, ¢ € @}, boundedness of f and Lemma 3.1.36 we then have

lim B}/ (M f(X?)'¢) = sup xTloh ()
ped zeRy

= ,S(lelg M (x) f(x)II(x). (3.2.6)
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(The last equality is the change-of-variables formula from Theo-
rem 1.4.6.)
Now let 0 < s < tand t; < 5,72 =1,...,k. By the martingale

property
Ey (M f(X?)7¢) = By (M (X)),
so (3.2.6) yields the maxingale property

sup f (x) My (x)11(x) = sup f(x) M (x)I1(x).

xecC xeC
The collection of functions g(xy,,...,x%¢, ) such that 0 <¢; < ... <
tr < sand g : (RY)* — R, are continuous and bounded satisfies
the requirements on H, in part 2 of Lemma 2.3.5 and also generates
Cs. An application of Lemma 2.3.5 shows that M is an exponential
maxingale on (C, C,II).

Also taking f = 1in (3.2.5), we obtain by Lemma 3.1.12 for a > 0

lim inf £, (M7 1((M7)/" > a))

> )S(lelth(X) 1(M(x) > a)Il(x).

The latter implies, since {(Mtd’ )T, ¢ € @} is uniformly exponen-
tially integrable relative to {Py, ¢ € ®}, that (M(x),x € C) is
[I-maximable.

O

In certain cases C-exponential tightness allows one to establish
LD convergence for the locally uniform topology on . The following
result is an adaptation of Theorem 3.1.10.

Theorem 3.2.10. Let X¢ %4 X for the Skorohod topology, where
X is a Luzin-continuous idempotent process. If the X? are random
variables on D relative to the locally uniform topology on D, then

xe 4 x for the locally uniform topology.

Proof. Since convergence in the Skorohod topology to a continuous
function is equivalent to locally uniform convergence, the Skorohod
and locally uniform topologies are locally equivalent at every x € C
so Theorem 3.1.10 applies. U
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We now discuss composition and first-passage-time mappings.

If x = (x',...,x%) € D and the component functions of y =
(y',...,y%) € D are increasing and R, -valued, we define the com-
position x oy by xoy = ((X;l, . ,xfrd), teRy).

t t

Lemma 3.2.11. Let X¢ 4 X, where X s a Luzin-continuous

idempotent process. Let Y? be stochastic processes with paths in D),

whose component processes are Ry -valued and increasing, such that
1/T¢

Y¢ % §€C. Then X?oY? 4 Xxoy.

Proof. Clearly, y is component-wise Ry -valued and increasing so

that X oy is well defined. By Lemma 3.1.42 (X%, V%) 4 (X,y).

The claim now follows by Corollary 3.1.15 and the fact that the com-
position map (x,y) — x oy is continuous at (x,y) such that x and
y are continuous, Billingsley [11], Whitt [135, Theorem 3.1]. O

Definition 3.2.12. Given an Ry -valued function x = (x4, t € Ry)
from D(R4,R) with sample paths that are unbounded above, the

associated first-passage-time function x(-Y = (xg_l), t € Ry) €
D(R4,R) is defined by
ngl) =inf{s e Ry : x; >t}, te Ry .
If x = (x!,...,x%) € D is such that the x*,i = 1,...,d, are Ry -
(-1 d(*l))'

valued and unbounded above, we define x(~1) = (x! ooy X

In the next lemma cy — oo as ¢ € ®. We also denote

e = (t,t € Ry) and, for a vector @« = (a',...,a%), we let
ae = (at,t € Ry) and o = (1/at,...,1/a?) if a has positive
entries. For vectors a = (a!,...,a%) and B = (B,..., %), we de-

note a® B = (a'pl,...,alp?).

Lemma 3.2.13. Let {X?% ¢ € ®} be a net of stochastic processes
with paths in D defined on respective probability spaces (¢, Fg, Py)
such that the component processes are R, -valued and unbounded
above. Let X be an R%-valued Luzin-continuous idempotent process
defined on an idempotent probability space (€2,11).

1. Let, in addition, the component idempotent processes of X be

R, -valued, unbounded above and strictly increasing Il-a.e. If

x¢ 14 x then xoUY 1 x(-1)
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2. Let Y? = (Ytd), t € Ry) be stochastic processes with paths
from D(Ry,RY) and Y be an R -valued Luzin-continuous
idempotent process. Let oy € RY be such that ay — «,

where « is entrywise positive. Let, in addition, Xy = 0.

If (cs(X? — age),Y?) 4 (X,Y) in DR, RHT), then

(cs(X?TY — ayle), cp(X? — age),Y?) 4 (—al® X o
(o 'e), X,Y) in D(R,, R+,

Proof. Part 1 follows by Corollary 3.1.15 and the fact that the map
x — x(=Y is continuous at strictly increasing x € D, Whitt [135,
Theorem 7.2].

We prove part 2. We first consider the case ay = 14, where 14 is
a d-vector with unity entries. Since cs(X? — 14e) XX as ¢ € P,

1/7‘¢,
P
¢y — 00, and X is Luzin-continuous, it follows that X N 1,e
1/r¢

in D so by part 1 and Lemma 3.1.41 xoH Tey 1l,e in D. By
Lemma 3.2.11 (cy(X¢—14e)0X¢ ™" cs(X?—14e),Y?) 4 (X, X, Y).
Since

)

co(X?TY —14e) = cp(1ge — X?) 0 X0V 4y (X2 0 X2V “14e)

Pl/T¢
by Lemma 3.1.38 it suffices to prove that c¢(X¢oX¢(_1) —14e) & 0
in I, which would follow by

L Pl/r¢,
sup eyl XXVt 'S 0, TeR,. (3.2.7)
t€[0,T]

Since

0< sup (XPoXx? Vot <(XO)TV  sup  (AX])T,

tE[O,T} tE[O,X‘i’gfl)}
we have for A € Ry and € > 0 that

P(;/T¢( sup ¢y X? o X‘i’g_l) —t>¢€) < P(;/r"’ (X‘i)gv_l) > A)
t€[0,T]

+ P/ (t sup co(XO)TV(AXP)T) > €). (3.2.8)
€10,
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Since the function x — sup,cp 4)(Ax;)" is continuous at continuous

x, Liptser and Shiryaev [79], and x — xg is continuous, by Corol-

lary 3.1.15 and the LD convergence cs(X? — 14e) " x

limsupP$/r¢( sup C¢((Xg))+ v (AX?)J“) > €)
ped te(0,A]
< H( sup XJ\/(AX,:)"' > e) =0,
t€[0,A]

proving that the second term on the right of (3.2.8) tends to 0 as ¢ €
1/r¢
P
®. The first term goes to 0 as ¢ € ® and A — oo since xoY 2
14e. The limit (3.2.7) has been proved so that the claim for the case
ap = 14 has been proved.

For general ay the hypotheses imply by Lemma 3.2.11 that

(co(X? 0 (a;'e) — 14¢),Y%) 4 (X o (a'e),Y) so by the part

proved (cs((X% o (a5'e))"Y) — 14e), (X% 0 (o] 'e) — 1qe),Y?) 4
(X o(a"'e),Xo(a"e),Y). Since (X?0 (o, 'e))(H —1e =y ®
(x¢"Y —a;e), by Corollary 3.1.15 and Lemma 3.2.11 (¢ (X¢" -
a;le),cd)(Xd’ — age),Y?) LA (—a'®@Xo(ale),X,Y). O
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Chapter 4

The method of
finite-dimensional
distributions

In this chapter we consider the method of finite-dimensional distri-
butions of identifying LD accumulation points. It is best suited for
studying LD convergence to idempotent processes with independent
increments and is based on Theorem 3.2.8. As in the preceding sec-
tion, we consider a net {X? ¢ € ®} of stochastic processes, which
for the most part are semimartingales defined on respective stochas-
tic bases (§2y, Fy, Fg, Py) and having paths in D = D(R,,R?). The
filtrations Fy = (.7-"5) ,t € Ry ) are assumed to be complete and right-
continuous; F denotes expectation with respect to Py. We assume
as fixed a net {rg, ¢ € ®} of real numbers greater than 1 converging
to 0o as ¢ € @, which is used as a rate for LD convergences below; the
latter refer to the Skorohod topology. We retain the rest of the no-
tation of Section 3.2, e.g., we write E;/w{ for (E¢§)1/7“¢. Section 4.1
formulates conditions for LD convergence in distribution in terms of
convergence of the stochastic exponentials of the semimartingales,
Section 4.2 gives conditions on convergence of the predictable char-
acteristics, Sections 4.3 and 4.4 counsider implications of the general
results.

289

© 2001 by Chapman & Hall/CRC



290 Finite-dimensional LD convergence

4.1 Convergence of stochastic exponentials

In this section we use the method of finite dimensional distributions
to derive conditions for LD convergence of semimartingales in a Sko-
rohod space in terms of convergence of the associated stochastic ex-
ponentials. We start by introducing the general setting for both this
chapter and the next one. For the notions and facts from stochastic
calculus used below we refer the reader to Jacod and Shiryaev [67]
and Liptser and Shiryaev [79].

Let X¢ = (Xf’, teRy), ¢ € @, be R¢valued semimartingales
defined on stochastic bases (£2y, Fy,Fy, Py), where Fy = (ff,t €
R, ). All the X?, as well as all the processes we consider below, have
paths in an appropriate Skorohod space (which is D for the X?).

We recall that a Borel function i : R? — R? is said to be a limiter
if it is bounded and h(z) = z in a neighbourhood of the origin. Every
truncation function as defined in Jacod and Shiryaev [67] is a limiter.
In the same way as it is done for truncation functions one can define
the triplet of the predictable characteristics of a semimartingale asso-
ciated with a limiter. This slight extension of the class of truncation
functions is convenient for technical reasons in that it allows us to
consider characteristics associated with limiters that do not vanish
at infinity by contrast with truncation functions.

Let h(z) be a limiter. Then

Ko@) = L hryz) (4.1.1)
T
is also a limiter, and we denote by (B? C? v?) the triplet of the
predictable characteristics of X¢ associated with h?(z) (i.e., defined
as if h?(x) were a truncation function). We also say that (B?,C?,v?)
corresponds to h(x). We recall that this is equivalent to X¢ having
the following canonical representation:

X{ = X§+BP+ X400 () (uf =)+ (5 —h () #psf

(4.1.2)

where

B? = (B;b, teRy), Bg) =0, is an R%—valued F ;—predictable process

with bounded variation over bounded intervals;

Xoc = (Xf’c,t € R+),X[?’c = 0, is an R?-valued continuous local

martingale with respect to Fy that is the continuous martingale part

of X,
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1? is the measure associated with jumps of X?, i.e.,

N¢([07t]7r) = Z I(AX? e'\{0}), I' e B(Rd)§
0<s<t

v? is an Fs—predictable random measure on (Ry xR, B(R; )®@B(R?))
that is the F 4y—compensator of 1o
We use * to denote integration so that

B (z) % (4% — %), = //h¢’ ?(ds, dz) — 1°(ds, dz)),

0 Rd

(2 — W) il = //Yx—wu»wuam»

ORd

fl@) v = //f ¢(ds, dz).

0 Rd

In analogy with earlier notation for semimaxingales we also denote

°%—/f v ({t}, da).

An R™ 9 valued continuous process C? = (Cf), teRy), Cg =0, is
defined to be the F ,—predictable quadratic-variation process of X $c,
We also define the continuous part of the predictable measure of
jumps by

v9<(ds,dz) = 1(v?({s}, R?) = 0)v?(ds, dz).

We consider the version (B?, C?,1?) of the characteristics for which
identically:

C’f —c? , 0 < s < t,is a symmetric positive semi-definite d x d—
matrix,

v?({0},R?) =0, v? (R, {0}) =0, v?({t},R?) <1, (4.1.3a)
(lzP A1) 1P < 00,  (4.1.3b)
AB? = h?(z)ev?. (4.1.3c)
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We recall that C? and v? do not depend on the choice of h, while
it BY = (Ef, t € Ry) is the first characteristic corresponding to an-
other limiter h(z), then

BY-BY = (1% (2) —h?(z)) %10 (4.1.4)

Along with C?, we introduce R**¢—valued processes C%° = (Cf”a, te
R,),d > 0, and C?¢ = (CN’I?, t € Ry) that are the respective Fg-
predictable quadratic-variation processes of the locally square-
integrable martingales

MY = X 4x 1(rglz] < 0)x(uf =)t € Ry, (4.1.5)
and

MP = X0+ h? ()« (u® =), t € Ry, (4.1.6)
and are specified by the equalities

A-CPON=X-CPA+ (A 1(rgle] < 8))% 1

=S (N3 1rglal < 0) e v?)® (417
s<t

and
A-COXN=X-COA+ (X-hP(z)2 1)
SN h0(2) e v?)?, (4.18)

s<t

where A € R?. The processes C?9 and C? are referred to as modified
second characteristics.
We recall that X¢ is a special semimartingale if

1z 1(jz] > 1)1 < 00, tE€R,. (4.1.9)

Then one can consider the predictable triplet of X? “without trunca-
tion”, i.e., assume that in (4.1.2) h®(z) = 2. We denote the process
B? corresponding to this “nontruncation” by B'® = (B’ f, teRy),
so the predictable triplet without truncation is (B'?,C?,1%). As it
follows by (4.1.3c) and (4.1.4),

AB,f = Te ytgb’ (4110)
BY = B4 n@)ed. L)
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If, moreover,
1z)? 1(|z] > 1)*1f < 00, t € Ry, (4.1.12)

then X is said to be a locally square integrable semimartingale. In
that case one can define “nontruncated modified second characteris-
tics” C}% = (C/?, t e R, ) by

ACPA = XCPA+(Na) ) =) (A-mer?)?. (4.1.13)
s<t

The following stronger condition on v plays an important role below
and is further referred to as the Cramér condition:

(Cr) el 1(|z) > 1)*1/? < oo, forallt e Ry, € Ry.

Under (Cr), we can define the stochastic cumulant

Gf()\) = A-B'f—i—%)\-Cf)\—l—(e/\'m—l—A-x)*l/f), AeRYteR,.
(4.1.14)
The process G?(\) = (Gf()\), t € Ry ) is a real-valued Fy-predictable
process with bounded variation over bounded intervals, in particular,

a semimartingale, so that we can define the associated stochastic (or
Doléans—Dade) exponential £2(\) = (EP(A),t € Ry), A € R, by

/(N = e% N T (14+AGE(N)em 2, (4.1.15)
0<s<t

(The right-hand side is well defined and is a semimartingale with
paths in D(R;,R), see Liptser and Shiryaev [79, Theorem 2.4.1],
Jacod and Shiryaev [67, Theorem 1.4.61].)

By (4.1.14), (4.1.10) and (4.1.3a)

AG?(\) = / (A —1)v?({s},dx) > —1, (4.1.16)
Rd

S0, as we are going to see,
PN >0, teRy. (4.1.17)

Therefore, we can define the processes Y?(\) = (Y#’(A), teRy), A€
R?, by

YP(0) = XX =XDgd (A1 (4.1.18)
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A fundamental property of the stochastic exponential is expressed
by the following lemma.

Lemma 4.1.1. Under the Cramér condition the process Y?(\) =
(Y#’(A),t € R, A € R, is a well-defined local martingale on
(29, Fg, Fy, Py).

Proof. We first check Y?()\) is well defined by showing that (4.1.17)
holds. Since G?(\) has bounded variation over bounded intervals,

> IAG (V)] < oo (4.1.19)
0<s<t
Next,
IT t+acix)
0<s<t

>exp(-2 Y 1actl) [T a+acio.
0<s<t 0<s<t:
|AGS(N)|>1/2
By (4.1.19) the product on the right has finitely many terms, which
are positive, and is itself positive.
We now check the local martingale property of Y?(\). Let for
k=23,...

7 = inf{t € Ry : 14+AGY(N) < 1/k}.

Since by (4.1.19) G? has a finite number of jumps less than 1/k — 1
on a bounded interval, it follows that 1+ AGfk(A) < 1/k. Thus, the
71, are F 4-predictable stopping times as the débuts of predictable sets
whose graphs belong to the sets, see Dellacherie [34, IV-T.16], Jacod
and Shiryaev [67, 1.2.13]. Also 7, — oo as k — oo. Hence, there
exist Fy-stopping times o < Tk such that o, =+ 00 as k — o0o. It is
sufficient to show that the (Y, o, (A), t € Ry ) are local martingales
relative to Fy. Since o, < 7, we have that
1

¢ 1
juf (1+AGE () 2 . (4.1.20)

By (4.1.19) Eo<s<t|ln(1 + AG?(\)| < 00, so the process
&P (N) — > AGY N+ ) I(I+AGE(N))

0<s<t 0<s<t
(4.1.21)
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is well defined and is a semimartingale. Let
Uy = A (XP = X0)—In &P (N).

Then Y#’()\) = exp U; so that by the Ito formula

tAoy tAo
1
Y (N) =1+ / e dUs + 5 / Vs d(U®),
0 0
+ Y (% eV =Y AT), (4.1.22)
0<s<tAoy,

where (U€) denotes the predictable quadratic-variation process of the
continuous martingale part of U. Noting that (U¢) = - C?X and
invoking the canonical decomposition of the special semimartingale
X? with no truncation X;b = Xéb + B;fb + Mt“b, where M? is a local
martingale relative to F, we derive from (4.1.22) after some algebra
that

0
tAoy
n / / Vs (X — 1= X-z) (u? — v?)(ds, de)
0 Rd
A AXE
N <67¢ _ 1) AG?(N). (4.1.23)
0<iTinos 1+ AGS(N)

The first integral on the right of (4.1.23) is a stochastic integral of a
locally bounded predictable process with respect to a local martin-
gale, hence, it is a local martingale. The second integral is an integral
with respect to a martingale measure and is a local martingale since
fot Jga €V (€% —1—X-z) v?(ds,dz) < oo, Jacod and Shiryaev [67,
I1.1.28]. Let us consider the sum on the right of (4.1.23). Firstly, it is
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absolutely convergent by (4.1.19) and (4.1.20). Secondly, by (4.1.16)

AAXS
S (2 ac
0<5<thok 1+ AGs (M)
¢
_ Z oUs— (e/\AXg’ _ 1) AGy (i\)
0<5<tAok 1+ AGs (M)
2
Sy o (AG2(N))
viTine,  LTAGIY)
tAoy A p
= / / eVs- (e)"”” - I)L(;\)(,u —v)(ds,dz),
S 1+ AGS(N)

which is a local martingale by Jacod and Shiryaev [67, I11.1.28] and
the fact that

AG?(N))?
Z eU“’* 7( (¢)) < 0.
0<s<tAoy 1+ AGS (M)

O

Let (G¢(\), t € Ry, A € R?) be an R-valued function, which is
continuous in ¢, differentiable in A, and such that the increments
Gi(\) — G4()\) are convex functions of A € R? for 0 < s < ¢ and
Go(A\) = G¢(0) = 0. Let II,,, where o € R?, be defined as in
Section 2.7 (see (2.7.6)). We recall that it is a deviability on C by
Lemma 2.8.3. We denote its extension to a deviability on D with
support in C as II,, as well. Let X be the canonical idempotent
process on (D, IT,,). We state the central result of the section.

Theorem 4.1.2. Let the X¢ satisfy the Cramér condition. If, as
P e,

Pl/r¢,
(0) X0 %,
and for all T >0 and \ € R
1 Pl/rd)
(sup &) Sup‘— lné’f(w)\) — Gt()\)‘ 2, 0,

t<T T¢
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then X® g X.

We begin the proof with preliminary results. The hypotheses of
Theorem 4.1.2 are assumed to hold. We also assume with no loss of
generality that 29 = 0. We introduce the F4-stopping times (\ € R%)

o®(\) = inf{t € Ry : EX(rgA) /™o v EP (ryA) Mo > 271N
or 55’(2711))\)1/’“4) v 5;1’(27«‘1))\)—1/% > 26G§(2>\)}' (4.1.24)

By condition (sup &)

Jim P/ (0%(N) < 1) =0, t € Ry, A € RY. (4.1.25)

Being the début of a predictable set whose graph belongs to the set,
o?(\) is an Fy-predictable stopping time. Thus, 0?(\) is Py-a.s.
announced by an increasing sequence of Fs—stopping times. Since
o?(A\) > 0, there exist Fs—stopping times 7%(\) < 0?(A) such that

rs (¢ 1 _ s
B () + - <o) < o)

+ B/ (r0(\) < rg, 0%(N) = 00) <
In view of the inequality

Py(t?(\) < t) < Py(0?(N) < t+1)

+ P, (Tm) v+l curnn am)),

T
we have from (4.1.25) and (4.1.26) that
. 1/T'¢, d) _
(1%1) P (1°(N) <) = 0,t € Ry (4.1.27)

Note also that by (4.1.24) and the inequality 7?()\) < o?(\)

83\T¢(/\) (re\)/™e v 537¢(A) (rgA) "M < 29N (4.1.28)
Eproin 2raN eV ED L (2rgA) e < 25BN (4.1.29)
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Lemma 4.1.3. For all A € RY, the process Y?()\) is a positive su-
permartingale relative to Fy. The process (}Q?\Td)(/\)()\), t €10,7) is
a square integrable martingale relative to Fy for every T > 0 and

Ey(Y?

AT (\) (rpA)?) < 23roemsGIENF2GI O] X e RY t € R, .

(4.1.30)

Proof. By Lemma 4.1.1 Y?()) is a positive local martingale relative
to Fy. Hence it is a supermartingale. So we have to prove only
(4.1.30). By the supermartingale property of Y?(\) and the fact
that Y0¢()\) = 1, for all finite F4-stopping times 7,

EyY?(\) <1, xeR?. 4.1.31
oYr

In view of (4.1.29) and the definition of Y?()), (4.1.31) with 2ry\
implies that

Eyexp(2roh (X)) —X3)) <27 exp(rgG(2))), A € RY,

M)
which by (4.1.28) yields

Ey(Y]

) (r¢>\)2) < 2" exp (T¢Gf(2)\))22r¢ exp (2r¢Gf(>\)),
proving the lemma. O
Lemma 4.1.4. Let for 0 =ty <t; < ... <ty

Z2(\) = X? ~X?

d
= Xinrooy "Xt ey A € R

Then, for all A1, ..., \p € RY, the net {exp(zyl’?:1 )\i-Z;b()\i)), ¢ € @}
is uniformly exponentially integrable with respect to the Py and

k k
ger% E;)/Td) exp (’I“¢ Z AZZ?(Az)) = €exp (Z (Gtz (Ai)_Gti—l (AZ))) :
i=1 1=1
Proof. Let
=3 N2, i=1,. k¢ =0 (4.1.32)
7j=1
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We first prove that for 1 =1,...,k

i
Eyexp(2ry¢l) < 27 [ [ exp(rs (G, (20)+G;,_, (2)7)))-
7j=1
(4.1.33)
The proof of Lemma 4.1.3 implies that Ey exp(Zwa)) < oc0. In
view of (4.1.32) and the definitions of Zf()\) and Y?()\), we have by
Lemma 4.1.3 and (4.1.29) fori =1,...,k

E, [exp(2r¢gi¢) | .7:(? ]

gexp(27“¢§’525 )exp( 2rp\; - ( —X¢))

—1AT? (i)

ro Gy (2X;
V2 s oA

_exp(2r¢§ ) AT (A )(2r¢)\) Lorg o7 GT, (2i)

Applying to the latter (4.1.29) again we deduce

E, [GXP(2T¢C¢) | F,_ 1]
< exp(2r¢§i_1)2zr¢ exp (r¢ (Gz (2Xi) + Gy, (2)\2)))

This proves (4.1.33). Uniform exponential integrability of
(exp(zZ E Z¢( Ai)), ¢ € @) is implied by (4.1.33) with i = k.

We prove the convergence required in the lemma by proving that
fori=1,...,k

L/rg Py —
li E gi, 4.1.34
tim B/ exp(rc?) = e (4.1:34)
where
i
gi = Z(th (Aj)_th_l(Aj))’ 1= 17 v 7k7 go = Oa
j=1
provided (4.1.34) holds for (i — 1).
For § € (0,1/2) we define the sets

B?:{wEQ¢:‘E¢ (rd))\)l/rd)e Gri_ 1()‘)—1‘25

IAT?(Ni)

g¢

or tA¢()

(rgAi)~ 1/rs G (Ni) 1‘ > 5}
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and AY = Q4 \ BY. By (sup &) and (4.1.27), as ¢ € @,
L/ry ( pé Ly ( 4
P,?(By) =0, P,/ (A7) — 1. (4.1.35)

Applying the Cauchy-Schwarz inequality we have by (4.1.33) and
(4.1.35)

lim E U ¢(exp(r¢§’¢) (B¢)) 0,

ped

which implies that (4.1.34) would follow from

lim inf lim inf £, L ¢(exp(r¢C¢) (A¢))

0—0 ped
= limsup lim sup £ ks (exp(w&’) (A¢)) =e%. (4.1.36)
0—0 peD

Let

R = exp(roCi )Y, o) oMY oy (redi) ™!

(4.1.37)
By Lemma 4.1.3 Ed)R? =Ey exp(r¢§“f_1), so by our assumption
lim E}/" RS = ¢9- (4.1.38)
peD

On the other hand, (4.1.32), (4.1.37), and the definitions of Y?()\)
and Z()) yield

R = exp(rg¢l)E? EF pro o) (ToM) el oo (4.1.39)
Therefore, applying the Cauchy-Schwarz inequality we have in view
of (4.1.28), (4.1.35) and (4.1.33) that limgco E;/ " (R21(BY)) = 0,
which by (4.1.38) obtains

Jim B)™ (R{1(AD)) = 9. (4.1.40)

By definition, we have that on A?

55 IAT? (A )(T‘i’)‘ ) (1 + 5)7"4, exp(rd)Gti—l (Ai))a
g;bmd)( )(7“¢>\ )y L<(1+6) exp(—m)Gti()\i)).
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Therefore, by (4.1.39)
R{1(47)
< exp(rgCl) (1 + 0)°7 exp(—rg(Gr, (M) — Gr_, (M) 1(AD).

The latter implies by (4.1.40) that

lninf lim inf B}/ (exp(roli) 1(42))

> edi-1 exp(Gti(Ai) - Gti,lo\i)) =9,

In an analogous manner, the inequalities

gg_lAT¢()\i)(r¢)\i) > (1-09)" eXp(T¢Gti—1(>‘i))v
EF v ToXi) T 2 (1= 8)" exp(—ryGr, (A)

yield the limit

lim sup lim sup E;/rd’ (exp(ry¢i)l (Ag))) < e
6—0 peD

Limits (4.1.36) are proved. O

The last preliminary result needed for the proof of Theorem 4.1.2
is the following version of Theorem 3.1.31, which is proved in a similar
manner.

Lemma 4.1.5. Let {K? ¢ € ®} be a net of R™ —valued random vari-
ables defined on respective probability spaces (Qg, Fg, Pyp) and K be
an R™-valued idempotent variable defined on an idempotent proba-
bility space (2, 11). Let Sipexp(A - K) be finite for and differentiable
in A\ € R™. Let there exist nets {Z?(\), ¢ € ®} of R™ —valued ran-
1/’V‘¢

dom variables defined on (Qy, Fp, Py) such that K¢ — Z?()) P¢—> 0
and E;/rd’ exp(rgA - Z?(X)) — Smexp(A - K) as ¢ € @, and the
net {exp(A- Z?(N)), ¢ € ®} is uniformly exponentially integrable for
A€R™, Then K¢ 4 K.

Now we proceed with the proof of Theorem 4.1.2 itself. Recall
that 2y = 0.
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Proof of Theorem 4.1.2. We apply Theorem 3.2.8 to the net
{L(X?), ¢ € ®}. We verify the C-exponential tightness by checking
the conditions of part II of Theorem 3.2.3. We begin with condition
(4). In view of (4.1.31) and the definition of Y?(\), we can apply to
(exp(rpA - (Xf’ - Xg’)), t € Ry) and £?(ryA) Lemma 3.2.6 to obtain
forall A >0,B>0and L >0

Py (supexp(rpA - (Xg’ - Xg’)) > e’°¢A) < ele(B=4)
t<L
+ P¢(sup€f(r¢)\) >eB), A e RE. (4.1.41)
t<L

Taking B > G7(A) + 1, we have by (sup &)

: 1/rg ¢ rsB
lim P sup &, (reA) > €'¢7) =0,
dea ¢ (t§¥ i (ro)) = )

and then (4.1.41) yields, for A € R?,

llmsupP/¢(sup)\(X¢ X¢)>A) B4 5 0as A — oo
pcd t<T

Since A is arbitrary, this implies that

lim limsup P, L ¢(sup|X¢ X¢| > A) = 0.
A=00 e t<T
pHTe
As by hypotheses Xéb 25 0, we obtain (7).
Turning to (i¢) it is again sufficient to prove that for all A €
RY AN #0,m7>0,and T > 0,
limlimsup sup P L ¢(sup (Xf;T—Xf) >n) = 0.
0=0 ped  reSp(Fy) <o |l
(4.1.42)
By Lemma 4.1.3 and Doob’s stopping theorem we have for every
finite F4— stopping times o and 7 such that o > 7

Y2 (ro
# <1 (4.1.43)
YT (’f‘¢)\)
Fixing 7 € S7(Fy), let for ¢t € Ry
X o= XP, - X?, (4.1.44a)
£ (A
EPT(N) = HT() (4.1.44b)
20N
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and introduce the filtration Fy ; = (Ffjﬂ, t € Ry). Let o be a finite
F4 -—stopping time. Then (o + 7) is an F4-stopping time so that by
(4.1.43) (with 0 = 0 + 1), (4.1.44a), (4.1.44b), and the definition of
Y?(\) we have

exp(rpA - X?’T)
EPT (1))

As o is an arbitrary finite Fy .—stopping time, by Lemma 3.2.6 we
conclude that for all A € R, 5 > 0,6 > 0, and a > 0

Py(sup X - X7 > 1Aln) < ers(amIAl
t<é

P¢(stl<1%)8?’7(r¢)\)1/r¢ > eaw). (4.1.45)

By (4.1.44b)
1
sup—ln5¢’ (reA) < ‘—ln5¢(r¢)\) G- (V)|
t<6 T
+ sup\ &L (rgA) — Grar(N)| +sup [Gryr (A) — G- (V).
<o To t<o

(4.1.46)

Since G¢(A) is continuous in ¢,

1
sup  Gi(N) =Gy (V)] < 5ol
|t—s|<0
0<t,s<T+6

for all sufficiently small §. Thus, (4.1.46) yields for these ¢ by the
fact that 7 < T

P, (sup Ef’T(w)\)l/r‘ﬁ > ea\/\l)
t<s

— &L (ry)) — Gt(A)‘ > M)

§P<sup 1

t<T+6

"¢

Substituting the right-hand side into (4.1.45) and using (sup &) we
obtain for A # 0

A
lim sup lim sup Pg;/”’ (sup Xd)’ > 1) < ela=mIAl
00 ped 1<s Al
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Taking @« = n/2 and |[A\| — oo, and using (4.1.44a) we arrive at
(4.1.42). C-exponential tightness of {£(X?)} follows.

Let us check LD convergence of finite-dimensional distributions.
Let 0 =ty < t1 < ... < tp, M,..., \x € RY and X denote the
canonical idempotent process on ). We also denote m =d X k, A =
(AL,-.A) € R K? = (X — X§,..., X0 — X]_ ), K = (X, -

Xo,- s Xy — Xtp_,), and Z2(N) = (Z2(\), .., ZP (M), where the
Z?();) are defined in Lemma 4.1.4. Then by (4.1.27)

BT (IK? — 2°00)] > €) < B} (K® # 2°(V))
k
< ZP(;/% (Td)(Ai) < ti) — 0.
=1

By Theorem 2.8.5 if D is equipped with IIj, then X is an idem-
potent process with independent increments starting at 0 and such
that Srr, exp(A- (X; — X)) = exp(Gi(A) — G4(})). By Lemma 4.1.4
{K? ¢ € ®} and {Z?(\),¢ € ®},A € R™, satisfy the condi-
tions of Lemma 4.1.5 so that K¢ % K. The contraction princi-
ple then implies by the definition of K? that (X] — X{,..., X] —
1/r¢
P
x¢) B (X, - Xo,..., Xy, — Xp). Since X % 0 and
Xy = 0 IIp-a.e., by Lemma 3.1.42 and the contraction principle

(X2, X2, x2) B (X4, Xur,- .-, X)) proving the finite dimen-
sional LD convergence. O

Remark 4.1.6. By Theorem 2.8.5 under IL,, X is an idempotent
process with independent increments starting ot xg and having cu-
mulant G(X). In particular, X satisfies “the Cramér condition”

Sexp(a|X;]) < oo fora € Ry and t € Ry,

We now give two more versions of the theorem in which the X% do
not have to be semimartingales. Inspection of the above proof shows
that the critical property of £?()) is the one stated in Lemma 4.1.1
that the process Y?(\) = (Y;d)()\),t € R,),\ € RY, is a local mar-
tingale. Therefore, the following extension of Theorem 4.1.2 holds.
The function G¢(\) satisfies the same conditions as above.

Theorem 4.1.7. Let X%, ¢ € ®, be stochastic processes with paths
in D defined on respective stochastic bases (g, Fg,Fy, Py). Let for
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every A € R? and ¢ € ® there exist F4-predictable positive pro-
cesses EP(\) = (Ef()\), teRy), Eg’()\) = 1, such that the processes
Y?(\) = (YN, t € R,) defined by

Y2 (\) = exp(A- (X - X§))EP (M)

are Fy—local martingales.
1/T¢
If Xg) 2 20 and, for all T > 0 and A\ € RY,

Pl/rd)

1
sup [— In&E(rg)) — G, (V)| & 0,
t<T |T¢

as ¢ € ®, then L(X?) LA IT,,.

As a consequence, we obtain the following result for processes
with independent increments that are not necessarily semimartin-
gales.

Theorem 4.1.8. Let X? be processes with independent increments
with paths in D such that Ey exp()\- (Xg) — Xg))) < oo forallt € Ry

and \ € R¢,
1/T¢

If Xg) % 20 and, for all T >0 and A\ € RY,

1
sup |— In B exp(A - (Xf - Xg))) —Giy(A\)| =0,
t<T |T¢

then L(X?) “ I1,,.

Remark 4.1.9. If the X?® are semimartingales with independent
increments, then the assertions of Theorems 4.1.2 and 4.1.8 coin-
cide since the triplets (B'®,C%,19) are deterministic and Eg)()\) =
Eyexp(X- (Xg) - Xg))) (cf. Jacod and Shiryaev [67, II.4.15]).

4.2 Convergence of characteristics

In this section we give results on LD convergence in terms of the
characteristics of the semimartingales. This allows us to do without
the Cramér condition; we require instead that the measure of “big
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jumps” be small. As in the preceding section, we consider a net
{X? ¢ € ®} of semimartingales on (Q¢, Fy, Fy, Py) with predictable
triplets (B?, C?,v?) corresponding to a limiter h(x). We also con-
sider as given a cumulant G¢(\), which does not depend on x and is
defined as in (2.7.7) and (2.7.55) by

t
Gi(\) = /gs()\) ds, \e Rt € R, (4.2.1)
0

where

1
gs(N) =X -bs+ = A-csh+ [ (X7 —1—\-z)vg(d)
)
+ (ln(l —I—/ (e/\'x — 1)195(dx)) — / (e)"x — 1)ﬁ5(dx)),

Rd Rd
(4.2.2)

(bs, s € R, ) is an R¢-valued Lebesgue-measurable function such that
fot|b5|ds < oo fort € Ry,

(cs, s € Ry ) is a Lebesgue-measurable function with values in the
space of symmetric, positive semi-definite d x d-matrices such that
fot lles|| ds < oo for t € Ry,

(vs(T), s € Ry, T € B(R?)) is a transition kernel from (R, ,B(R,))
into (R?, B(R?)) such that for t € Ry and o € Ry

w({0}) =0, / 22 A 11y(dz) < oo,

Rd

/ e 1 (|z] > 1) vy (de) < oo,
Rd
122 A1 x vy < oo, e 1(|z] > 1) % 1 < o0, (4.2.3)

(75(D), s € Ry, T € B(RY)) is a transition kernel from (R;,B(Ry))
into (R?, B(R?)) such that for s € R, and I' € B(R?)

75(I) < (L), B5(RY) < 1. (4.2.4)

We also assume the following condition to hold

© 2001 by Chapman & Hall/CRC



Convergence of characteristics 307

(Ly) Supeamoﬁs<oo,t€R+,a€R+.
s<t

By Lemma 2.8.8 condition (L;) implies condition (Lg) of Corol-
lary 2.8.7. We recall that G4()\) is differentiable in A under (Lj). Let
zo € R?. By Corollary 2.8.7 IT,, is a deviability on D and the canon-
ical idempotent process X is a Luzin-continuous semimaxingale with
independent increments on (D, IT,,) starting at =y and having local
characteristics (b, ¢, v, 7). As in Section 2.7, we denote as (B,C,v, D)
the characteristics of X associated with a limiter h(z); B’ denotes the
nontruncated first characteristic and C' denotes the modified second
characteristic, which are defined by (2.7.11), (2.7.57), and (2.7.58).
To recall,

t

t
B = /bs ds, B; = Bi+(h(z)—x)*vy, Cy = /cs ds,
0 0

and for \ € R4

ACA=X-Ch+ (M- h(z))? * 1y
- /(A - h(z) ® 1y)%ds.
0

Let U be a dense subset of R, and let C, denote the set of
functions f : R? — R? that are bounded, continuous and equal
to 0 in a neighbourhood of the origin. For f € C,, we denote
fox) = from)/re.

We consider the following conditions

1/r¢
(0) X% oz aspe O,
(4) lim limsup P,/" (12((0,8], || > A)Y/7* > €) =0, ¢ >0, € >0,

1
(@) lim limsupP;/rd’ (—ear¢|$| 1(relz| > a) 1(Jz| < A) * I/f) > 8)
a—00 ¢€<1> Td)
=0,
t>0,a>0, A>0,e>0.
1/r¢

P
(sup B) sup|BY —B;| & 0 asgpe®, T >0,
t<T

© 2001 by Chapman & Hall/CRC



308 Finite-dimensional LD convergence

(C) lim lim sup P L/ ¢(||r C¢’ -Gyl > 6) =0,teU >0,

0—0 ped
~ ~ ~ PI/T¢
(C) lrg CP = Cill % Oasped, tel,
Pl/r¢,
(v) Foa)«v? —fla)xm % Oaspe®, tel, fed,
(D) —Z (roz) o V2 / ) e 1) Fds % 0as ¢ €D,
"0 0<s<t 5

k=2,3,...,teU, f €.
The following theorem is the main result of the section.

Theorem 4.2.1. Let the limiter h(z) be continuous. If conditions

(XO), (A)+(a), (sup B), (C) (or (C’)), (v), and (©) hold, then X¢ Lt

Remark 4.2.2. Conditions (C) and (C) equivalently require con-
vergence of the entries of the respective matrices 7“¢C,§b’6 and 7“¢C,§b to
the corresponding entries of Cy.

Remark 4.2.3. The assertion of the theorem is equivalent to the LD

convergence L(X?) LA II,,. We also recall that by Lemma 2.7.12

under the hypotheses

o0

I, (x) = exp(—/ sup (A%, —gi(N)) dt)

AER4
0

if x is absolutely continuous and xg = xp, and Il (x) = 0 otherwise.

Remark 4.2.4. The theorem also holds if condition (a) is replaced
by the following weaker condition

(a") all>11010 lim SupP L/rs (—ij o) * Vf’
. ped
+— Z In(1 —I—ija(x) ov?) > 6) =0,
"9 o<t o

t>0,a>0, A>0,e>0,

where

3 (@) = (7171 21) 1(ry|2] > a) 1(j2| < A).
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Before proceeding with a proof we give a version for processes
with independent increments (PII) that are not necessarily semi-
martingales. Let X? be PIL Then, given a limiter h(z), the X¢
admit decomposition (4.1.2), see Jacod and Shiryaev [67, I1.5], where
BY = (B;b, te R+),Bg) = 0, is an R?-valued right-continuous with
left limits (deterministic) function;

Xoc = (Xg”c,t € &),X{f’c = 0, is an R?-valued continuous local
martingale with respect to Fy that is the continuous martingale part
of X;

1 is the measure associated with jumps of X¢;

v? is a (deterministic) measure on (R, x R?, B(R, ) ® B(R?)) that is
the Fg-compensator of u¢’.

Also, relations (4.1.3a) and (4.1.3c) hold.

Let C? = (C’f’, teRy), C'g) = 0, be the Fy—predictable quadratic-
variation process of X#¢. Then C? is a deterministic R?*¢-valued
continuous function such that the matrices Cf’ — C? are symmetric
and positive semi-definite for s < t. As above, we denote by C?? and
C? the F;-predictable quadratic-variation processes of the respective
local martingales M%° and M? from the respective equalities (4.1.5)
and (4.1.6). As with C?, the processes C?? and C? are actually
deterministic matrix-valued functions.

Since X? is not necessarily a semimartingale, the function B
might no longer have bounded variation over bounded intervals and
condition (4.1.3b) is not in general satisfied; so, one cannot specify
C%9 and C? by the respective equalities (4.1.7) and (4.1.8). Instead,
we have for A € R and ¢ € R,

MCPIN = XCP M (Az L(rgla] < 6)=Na L(rgla] < d)ovf) )

+ 3 (A zl(rglz] < 6) e v?)*(1 - v?({s},RY)) (4.2.5)
0<s<t

and
A-CIX=X-CON+ (- hP(z) = A - h%(z) e 2)” % 0

+ ) (A-ho(x) e 2)* (1 —v?({s},RY)). (4.2.6)

0<s<t
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The right-hand sides are well defined since by Jacod and Shiryaev
(67, I1.5.6]

|1? ()~ ABS* sl + > JABLP (1-v%({s},R?)) < o0
0<s<t
(4.2.7)
Formulas (4.2.5) and (4.2.6) reduce to (4.1.7) and (4.1.8) if (4.1.3b)
holds.
Since the characteristics of a PII are deterministic, conditions
(A), (a), (a'), (sup B), (C), (C), (v), and (») take the form

(A)r lim limsup?([0,8],|z] > A)Y/™ =0, t >0,
1
(a)r alirgo lim sup —e®74 /7! 1(rglz| > a) 1(Jz] < A) * I/f) =0,
e To
t>0, a>0, A>0, e>0.
1
! _ ¢ ¢a
(@)1 1 Jim. 111$1€S;P(T¢JaAa(w) * 1y
+— Y (1450 (0) e ) =0,
¢ p<s<t

t>0,a>0, A>0,e>0,

(sup B); sup|BY — B;| =0 as ¢ € ®, T >0,
t<T
(O)r lim lim sup || Cf)’d -Gl =0, teU,
C I CP -Gl =0, teU,
(@) lsy |y Cf — G|
(V)1 fd’(x)*uf—f(x)*ut—)OaSng(I) teU, fecliy,
t
(D)1 —Z (roz) o v? / 01/5) ds —+0as ¢ €,
"0 0<s<t 0

k=23,...,teU, f €.

Theorem 4.2.5. Let X? be PII with predictable characteristics
(B?,C?,v?) corresponding to a continuous limiter h(zx). Let con-

ditions (0), (A);, (a); (or (a');), (sup B)1, (C); (or (C1)), ()1,
and (9); hold. Then X® % X as ¢ € ®.
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We prove Theorems 4.2.1 and 4.2.5 in parallel. The argument ac-
tually refers to the X? being semimartingales. The modifications
needed when the X?¢ are PII are either self-evident (e.g., replacing
super-exponential convergence in probability by deterministic con-
vergence) or explicitly mentioned. The proof proceeds through a
number of steps: we first establish interconnections between the con-
ditions of the theorem, then derive the assertions of the theorems for
the case of jumps of order 7“;1 and finally consider the general setting.

Lemma 4.2.6. Let Z%0 = (z0°t € R,),Z{° =0, ¢ € ©,6 >
0, be Ry -valued increasing processes on respective probability spaces
(Qg, Fy, Py) and Z = (Zy,t € Ry ), Zo =0, be a (deterministic) R, -
valued increasing continuous function. If, for all t € U and € > 0,

hmhmsupP L ¢(|Z¢6 Zy| > 6) =0,

then this convergence is uniform so that

lim lim sup P, L ¢(sup|Z¢’ —Zy| > 8) =0, T>0,e>0.
Proof. The argument is standard. Let w;(d) denote the modulus of
continuity of Z on [0, ], i.e., w(6) = sup ww<s: |Zy—Zy|. For N € N,
lu—v[<d
we choose tV € U,i = 0,. kN,suchthat0:t6V<t{V<...<
toy | <T <thy <T+1and|tN 1|<1/Nz'—1,...,kN. Then,
since the Z%9 and Z are increasing, for ¢ € [t | tN],i =1,... kY
we have that

?

0 )0 0
200~ 2 <125~ Zyy IV |2~ Zy]
0 0
§|Zg:gv - th|V|Z;fN_1_ t{[1|+|Zt?_Ztﬁl|a
and hence using that ng =Zp=0
6.0 6,8 1
sup| 70~ 24| < max |2 —ZtN|+wT+1<—>.
t<T i=1,. i N

Since wr41(1/N) — 0 as N — oo by continuity of Z, for arbitrary
e > 0 we have for all N large enough

kN
P, (sup 1200~ 7, > s) < pre (|Zj,f—zt]_v| > s/z).
= i=1 i '
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The latter goes to 0 as ¢ € ® and § — 0 by hypotheses and the
choice of the tiv . O

As a consequence, we have the following.

Corollary 4.2.7. Conditions (C), (C), and (v) are equivalent to
the following respective conditions (sup C), (sup C), and (sup v).

(sup C) }im lim supP(;/rd’ (sup ||7"¢Cf)’6 =Gyl > 6) =0,
=0 $cd t<T
£>0,T>0,
(sup C) ¢1>ie% P(;/”’ <SE:IF) ||7“¢)C~’,§25 — G|l > 6) =0,e>0,7>0,
1<
1/r¢
P
(sup v) sup‘f¢(x)*y¢—f(x)*yt‘ s Daspe®,
t<T
T>0, f eCp.

The second preliminary lemma shows that if condition (v) holds,
then condition (sup B) is invariant with respect to the choice of a
continuous limiter A.

Lemma 4.2.8. If condition (v) holds, then condition (sup B) does
not depend on the choice of a continuous limiter h(x).

Proof. Let B® = (B, t € R;) and B® = (BY, t € R,) be the first
characteristics of X¢ corresponding to continuous limiters h(z) and
h(z), respectively. Let B; and B; be the first characteristics of X
associated with h(z) and h(z), respectively. By (4.1.4), up to a Py-
null set,

By = B} +(h?(z) — h®()) =1,

so that by the definitions of B; and By, h?(z) and h®(z), up to a
Py-null set,

BY By = (B{—By)+(h? (z)—h? (z))#v{ — (h(z) —h(z))#11,

and the equivalence of (sup B) and (sup B) under (v) follows by the
equivalence of (v) and (sup v), and the fact that h — h € Cp. O

We now consider implications of conditions (v) and (?).
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Lemma 4.2.9. Let (v) and () hold. Then fore >0 andt € U

1. lim hmsude)/ ¢ (‘— frez) L(rglx| > 6) * vy

—f(z) *ut‘ >6> =0,

for all Ry -valued bounded and continuous functions f(z), ¢ €
R?, such that f(z) < clz|?,c > 0, in a neighbourhood of the
origin;

2. (}1_1}1(1) llI;lesql;lpP ke <—|g(r¢x)| 1(rglz| > 0) * l/t > 8) =0

and

r ]_
3. %13(1) liriles;lpP(;/ ¢ (‘a Z (9(rez) L(ry|z| > 6) o Vg))k
0<s<t

—/t(g(x) o 0,)"ds
0

k=23,...,

for all R-valued bounded and continuous functions g(z),z € R?,
such that |g(z)| < c|z|,c¢ > 0, in a neighbourhood of the origin.

>a>:0,

Proof. Let
_ (=] + d
fr(@) = (=-1)"AL r>0,z€R".
r

Then, since f(x) > 0 and f5/2(7) > 1(|z] > 6) > fs(z),

o) 10lel > 6) 17— 0+
< (@) Lllal < 8) # 11+ F(@)(fyja(@) — Fs(@) + 1

1
+ s | S (o) fgatron) s v = (@ fo(e) <]

The last term on the right goes to 0 super-exponentially in prob-
ability as ¢ € ® by (v) and the inclusion f(z)f,(z) € C,. The
sum of the two other terms does not exceed, for ¢ small enough,
2c|z|? 1(|z| < 20) * v4, which goes to 0 as § — 0 by (4.2.3) and
Lebesgue’s dominated convergence theorem. Part 1 is proved.
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Now we prove part 2. By (v), using that 1(|z| > &) < f5/2(z)
and g(z) f5/2(z) € Co,

limsup P, L (—|g(r¢x)| 1(rglz| > 0) * Vt > 6)
pe®

< limsup P, Lo (—|g(r¢$)|f5/2 (rex) * ygb > 6)
ped
1(6]g(z)|fs2 () x vy > €/2). (4.2.8)

Now, for o > 6/2, since f5/2(z) < 1(|z| > /2),

Slg(@)\fi2(2) % 11 < Slg(@)| 1(J2] > 0) *
+9]g(2)|1(0/2 < |z| < 0) * 1.

The first term on the right, obviously, goes to 0 as § — 0. The second
one, by the assumptions on ¢g(z) and with the use of Chebyshev’s
inequality, is not greater than (take o small enough) 2|g(z)||z| L(]z| <
o) * vy < 2¢|z]? 1(Jz| < o) * v, and goes to 0 as o — 0, as above.
Thus, the right-hand side of (4.2.8) is zero for ¢ small enough and
part 2 is proved.

We prove part 3. By (#) and the inclusion g(z)fs(z) € Cp, the
required would follow by

lim lim sup P ‘ rex) 1(rglz| > 6) o v}
20 geo 7 (Td’ 0§:<t ’ ’ )
— (glrom) folrom) 0 12)"| > 5) =0 (4.29)
and
lim/\ (o(a)fs(wyein)|ds = 0.
0—0

The validity of the latter limit is obvious since g(x) and fs(z) are
uniformly bounded, fs(z) — 1 as 6 — 0 for x # 0, and (4.2.4) holds.
For (4.2.9), we write, by the inequalities |2* — y*| < k(z V y)¥ |z —
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yl, z,y >0, and 1(|z| > 20) < f5(z) < 1(|z| > §),

— Z ‘ g(rex) 1(re|z| > ) ® /] )k — (g(r¢x)f5(r¢x) ° l/f)k‘
"9 g <s<t

< 5 ST (lgtrgn) 1rla] > 5) 0 )

¢ o<s<t
(l9(rem)| L(ry|z| < 26) @ v?). (4.2.10)

Applying to the first integral on the right of (4.2.10) Jensen’s in-
equality and recalling that v?({s}, R%) < 1, we conclude that, for §
small enough, the right-hand side of (4.2.10) is not greater than

k -
20 = >, lg(row) [~ 1ryla| > 6)er]
0<s<t

and an application of the assertion of part 2 yields (4.2.9). Part 3 is
proved. O

Lemma 4.2.10. Under (v) and (©), conditions (C) and (C) are
equivalent.

Proof. By the definitions of Cg”é, ég), Cy, and h?(z), it suffices to
prove that for ¢t € U,e > 0,

1/r (1 1 2 ¢
lim i P —(A-h 1 d
fmylimsao 257 (7 - brse)) el > )«

—(\ - h(@)? x| > e) =0,

/r¢< 1) ¢ ) _

lim li P E h 1 >0 >¢e) =0,

55% ng%lp T | (T¢$)| (T¢|$| Jere
0<s<t

1
lim lim sup P(;/r"’ ( —
6—0 d)eq)

Z (A h(rez) L(ry|z| > 6) o Vf)2

r
P o<s<t

t
/ ) e d8‘>6):0.
0

The limits follow by the respective parts 1, 2 and 3 of Lemma 4.2.9.
O
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4.2.1 The case of small jumps

In this subsection we prove Theorems 4.2.1 and 4.2.5 for the case of
jump size of order 1/ry.

Theorem 4.2.11. Let the X? be semimartingales (respectively, PII).
Let conditions (0), (sup B), (C) (or (C)), (v), and (V) (respectively,
(0), (sup B);, (C); (or (C)1), (v)1, and ();) hold, and, in addition,

for some a > 0,
%) v?([0,], {rg|z| > a}) =0, t>0,¢ € ®.

Then X¢ 4 x as ¢ € ®.

Proof. We prove the theorem by checking the hypotheses of Theo-
rem 4.1.2 in the semimartingale case, respectively, Theorem 4.1.8 in
the PII case. By condition (vF) the Cramér condition (Cr) is met
by the X? so that the associated stochastic exponentials £?()) if the
X% are semimartingales, respectively, the Eexp()\ . (X;b — Xg) )) if
the X¢ are PII, are well defined. For economy of notation we de-
note the latter expectation by Ef)(k) in the PII case as well. Since
also the cumulant G;()) satisfies the conditions of Theorem 4.1.2,
by Theorem 4.1.2 (respectively, Theorem 4.1.8) in order to prove
Theorem 4.2.11 it is sufficient to check that as ¢ € @

1 & P,/
(sup &) Sup‘— In&; (rgA) — Gt()\)‘ — 0.

t<T T¢

(In the PII case the convergence is deterministic.) Let us firstly note
that by conditions (vf') and (v)

v(lz| >a) =0 (ae.) (4.2.11)

We choose h(z) = z for |z| < a so that by (') we have B? = B'?.
In view of (4.1.14), (4.1.15) and (4.1.16) we can write

1
£P() = exp(X- B + SA-COA+ (=1 X 0) + 78

H o NABE (14 (" —1)er?). (4.2.12)
s<t
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(In the PII case one needs to use the argument of the proofs of Jacod
and Shiryaev [67, Theorems 11.4.15 and I1.5.2].) We show that the
right-hand side of (4.2.12) is well defined. Since

(el —1—alz]) ¢ < 00, @ € Ry, (4.2.13)

all the individual terms are well defined. To show that the product
is convergent, note that ABﬁ5 =ze Vf so that

e DB (14 (A 1)er?) = 14 (M@ 28D\ (o— ABS)—1) e
n (ef)\.ABf +A-AB? —1)(1 - v?({s},R%)).
Thus, the expression on the left-hand side is not less than 1. Also,

by the inequalities 0 < exp(u) — 1 — u < exp(|u|)|u|?/2, u € R, and
|AB§)| < a/rg, condition (v!) and the choice of h(z)

—\AB? Az é w 2|Alar
Zlne (1+ (e ev?)) < 5 ¢ ¢

0<s<t
> (I9(x) = ABP 0 v + |ABIP (1 - v9({s},RY) ),
0<s<t

the latter sum being convergent by (4.1.3b) (respectively, by (4.2.7)).
Let us denote for s € Ry

= 1?({s},R%), (4.2.14)
and for 6 > 0, A € R,
2P’ = @ Lrgla| < 6) erf (4.2.15a)
D (N) (M = 1) 1(rg|a| > 5) o?, (4.2.15b)
(well defined by (v1)),
RP’(N) = (exp(\- (z1(rglz| < 0) —22?)) —
=X (zL(rg|z| < 90) — x‘f"s)) °? (4.2.15¢)
QP°(\) = (exp(=A-z2%) —1+A\- x‘f"s)(l a?)(4.2.15d)
GH(N) = exp(—A-zP)DPI(N) + RPN (4.2.15¢)
+QP(N), (4.2.15f)
UPO() = (M —1—A-x) Lrgla|<0) + v (4.2.15g)

(well defined by (4.2.13)),
VOO = (M —1—A-a) (rplz|>0) * ¢  (4.2.15h)
(well defined by (v1)).
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For the sequel, we put down the following obvious relations:

0<al <1, |29 < % (4.2.16)
and

exp(—%) —1< D#I(N) < exp(%) -1 (4.2.17)
(use (v!') and (4.1.3a)).
Lemma 4.2.12. The following representation holds
(LS?) (N = A+ B + VP + Y2000 + 2P (),

where

Y700 = > (In(1+D(A) =D (),
0<s<t

1
ZP') = > 1+ GP(N) + U\ + 5 CPA
0<s<t

— ) In(1+ D (N)).

0<s<t
Proof. The key is to observe that

14 (M —1)or? = exp(A-z2°) (1+G2(N)), (4.2.18)
which follows by routine calculations using (4.2.14)-(4.2.15¢e). Sub-

stituting the right-hand side into (4.2.12) and taking into account
(4.1.10), (4.2.15g) and (4.2.15h) yields

1

= Y. D) [Ja+62°(0N), (4.2.19)

0<s<t s<t
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which is equivalent to (LS?) provided the right-hand sides of (4.2.19)
and (LS?) are well defined, i.e.,

> IDPPN)| < o (4.2.20a)
0<s<t
1+G2(\) >0, (4.2.20b)
> In(1+GP'(N)] < oo, (4.2.20c)
0<s<t
14+ D2%(\) > 0, (4.2.20d)
> [In(1+ DPP(N)| < oo (4.2.20e)
0<s<t

Inequality (4.2.20a) follows by (4.2.15b), (vf) and the fact that by
(4.1.3b) v?([0,4],{|z| > €}) < 0o, € > 0. Inequality (4.2.20b) follows
since by (4.2.18), (v¥) and (4.2.16)

L+ GEI(N) > exp(~[N3/rg) (1+ (exp(~[Na/rg) — 1)af)
> exp(—|A|(6 +a)/ry). (4.2.21)
Next, by (4.2.15¢) and (4.2.16)

Z |G¢6 |<e\/\|5/r¢ Z |D¢5 )|

0<s<t 0<s<t

+ ) (BRI +QI(N) (42.22)

0<s<t

(note that RZ°(A) > 0 and Q%°(\) > 0). By (4.2.15¢) and
(4.2.15d), using (4.2.16) and the inequality exp(u) — 1 — u <
(Jul?/2) exp(|u]), v € R, we have

(RPN + QP (N)
0<s<t
e2Alo/r
<E5 S (O @ iglel <0) — 229)” o ?

0<s<t

+ (x-a)’(1 - af)),

which is finite by (4.1.3b). In view of (4.2.20a) we thus have
that ., |GZ°(N)] < oo, which implies (4.2.20c) by (4.2.21),
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(4.2.15¢), (4.2.17), (4.2.16), and the fact that R??(\) and Q2°())
are non-negative.

Inequality (4.2.20d) follows by (4.2.15b). Finally, inequality
(4.2.20e) follows by (4.2.20a) and the left-hand side of (4.2.17). O

Now we give a similar representation for G¢(A). Let

Vi(\) = (M —1—X-z) %1y, (4.2.23)
Yi(A) = /(ln(l + (e —1)ei) — (e} —1)e I/s>d8 (4.2.24)
0

1
Zi(N) = 5A- G (4.2.25)
By (4.2.11) and the choice of h(z) (recall we take h(z) =z, |z| < a)
(LS) Gi(A) = A+ By + Vi(A) + Yi(A) + Zy(N).

Decompositions (LS?) and (LS) show that (sup €) would follow
if for every T'> 0 and € > 0

1/r¢
a) sup|BY —B;| & 0 as ¢ € @,
t<T
1/ry .0 —

lim li P — A) — Ve(A =
B) jim i sup (SUP|T¢V (roA) — Vi(N)] >6) 0,
v) lim lim sup P, Lo (sup|—Y¢’ (reA) = Y3 (V)| > 6) =0,

0—0 ped
J) llmllmsupP/¢(up|—Z¢6r¢)\) Z(A )|>€> =0.

6—0 d)eq)

Part «) is just condition (sup B).

su
By (4.2.15h), (4.2.23), (v ) and (4.2.11), part 1 of Lemma 4.2.9
yields

1
lim lim sup P, (|—Vt¢’6(r¢)\)—Vt(>\)| > g) =0, teUe>0,
0—0 ped T

and an application of Lemma 4.2.6 proves part [3).
We now prove part 7). Let

P(z) =z—In(l+z), z > —1. (4.2.26)
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By the definitions of Y#”a()\) and Yy(\) (see Lemma 4.2.12 and
(4.2.24))

Y 0) == 30 w0 ), (4.2.27)
0<s<t
t
—/q,b((e” — 1) e ) ds. (4.2.28)
0

Since ¥ (x) > 0, an application of Lemma 4.2.6 implies that ) would
follow by

lim lim sup P, a ¢<| Y¢6(r¢>\) Yi(N)| > 6) =0, teUe>0.
0—0 ped
(4.2.29)

Let u = exp(—|Ala) — 1 and v = exp(|A|a) — 1. Since the function
(x)/z? is continuous on [u,v], by Weierstrass’ theorem it can uni-
formly be approximated on [u, v] by polynomials, so, given arbitrary
o > 0, there exists a polynomial ¢,(z) with powers not less than 2
such that |[1(z) — ¢, (7)| < 022, T € [u,v].

Now, by (4.2.17) D$’(r4)) € [u,v], and by (4.2.11) and (4.2.4)
(M —1) @ s € [u,v] (a.e.) Thus, recalling (4.2.27) and (4.2.28),

1/r 1
P, (|—¢Yﬁ”5(w> ~ Y| >e)

< Pl/rd’ Go Df"s(r A)
(= - z (D29 (rs))
t
- /qg((e/\'m — )oys) ds g)
0
+P;/T¢( > PPN > 5)

"o 0 <s<t
t
1(0/((6“ —1)ep,)"ds > <),
0

and since o can be taken arbitrarily small and the smallest power in
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do is not less than 2, (4.2.29) is implied by

lim lim supP L/rs (‘ Z Dd) 0 7“¢)\

20 gee "0 o<t
t
- /((6)"”3 —1)e ﬁs)kds > 7]) =0,
0
n>0,t€Uk=23,...; (42.30a)
- . 1rg (1
All_I}I;o h?_%lp luzlesqlm Pd)/ ¢ (a Ogt D (rg))? > A)
= 0. (4.2.30b)

Limit (4.2.30a) follows by part 3 of Lemma 4.2.9 in view of (4.2.15b),
(vF) and (4.2.11). The limsupyeg in (4.2.30b) being by (2) not
greater than 1(f0t(|e’\"'” — 1] e )% ds > A/2) for all § > 0, equals 0
for all large A. Limit (4.2.29) is proved. Part vy) is proved.

We prove part §). Let us denote

1

LY () = 5 (A (e Lrgla] < 9) - 229))% 0 1, (4.2.31a)
K#9()) = %(A LP02(1 — g9, (4.2.31D)
HO(\) = LY°(\) + K22 ()\), (4.2.31c)
WS (n) = %(A ) Lrgla| < 0) ¢ 00C. (42314
Then by (4.1.7), (4.2.15a) and (4.2.14)
ACEIN = XCIAWEI )+ Y HEO (). (4.2.32)

0<s<t

Hence, in view of the definitions of Zf) (\) (see Lemma 4.2.12) and
Zi(A) (see (4.2.25)), and the fact that by Corollary 4.2.7 condition
(sup C) holds, ¢) would follow from

! 1/rg e g #,0 _
5) }1_1)1(1) luzlesqlm p, (sup| " (U (rgA) = W0 (reA))| > 6) =0,
" c . 1/rg ;L ‘ #,6
J) l}gr(l) llrge?pP¢ <7“¢ Z In(1 4 G2°(reN))

0<s<t

—(HE®(rgA) + In(1 + Df"s(rd))\)))‘ > g) — 0.
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Let us note that condition (C) implies that

lim_lim sup limsup 2,/" (rsA-C{°A > A) = 0. (4.2.33)
A—oo 550  ¢ed

For limit '), we note that by the inequality |e% — 1 — u — u?/2| <
(el"1/6)|ul?, (4.2.15g) and (4.2.31d)
[Al6
sup U (rgA) =W rg )] < S-S W roh). (42:34)

Next, since HZ?(A) and A - C;b)\ are non-negative, by (4.2.32)
W22 () < X-CP°)/2, so that by (4.2.33)

. . . 1/T¢ 1 b,0 o
lim lim sup lim sup P (—W THA) > A) =0,
A=o00” 5500  gew ? re (o))

which together with (4.2.34) implies o).
We prove & ). Let us first note that for £ € R, ,e > 0 and A € R?
by part 2 of Lemma 4.2.9, (v¥) and (4.2.15b)

: : 1/T¢ 0 E b,0 _
lim lim sup P, — D?°(ryN)| > ¢} =0. 4.2.35
5§50 c p ) (,r, o, | s ( fol )| ) ( )

Next, (4.2.15e) implies by Taylor’s formula

79
In(L G2 () = In(L+ DY (rg ) + .
S
where
TY = (exp(—rgA - 23°) = 1) D (ry))
+R(rgA) + Q20 (rg), (4.2.36)
F? =14 D% (ry)) + 0T,
0<6<1, (4.2.37)
and thus
1
" D> (14 G20 (rg))) = (HP (rgA) +In(1+ DO (rgh)))|
0<s<t

< A+ As + As,
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where

1 71, s
4, = — > Fﬂg” (o)), (4.2.38b)

1 1
A3 = — Y — (R (rg)) — LI (rg))]

+|Q¢’5_(T¢A) — K% (rg)))) (4.2.38¢)

(for the latter equality recall (4.2.31c)). We thus prove § ) by proving
that

L/rg
fug i sup (A > a) =0, £>0,i=1,2,3  (4.2.39)

We begin with some estimates. Since by (4.2.16)
lexp(—rgA-z29) —1] < [Aoel?] (4.2.40)
we have, using (4.2.17),
|exp(—rgA-z20) —1||DE0 (ry))| < |A|delMOee, (4.2.41)

From (4.2.15c) and (4.2.15d) using (4.2.16) and the inequality
exp(u) — 1 —u < (|ul?/2) exp(|ul), we have

1
|RD? (roA)| < 21017620, Q20 (rgM)| < §|Al2526“'5,
whereafter in view of (4.2.36) and (4.2.41)
IT?] < 4|A|6e2Me provided [A|6 < 1,6 < a. (4.2.42)

Further, the left inequality in (4.2.17) and (4.2.37) yield, in view of
(4.2.42),

F¢ > 5¢ e~ e provided )] < < 3¢ _3‘/\|“ 0 < a. (4.2.43)

Besides, (4.2.31a)-(4.2.31c) and (4.2.16) imply
H? (rg)) < 3|A[%62. (4.2.44)
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Now, (4.2.39) for i = 1 follows by (4.2.38a), (4.2.35), (4.2.43),
(4.2.40), and (4.2.44).
Next, since by (4.2.32)

1 1
- > HP(rg)) < Er(bxcf”dx, (4.2.45)
? o<s<t

by (4.2.42), (4.2.43) and (4.2.38b) for ¢ small enough
Ay < 4|A|gePNer \.CP0 N,

and (4.2.39) for 1 = 2 follows by (4.2.33).
Finally, let i = 3. From (4.2.15¢), (4.2.31a), (4.2.15d), and
(4.2.31b) analogously to (4.2.34)

26|

|RP(rpA) — LY (rg))] < Te%‘A'L‘f”S(TW\),
51\

Q) ~ KN < DN RO, ),

and hence in view of (4.2.38c), (4.2.43) and (4.2.31c) for ¢ small
enough

1
Ay 20N Melle= 37 HP(rg)),
¢ o<s<t

so that (4.2.45) and (4.2.33) yield (4.2.39) for i = 3. Part 0') is
proved. Limit (sup £) and with it Theorem 4.2.11 are proved. O

4.2.2 The general case

In this subsection we prove Theorems 4.2.1 and 4.2.5. The proof
relies heavily on the theory of weak convergence for deviabilities.
Since by Lemma, 4.2.10 conditions (C') and (C) are equivalent under
conditions (v) and (), we assume that conditions (0), (A)+ (a), (sup
B), (C), (v), and () hold. The proof below also applies to the case
where condition (a') is assumed instead of condition (a). The X¢
are either semimartingales or PII.
For a > 0, we define the limiters

1
ha(z) = (%/\1):5, he (z) = ﬁha(wx), veRY,  (4.2.46)
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and introduce processes X% = ()V(f”a, teR,)and X?¢ = (Xg”a, te
Ry) by

XPe = )7 (AX? - h(AXYD)), (4.2.47)
0<s<t
Xpe = Xxp - X0 (4.2.48)

Let PJ denote the distribution of X% and let II = II,,, which is
the idempotent distribution of X. Let (B%%,C?,1?) be the triplet
of X? corresponding to h,. Since the jumps of X®% are hf(AXf),
the triplet of X%¢ corresponding to h, is (B%,C?,1v%%), where

v#(0,2),T) = v2([0, ], (h)~1(T)), t € Ry, T € BRL).

(4.2.49)
The semimartingales (respectively, PII) X% will LD converge in
distribution to a certain semimaxingale (respectively, a semimaxin-
gale with independent increments) X®. We define the latter as hav-
ing characteristics (B®, C,v®,0%) relative to hg, which are defined
in analogy with the characteristics of X% in that B® is the first
characteristic of X associated with hg(z),

V2 (0,1, 1) = v([0, 8], hy (1), 9£(T) = (kg (1)), T € B(RY).
(4.2.50)
Corollary 2.8.7 implies that X exists and is a Luzin-continuous
idempotent process. We denote its idempotent distribution by I1¢
and the associated cumulant by G%(\) = (G¢()\), t € Ry), A € R?.
The proof of Theorem 4.2.1 (respectively, Theorem 4.2.5) consists
in proving that

(1) P“l—d>H“ as ¢ € ®,a >0,

(1) lim limsup Py L/ ¢(sup|X¢’“| > 6) =0, t>0,e >0,
a— 00 ¢€q>

(z37) TI* ™1 asa — oo.

Since part (i7) implies that

lim limsup P, L ¢(p5(X¢ X9 > 8) =0,e>0,
a—r 00 ¢€‘1>

by Lemma 3.1.37 (i) through (7ii) would yield P, Y11 as required.
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Lemma 4.2.13. Part (i) holds.

Proof. We show that the X% and X satisfy conditions (0), (sup
B), (C), (v), and (#). Condition (0) holds by the hypotheses of
Theorem 4.2.1. Since the first characteristics of the X®® and X
associated with h, coincide with the respective first characteristics
of X? and X, condition (sup B) for X®® and X¢ is identical to
condition (sup B) for X¢ and X.

We now check that conditions (C) are identical. By (4.2.49) and
since (h%)~(z) = {z} if relz| < a, for 0 <a

v?([0,4],T N {ry|z| < 6}) = v?([0,4],T N {ry|z| < d}),
T € B(RY),

and hence (4.1.7) (respectively, (4.2.5)) yields C’f’a"s = C’f)’d ford <a
(with obvious notation). The claim follows.

The fact that () for the X®% and X is implied by (v) for X¢
and X follows by the equalities

L flrgn) e = flhalron)) w v, J(@) e = flhal@) #mi,
¢ T

and the inclusion f oh, € Cy if f € Cp. Condition () for the X ¢
and X is checked similarly. Since also X #¢ satisfies (v") by (4.2.49)
and (4.2.46), Theorem 4.2.11 yields the assertion of the lemma. O

Remark 4.2.14. Note that it is here, while checking (C), that we
used the property that the limiters in (4.2.46), by contrast with trun-
cation functions, do not vanish at infinity.

Now we proceed with a proof of (ii).

Lemma 4.2.15. If f(z),z € R?, is an R, -valued bounded Borel
function equal to 0 in a neighbourhood of the origin, then for all
a>0and >0

Py(f(z) *,uf > )

< eﬂfa—i-qu((ef(I)—l)*l/f’c—i— Z ln(l—l—(ef(m)—l)o;/g’) > f)
0<s<t

< ef@ —I—P¢((ef(x) —1) % I/f) > B).
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Proof. Let Y#’ = f(x) * uf. Then Y? = (Ytd’, t € Ry) has bounded
variation over bounded intervals, and is, therefore, a semimartin-
gale. The associated stochastic exponential £%Y (1) = (7Y (u),t €
Ry),p € R, is of the form

EPY () = 47 0 TTA+AGEY (u))e 267" ),
s<t

where Gf’y(u) = (er@ — 1)« Vt Lemma 4.1.1 implies that the
process (exp(uYf&)/Ef’Y(u), t € R;) is a supermartingale relative to
Fy; hence, E, (exp(pYT¢)/5f’Y(p)) < 1 for every finite Fy-stopping
time 7. Since

lné’f’y(u) = (e“f(w)—l)*yf)’c—i- Z ln(l—i-(e“f(w)—l)ouf),
0<s<t

an application of Lemma 3.2.6 yields the left inequality. The right
inequality follows since In(1 4+ z) < z. O

The next lemma proves part (7).

Lemma 4.2.16. Both under conditions (A) + (a) and (A) + (a') for
every e >0

lim limsup P, L ¢<Sup|X¢’a| > 8) =0, teR,.
a—=00  HeP s<t

Proof. Since by (4.2.46) and (4.2.47)

sup|X¢’a| < > AX? | 1(rg|lAXE| > a),
0<s<t

we have, for A > 0,¢ > 0,

Py(sup | X9 > ¢) < P¢(sup|AX¢| > A)
s<t

+ P> 1ax?] Lrs|AXY) > ) (AXE] < 4) > ).
0<s<t
(4.2.51)

© 2001 by Chapman & Hall/CRC



Convergence of characteristics 329

By the Lenglart-Rebolledo inequality, see, e.g., Liptser and Shiryaev
[79, Theorem 1.9.3], for a > 0

Py(sup|[AX?| > A) < Py( > 1(AX?| > A) > 1)
s<t 0<s<t

< e 0%+ Py (v?([0, 8], {|z] > A}) > e7"0%),
and, hence, by (A)

lim sup limsup P, Lr ¢(sup|AX¢| >A> <e *—=0asa— oo
A—00 peD

(4.2.52)
For the second term on the right-hand side of (4.2.51), we have by
Lemma 4.2.15 for « > 0and 8 > 0

Py( 3 1AXY|1(rg|AXY] > a) 1(|AXY] < 4) > ¢)
0<s<t

< exp (7"¢(6 — ae))

Py (il @0 4 3 (1430 (@) 008) > B).
T¢ ¢0<5<t

which yields under condition (a')

/¢>< ¢ ¢
lim limsup P IAXZ|1(ry|AXT| > a)
4200 phed Oggét i ? i

L(AXS| < 4) > ¢) = 0. (4.2.53)

Limits (4.2.52) and (4.2.53) in view of (4.2.51) prove the claim under
conditions (A) + (a’). Since (a) is stronger than (a’), the required
also holds under (A) + (a). O

It is left to prove (7ii). We use the method of finite-dimensional
distributions for idempotent processes, so we prove that finite-
dimensional idempotent distributions of the X converge to finite
dimensional idempotent distributions of X as ¢ — oo and that the
net {L£;(X*), a € Ry} is tight. We begin the proof of the convergence
of finite-dimensional distributions by checking that Gf(X) = G¢())
as a — 0.
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Lemma 4.2.17. Fort € Ry and A € RY, as a — oo,

sup|GS(A) —Gs(N)| — 0.
s<t

Proof. Let as in (4.2.26) ¢¥(z) =z — In(1 + z), x > —1. By (4.2.50)
and (2.7.61)

1
Gg(A):A-Bg+—A-ctA+(e“—1—A-ha(x))*ug

t
/zp 90)ds = A+ By + Ly-om
0
¢
+ (M@ 1 — X ho(z)) % vy — /¢ ) o 07) ds.
0

Also by (2.7.61)

1
Gt(A):A-Bg+§A-ctA+(e*'w—1—A-ha(x))*ut

—~ /w((e“ — 1) o ) ds.
0

Thus,

1GE(N) — Ge(N)| < el (2] > a) * 1y
t

+ ‘/@b((eA'h“(‘”) — 1) e i) ds — /@b((e/\"” 1) o 55) ds|.
0 : (4.2.54)

The right inequality in (4.2.3) implies that the first term on the right-
hand side of (4.2.54) tends to 0 as a — co. By the fact that ¢ (z) is
positive, in order to prove that the second term tends to 0 uniformly
over bounded intervals by Polya’s theorem it is sufficient to check
convergence to 0 for every ¢ € Ry. Since hy(z) — h(z) as a — o0,
by Lebesgue’s dominated convergence theorem, (4.2.3) and (4.2.4)
(e)"h“(“”) — 1) oy — (e’\'“” — 1) e ;. Therefore, the required convergence
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would follow by Lebesgue’s dominated convergence theorem, (4.2.3)
and (4.2.4) provided

lim supe*® 1(|z| > a) @ &5 = 0,
a— 00 Sgt

lim inf(l + inf(e)"h“(w) - 1) . 195) >0,

a—00 s<t

which hold by condition (L;). O
We now prove (7).
Lemma 4.2.18. 11° 8 II as a — .

Proof. Since the I1% and II are supported by C and the topology
on C coincides with the one induced by the Skorohod topology, by
Corollary 1.9.7 and Remark 1.9.8 we may apply the method of finite
dimensional distributions of Theorem 2.2.27. Since both the X?
and X are Luzin idempotent processes with independent increments,
by Lemma 1.10.8 weak convergence of finite-dimensional idempotent
distributions would follow from weak convergence of one-dimensional
idempotent distributions. The latter follows by Lemma 1.11.19 and
Lemma 4.2.17 if we recall that G;()) is differentiable in .

We check tightness of the net {II*,a € R;} by verifying the
conditions of Theorem 2.2.26. Condition 1° is obvious since I1%(x) =
0 if xg # xo. Let us consider condition 2°. We denote, for § > 0,7 >
0 and n > 0,

A:;Fm:{xe(c: sup  |xi—xs| > n}

s,t€[0,T:

ls—t|<d
Let e;,1 < i < 2d, denote the vector, whose [(i + 1)/2]th entry
equals 1 if ¢ is odd and -1 if ¢ is even, the rest of the entries being
equal to 0. Denoting by I* the rate function associated with I1%,
we have for a > 0,s < ¢, that if ¢; - (x; — x5) > v > 0, then
I(x) > ay — (GY(ce;) — G%(ae;)). Therefore,

A%an{XG(C: sup  max ei-(xt—xs)>ﬁ}

$,t€[0,T7: i=1,...,2d d
[s—t|<d
2d
C U{X eC: I*(x) > aﬁ— sup (G?(aei)—Gg(aei))}’
= s,t€[0,1):

[s—t]<0
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and hence

H“(A%jn) = sup exp(—I*(x))
xEAgjn

< max exp( ol 4+ sup ‘G?(aei)—G';(aei)D
i=1,...,2d d " siepnr)
|s—t[<d

< e*a"/d _max eXp( sup ‘G?(aei) - Gt(aei)‘
z:l,...,Qd tE[O,T]

+ sup ‘Gt(aei) - Gs(aei)‘).
s,t€[0,T7:
ls—t|<0

By Lemma 4.2.17 and continuity of G()\) we conclude that

lim sup lim sup Ha(AT ) <e M 50 as o — oo.
0—0 a—00

Tightness of {I1*} is proved. Part (7i7) is proved. O

Thus all the assertions (i), (%) and (iii) are proved and by

Lemma 3.1.37 P? 4 II as ¢ € ®. Theorems 4.2.1 and 4.2.5 have

been proved.

4.3 Corollaries

In this section we discuss conditions and implications of Theo-
rem 4.2.1. The PII case of Theorem 4.2.5 can be considered similarly.
Thus, the X? are semimartingales in what follows.

We start with “integrable” versions when the convergence condi-
tions can be checked for nontruncated characteristics. Let us recall
that the nontruncated modified second characteristic C’ of X is de-
fined by (see (2.7.59))

¢
A Ct)\ A-CiA+(A-x) 2y — / (A xous
0

If the X? are special semimartingales, we introduce the conditions

1/r¢

P
(sup B') sup BBl % 0as¢ped T>0,

© 2001 by Chapman & Hall/CRC



Corollaries 333

- - 1/T'¢,( o) ) _
(11) alggo 111;1€S‘£1pp¢ |z| 1(rglz] > a) xv) > ¢e) =0,
t>0,e >0.

If the X? are also locally square integrable semimartingales, we in-
troduce the conditions

~ ~ ~ PI/T¢
C’ rsCl? —Clll % 0asgped, tel,
hg’ ¢
and
(I2) lim lim supP(;/rd’ <r¢|x|2 1(rg|z| > a) * v? > 8) =0,

a—r0o0 d)E‘D
t>0,e>0.

Note that (I3) implies (I7).

Lemma 4.3.1. 1. Let the X? be special semimartingales. If con-
ditions (v) and (Iy) hold, then conditions (sup B) and (sup B')
are equivalent.

2. Let the X? be locally square integrable semimartingales. If con-

ditions (v), (©) and (I2) hold, then conditions (C) and (C') are

equivalent.

Proof. The proofs are analogous to the proofs of Lemmas 4.2.8 and
4.2.10, respectively. For part 1 we write
BY-B, = B-B

+ ((hg(@) = B (@)) * 1} = (ha(@) = h(x)) * 1)

+ (z—ho(z)) * I/f) — (z — ho(x)) * 11,
where hg is from (4.2.46). Since condition (v) implies condition
(sup v), the expression in the first parentheses on the right converges
as ¢ € @ super-exponentially in probability to 0 locally uniformly in
t. Since

[ — ()| ]

< ol Lrglz| > a) # v,
|z — he(x)|* vy < |z|1(|z] > a) * vy,

(x — hf(x)) * Vg’ converges super-exponentially in probability to 0 as
¢ € ® and a — oo locally uniformly in ¢ by (I;) and (z — hf(x)) * Uy
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converges to 0 as a — oo locally uniformly in ¢ by (4.2.3). Part 1 is
proved.

In order to prove part 2, it suffices to show as in the proof of
Lemma, 4.2.10 that for ¢t € U,e > 0,

lim lim sup P, L d’(‘w A-z)?1(rylz| > 0) * v — (A )%« v| > 6)

lim lim sup P, L d’( Z || L(rg|z| > 0) @ ¢ > 6)
020 geo 0<s<t

0,
1/r ¢<‘ )2
lim lim sup P, o (A2 1(ry|z| > 6) o v?)
0—0 ped 0<Zs§t
5) =0.

t
—/()\-xoﬁs)st >
0
The first convergence follows by the inequality, where a > ¢,

rs(A\ - 2)? L(rg|z| > 0) x v — (A~ 2)% + 1y

%(A-ha(w)) Lrola] > 6) % 1 — (- ha(2))? 1,

+ INProlal® Lrglel > a) x v + APlel” 1(|2] > a) v,

part 1 of Lemma 4.2.9, condition (I3), and (4.2.3).
The second convergence follows by the inequality

8> |z 1(rglz| > b)e Z \ha(rym)| L(rg|z| > 6)ev
0<s<t 0<s<t
+6 ) |zl 1(rglz| > a) o v,
0<s<t

part 2 of Lemma 4.2.9 and condition (I).
For the third convergence, we write

t
d)er?)?~ <
‘rd) Z (A\-z 1(rg|z| > d)er? (A-zoiy) dS Q1+Q2+Qs,
0<s<t 0
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where

Qi =|- 3" (A halree) L(rglz| > 8) 0 12)?

t
—/(A () ® 05) ds|,
0

Qo = ‘r,j) Z (A-xl(r¢|x| > 0) .uf)Z

0<s<t

—— Z (A ha(rem) 1 (r¢|x|>5)oyf)2
"o o<t

(A ha(z) /tAxoys
0

?

Qs = |

o\w

Quantity )1 converges super-exponentially in probability to 0 as
¢ € ® by part 3 of Lemma 4.2.9. For ()2 we have

Q2 <2APry Y (2] 1(rglz] > a) @ vf) (2] L(rg|z| > 6) o 17)
0<s<t

<2ANrg Y ([2] L(rglz] > a)ov?) (jz] 1(a > ry|z| > 6) e vf)
0<s<t

2
+2[APrg Y (2| Lrglz| > a)r?)
0<s<t

<4AAry D |z L(rglz] > a) 0 P,
0<s<t

The latter sum goes to 0 as ¢ € ® super-exponentially in probability
by (I2). By a similar argument,

t

Qs < 472 / (A-2)2 1(j2] > a)ep, ds,

0

and converges to 0 as a — oo by (4.2.3). Part 2 is proved. O

The next result is a direct consequence of Theorem 4.2.1 and
Lemma 4.3.1.
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Theorem 4.3.2. I Let the X? be special semimartingales and
condition (I1) hold. If conditions (0), (A) + (a), (sup B'), (C)
(or (C) associated with a continuous limiter), (v), and (V)
hold, then X 4 X as p e .

II. Let the X? be locally square integrable semimartingales and
condition (I3) hold. If conditions (0), (A)+(a), (sup B'), (C"),
(v), and (D) hold, then X? XX as ped.

Remark 4.3.3. Similarly, in the statements below we can replace
condition (sup B) by condition (sup B') each time condition (1)
holds and replace condition (C') by condition (C') each time condition
(I2) holds.

We next consider the “quasi-continuous” case ¥s(R?) = 0. It is

singled out by the condition

1/r
é 2 Py’
> vP{strglal > 1) S 0, t>0,e>0.
0<s<t

1

C il

Qo)

Since (QC) implies () with #s(R?) = 0, condition (L) trivially
holds. We thus obtain the following corollary of Theorem 4.2.1.

Corollary 4.3.4. Let condition (QC) hold and the limiter h(zx) be
continuous. If conditions (0), (A) + (a), (sup B), (C) (or (C)), and

(v) hold, then X? 1% X as ¢ € ®.

As a consequence, we derive a result on LD convergence to the
Poisson idempotent process. Since the latter by Theorem 2.4.16 has
characteristics By = t, C; = 0, 11(I') = 1(1 € I'), and &(I") = 0, we
have the following result.

Corollary 4.3.5. Let the semimartingales X® be one-dimensional
and the limiter h(z) be continuous at z = 1. Let N' be a Poisson
idempotent process. Let conditions (0) for zy = 0, (A) + (a) and
(QC) hold. If

1/7‘¢,

sup|B,§b — h(1)t| 5 0 as ped, T>0,
t<T

lim limsupP;/rd’ ( ||’I“¢C;b’6|| > 8) =0, teUe>0,

© 2001 by Chapman & Hall/CRC



Corollaries 337

and for all € € (0,1/2), as ¢ € P,

PI/T¢
— 20,1 {lrgz — 1] <e}) = t, teU,
¢
Pl/v‘¢
— ([0, 8], {ro|z| > e} N {|roz — 1] >€}) % 0, t >0,

then X? ﬁi)./\/’asd)e'i).

Proof. Let h(z) be continuous. The first characteristic of X associ-
ated with h(z) equals h(1)t. Therefore, the first two convergences in
the statement check conditions (sup B) and (C). We check condi-
tion (v). Let f € Cp and > 0 be arbitrary. Let e > 0 be such that
|f(z) — f(1)] <nif |z —1] <eand f(z) =0 if |z| <e. Then by the
fact that f 1, = f(1)t

|f¢*1/t [y < — “f“ ([0,t],{r¢|x| >efN{|rgz — 1] >6})
b V¢([O,t],{lr¢x— 1 <))
]

I v#(01), (e~ 1 < )

which implies condition (v) by hypotheses and arbitrariness of 7.
The stated LD convergence follows now by Corollary 4.3.4.
Now let h(z) be continuous at x = 1 and h(z) be a continuous lim-

iter such that h(1) = h(1). We denote by B the first characteristic
of X? corresponding to h(x). Givenn > 0, we choose € > 0 such that
h(z) = h(z) = 0 if |z| < e and |h(z) — h(z)| < 7 if |z — 1| < e. Then
by (4.1.4) denoting [[h]] = sup,cgalh(z)] and 1] = sup,czalh()|

BY —h(1)t] < |BY — h(1)t] + [0’ (x) — hO(z)] = vf

< |Bf — (1)) + ni¢ v (10,4], {lrgz — 1| < e})

+ bl + [
+ LR (0, 0, rolal > € 0 {Jrgz — 1] > ).
1/r¢
Since 7 is arbitrary, the hypotheses imply that Ef — h(1)t 25 0.
The claim follows by the part already proved. ]
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Let us now consider the case 14(I') = 0. It is implied by the
condition
) pHTe
(MD) - v([0,8), {rglzl > €}) & 0 aspe®, t>0,€>0.

In the large deviation theory terminology this is the case of “mod-
erate deviations”. We recall that if v = 0, then the idempotent
deviability distribution of X has density

o0

I, (x) exp(—% /(xt—bt)-c;ﬁ(xt—bt) dt)
0

if x is absolutely continuous, xg = ¢ and x; — by is in the range of

¢ (a.e.), and II; (x) = O otherwise. By Theorem 2.6.26 X is the

Luzin-continuous idempotent Gaussian diffusion
t t
X, = xo—l—/bs ds+/c§/2W5 ds, (4.3.1)
0 0

where W is a Wiener idempotent process. Hence, this is a “central
limit theorem” setting.

~ ~¢
Lemma 4.3.6. Let B? and C?, B® and C be the first and modified
second characteristics of X9 corresponding to respective limiters h(z)
and h(x), not necessarily continuous. If condition (M D) holds, then,
as ¢ € @,

PI/T¢,
sup|B,§b—§f| %5 0, T >0,
t<T

1/r¢
~ ~¢ P
ro |CP = C, | % 0, t>0.

Proof. For B? and B? the claim is a direct consequence of (4.1.4),

~ =¢
the definition of a limiter and (M D). For C? and C , we have by
the definition of modified second characteristics, choosing € > 0 such
that h(z) = h(z) = z,|z| < €, that

o Héf)(k)—éf(k)!l < AP (RI+IBI) v?((0, ], {rglal > €})

Ty

+ APl + IIEII)QTi > sk Arglz] > €}).

¢ o<s<t
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Thus, the claim follows by (M D). O

We introduce the conditions

1/7‘¢
P
sup B’ sup|B? —B!| % 0 asgpe® T>0
p 0 p t t ] )
t<T
~ PI/T¢
(Co) lrgCP —Cil| %> 0 asped®, tel.

Theorem 4.2.1 and Lemma 4.3.6 yield the following.

Corollary 4.3.7. (“the LD central limit theorem”) Let X be given
by (4.3.1). Let conditions (0), (A) + (a), (sup By), (Cy), and (M D)

hold with some limiter h(x). Then X? XX gs € D.

If we would like to use nontruncated characteristics of the X?,
we could require the following Lindeberg condition

1/r¢
(L) rolal? L(rolal > &) xvf s 0, > 0,6 >0,

which implies both conditions (I3) and (M D). Let us introduce the
condition

~ PI/T¢
(Ch) [reC? = Cill % 0 asgpe @, tel.

We thus have the following version.

Corollary 4.3.8. Let X be given by (4.3.1). Let the X? be locally
square integrable semimartingales and condition (Lo) hold. If con-
ditions (0), (A) + (a), (sup B'), and (C}) hold, then X? M X as
p e .

Now we cousider simpler versions of conditions (A) + (a) on the
jumps of the X?. We first note that condition (A) can be checked
by checking the condition

1/r

é e Fo'”
(Ap) v?([0,¢t], |x] > A)*/"¢ — 0 as ¢ € D,
£>0,34 >0,

and condition (a) can be checked by checking the condition
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1 PI/T¢
(ap) ” el 1(rylz| > a) 1(jz] < A) x P % 0
aspeP, t>0,

a>0,A>0,3a > 0.

Let us also note that if condition (Ag) holds and the convergence in
(agp) holds for every a > 0, then condition (M D) holds. The following
observation comes in useful below.

Lemma 4.3.9. Condition (a) is implied by the conditions

. . 1/r¢( 1 ¢ ) B
a lim limsup P, —v?(|0,%], {re|z| > a}) >€) =0,
(a1) Jixg Tomsup P, (0,8, {rg|a] > a})
t>0,e>0,
argA
. . 1/ry (i u, ¢ ) B
(az) algglo hr;)lesql)lde) " / e"v?([0,], {ars|z| > u})du > €) =0,

a

t>0,e>0,aa>0,A4>0,

Proof. The claim follows since
1

—(eorolel 1) 1(ry|z| > a) 1(|z] < A) * v
"o

o0
1
= —/eu L(arglz| > u)du L(rglz] > a) 1(|z] < A) * vy
T
0

aryA
< 1 e“v?([0,t], {arg|z| > u} N {ry|z| > a})du
o J
R
< L2(10,8], {rolz] > a}) /e“du
e /
arg A
+ 1 / e“v?([0,1], {arg|z| > u})du,
ro J
where R > 0 is arbitrary. O

The following conditions can also be used for checking conditions
(4) + (a).
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(VS) alirgo limsupP;/rd’ <V¢([0,t], {ro|z| > a})t/ro > 6) =0,
ped
t>0,e>0,

Pl/T¢
(VSo)  v?([0,8], {relz| > e % 0 aspe ®, t >0, e>0.

Clearly, (V.Sp) = (VS) = (A4) + (a). Since also (VSy) = (M D), by
Corollary 4.3.7 we have the following.

Corollary 4.3.10. Let X be given by (4.3.1). Let conditions (0),

(V' Sy), (sup B}), and (Cy) hold with some limiter h(x). Then X? "
X as ¢ € .

Now we consider the case of the “classical” large deviation setting
when the Cramér condition holds:

el 1(|z] > 1)*1/? <00, pED,t>0,a>0.

We introduce the conditions

. . 1/r¢( 1 ary |zl é ) N
I lim 1 pire (2 earslal q > >e) =0,
(L) Jim 1r(;1€sq§1p s che (rolz| > a)xv) >¢€
t>0,e>0, a>0,
1 PI/T¢,
(Le) — ol 1(rglz| > €) * ng s Das ¢ € B,

T'é
t>0,a>0,¢>0.

Condition (L.) can be called an exponential Lindeberg condition.
Obviously, (Le) = (Ie) = (A)+(a), (I.) = (I2), and (L) = (L2) =
(M D). By Theorem 4.3.2 the implication (I.) = (I3) allows us to
consider nontruncated characteristics under (I.). We thus have the
following result.

Corollary 4.3.11. Let the Cramér condition and condition (I.)
hold. If conditions (0), (sup B'), (C'), (v), and (¥) hold, then

x4 X4 X 4s ¢ € @
The following is an application to point processes.

Corollary 4.3.12. Let X;b = Nf/rd), where N® = (Nt“b, teRy)
are  one-dimensional  point  processes  with  compensators

A? = (A7, t € Ry).
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a) If, as ¢ € @, for some Lebesgue measurable function A €
[0,1],

1/r t
1 pe
—A? % t+/Asds, tel,
’)"¢ .,
1 Pl/T¢ L
— YAk Afds teUk=23,...,
? 0<s<t 5

then X % X as ¢ € @, where X is the idempotent process with
independent increments with local characteristics by = 1+ A, ¢ =0,
() =(1+A)1(1 €T), and (') = Ay 1(1 €T).

b) In particular, if

1 Pl/rd)
—A? Lt teU,
T
Pl/v‘¢
— > (A4 0, t>0,

r
? p<s<t

then X9 4 N as ¢ € @, where N is an idempotent Poisson process.

Proof. In part a) the nontruncated characteristics of X? are of the
form B'Y = Af/ry, Cf =0, v%([0,4],T) = 1(r," € I)A} so that
conditions (sup B'), (C"), (v), and (¢) hold with B, =t + [i A, ds,
Cy = 0, and v; and 7, as indicated in the statement. Part b) is a
consequence of part a). O

The implications (L.) = (Lg) and (Le) = (A) + (a) give the
following version of Corollary 4.3.8.

Corollary 4.3.13. Let X be given by (4.3.1). Let the Cramér con-
dition and condition (L) hold. If conditions (0), (sup B'), and (C{)

hold, then X¢ % X as ¢ € ®.

4.4 Applications to partial-sum processes

In this section we consider applications of the above results to the
setting of the processes of partial sums of random variables. Let
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{&", i € N}, n € N, be sequences of R?-valued random variables
defined on respective probability spaces (2, Fy, P,) and adapted to
discrete-time filtrations F,, = {F]*, i € N}. Let r,, — 0o as n — oo
and
[nt]
XP=> & teR,, (4.4.1)
i=1

where E?:1 = 0. The predictable triplet (B™,C™,v™) of X" =
(X[, t € Ry) corresponding to a limiter h(z) is given by

T

ZE hrngIF),  CF =0,

LntJ
v ([0,4],T) = Pu(& € T\ {0}F} ), T € BRY),

=1

where E,, denotes expectation with respect to F,,. We consider large
deviation convergence of the X" with rate r,. Let X be a semimaxin-
gale with characteristics (B, C, v, ) and modified second character-
istic C' associated with h(z) as defined in Section 4.2. The conditions
of Theorem 4.2.1 assume the form.
[nt] Jrn
(A)s lim limsup P/ ((ZP (1€ > A|F" )) > e) =0,

A—00 p—oo

t>0,e>0,

Lnt]
(a)n lim hmsupPl/”L< ZE (eornle]

@30 p—oo

1(ralé2] > a) 1(j€7] < A)|fzzl) e) =0,
t>0,a>0, A>0,e>0,

1 n
(a)y  lim hmsupPl/r”< Zln(l + En((earn‘éi = 1) 1(ralé?] > a)
Tn =

=30 p—oo
L¢P < A)|F,)) > €) =0,
t>0,a>0, A>0, >0,

[nt] 1/M
(sup B)sx sup‘—ZE h(rn&)|Fiy) —Bt‘ 5> 0asn— oo,

t<T'Tn im1
T >0,
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[nt]
Y [En((0- €2 L(ral€'| < 6)|FF4)

=1
—(Ba(A- €8 1(ralep| < 0)[F 1)) - A-otx\ > e) _o,
teU,e>0, € R,

(C)y  lim hmsupPl/T"(

0—=0 p—oo

[nt]
(@)s lim P/ (\% S [Ba((A- hlragf)?IFs)

n— 00
i=1
~(Bu(\- hru&)IF))T] =2 - G| > €) =,
teU, e>0, \e R,
[nt)

Pé/Tn
(V)s _ZE fraFL) ™ f(z) * v as n — oo,
teU, | €C,
LntJ . t
(D) a z; f(ra&d)|FiLy) / ° ys ds as n — 00,

0
k=23,...,teU, feCy.
The following theorem is a triangular array version of Theorem 4.2.1.

Theorem 4.4.1. Let X" be defined by (4.4.1) and h(z) be a contin-
uous limiter. If conditions (A)y, + (a)y, (sup B)y, (C)x (or (Cy)),
(V) and (0)y; hold, then X" 4 X.

The integrable and square integrable versions look as follows. As

above, B' and C' denote the nontruncated first and modified second
characteristics of X, respectively.

Theorem 4.4.2. I Let Ep|¢'| < 00, i € N. Let

[nt]

1/rpn
(s Jlim limsup P}/" (ZIE €11 1(ralé?] > @) FP)
1
>s) —0, t>0,6>0
and
[nt] P/

TL

(sup B')x sup‘ZE (EMFr) —B,| ™ 0 asn— oo,

T >0.
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If, in addition, conditions (A)x + (a)x, (C)s (or (C )g with

a continuous limiter), (v)x, and (©)x hold, then X" XX as
n — 00.

II. Let Ey|¢"|* < 00, i € N. Let

int]
(B)s  lim limsup P/ (v Y B (1672 1ralél] > a)|FE)

=00 n—oo ‘
=1

>€>:0, £>0e>0

[nt]
€ e Y (Ba(A-€FR) — (Bn(X - €1FM)%)

i=1
Pl/’!‘n
s A-CIN asn — oo,

teU,AeRd.

If, in addition, conditions (A)y. + (a)y, (sup B')y, (v)x, and
(0)y hold, then X™ XX asn — co.

Conditions (QC) and (M D) look in the triangular array setting
as follows.

Lnt]

pl/mn
(QC)s —Z n(rn)&5| > €|l F ))2 “s 0asn — 00,
t>0,e>0,
1 [nt] Pl
(MD)y. —ZP (rnl&'| > €|l FiLy) By 0 as n — 00,
i=1
t>0,e>0.

The other conditions take the form
[nt]

1/Tn
(La)s 7Y Ea(lEPL(ral€l] > ©)F,) ™ 0 as 1 — oo,
i=1
t>0,e>0,
[nt]
n n 1/rn Pi/rn
(Ao)x (Z P, (&' > A|.7:Z~,1)> “> 0asn — oo,
i=1

t>0,e>03A4 >0,
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[nt]
1 ary|EM n n 0 P&/m
(@) — ZEn(e Lm0 > ) 1(J8] < A)|F) =0

Ty
=1
asn—oo, t>0,a>0, A>0, da > 0.

[nt]
1
(a1)s lim hmsupPl/”L(T g P (rp|&| > a|F* ) > 6) =0,
" i=1

@00 p—oo

t>0,e>0,

[nt] arp, A
1
(az)y lim limsup P/ (— Z / e" Py (arp & > u|Fy)du > e)
T'n

=0 pno0 .
=1 P

=0, t>0,e>0,a>0,A4>0,

(VS)y lim limsup P/ ((Z Po(ral€| > a|]-"{b_1))l/ " e) =0,

=0 p—oo

=1
t>0,e>0,
Lnt) .
/ Tn l) /rn
Vs (o Palrlerl > dm ) S 0 asn o o0,
i=1
t>0,e>0,

nt]
(I.)y  lim limsup P}/™ (i ZE” (earn\gy\ L(ral€| > a)|FP ) > 6)

a—0 noo Tn 1
=0, t>0,
1 LntJ l/Tn
(Le)s —ZEn(eo””‘gﬂl( 28| > €)|F 1) s 0asn— oo,
=
t>0,e>0,
[nt] l/rn
(sup Bj)s sup‘— Z E, (h(ro&)|Fiy) — B, P

t<T'Tn im1
asn — oo, T >0,

[nt]
(Cos — S (Ea(N- b€ ) F) = (Ba(h - h(raD)FE 1))

=1
1/Tn

PN Ci\ asn — o0, t>0, A€ R,
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[nt] rm
(Cs 7Y (BN EMPIF ) = (Ba(X- €11F 1)) PN O
=1

asn — o0, t>0, A €RZ,

We now counsider versions of the results of the preceding section on
LD convergence in distribution to idempotent diffusions. Let X be
the idempotent diffusion given by (4.3.1), where zy = 0.

Corollary 4.4.3. Let E,|¢"? < oo, € N, and condition (La)s
hold. If conditions (A)x, + (a)x, (sup B')s, and (C})x hold, then
X" 4 X asn— oo

Corollary 4.4.4. Let conditions (V Sp)x, (sup Bj)s and (Cp)x hold
with some limiter h(xz). Then X™ X X gsn— 0.

Corollary 4.4.5. Let Eexp(al¢]'|) < oo, @ € Ry, and condition
(Le)s hold. If conditions (sup B')y, and (C}))s hold, then X™ M x

as n — 00.

We next consider an application to a typical moderate deviation
setting.

Theorem 4.4.6. Let &, 1 € N, be i.i.d. R%-valued random variables
on a probability space (2, F, P) such that E|¢|? < oo and E&; =0,
and let
1 [nt]
Xi'=+ > &,
™ i=1

where by, /n — 0 and b2 /n — oo as n — oo. If, for some v > 0,

/by _

lim (nP(|&1] > vby)) 0, (4.4.2)

then the X™ LD converge in distribution at rate b2 /n to the Luzin-
continuous idempotent diffusion X = (E{lff)lﬂW, where W is an
R? -valued Wiener idempotent process. The deviability distribution of
X is idempotent Gaussian and given by
o
¥ (x) = exp(—%/ict-(E&flT)@ict dt),
0

if x is absolutely continuous, xg = 0 and x; belongs to the range of
B¢l (a.e.), and TTIX (x) = 0 otherwise.
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Proof. We take 1, = b2 /n. It is easy to check that condition (Lz)x
holds so we can apply Corollary 4.4.3. Since F¢; = 0, condition
(sup B')y, holds with B = 0. Condition (C{)s holds with C; =
(E¢1€7)t. We thus need to check conditions (A)x + (a)y. In view
of Lemma 4.3.9 it is sufficient to check conditions (Ap)yx, (a1)y and
(a2)y;. We assume with no loss of generality that by, n/b, and b2 /n
are monotonically increasing.
Condition (Ap)y, has the form

limsup<LntJP(|§1| > Abn)>n/bi =0

n—00

for some A € R, and follows from (4.4.2) with A = v.
Condition (a1)y, assumes the form

L n|nt] ny
aarglohzri)s;}p 0 P<|£1| > aa> =0.
We actually check that
. n|nt] ny
Jim P<|§1| > UE) = 0. (4.4.3)

Let integer N = N(n) be such that

by < & < bN+1-
bn

Then, noting that by < by(N + 1)/N < 2by by monotonicity of
b,/n , we have
n|nt]
bz

n

P<|§1| > Ub_> < i P(J61] > vby) < 4tb3 P(|é1] > vby).
n

Since N — 00 as n — 00, condition (4.4.2) implies that

)N/b?\, 0

Jim (403 P(J&r| > vbi)
so that
lim 4tb3, P(|&| > vby) = 0.
n—oo

Limit (4.4.3) follows.
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Condition (az)x assumes the form

aAb2 [n

lim lim sup nint] / (|§ | > )du = 0.

=30 p—oo bn

We actually prove that for all A and a large enough

aAb2 /n

n|nt] (|§1| > gbﬁ)du —0. (4.4.4)

lim
n— o0 b2

a

Let A > v and define integer L = L(n,u) by
u n
by, < _OZE < bpy1. (4.4.5)

In the integral in (4.4.4) u > a, so assuming that a > aA, we have
that v > aA and, hence, by 1 > n/b,. Therefore, by the fact that
as above by, 1 < 2by,, for u € [a, aAb2 /n]

t
% "p(lel> 15-) < el > Ab)

< 4te"bi P(|¢1] > Abr). (4.4.6)

Since bry1 > n/b, for u > a, we have that L — oo as n — oo
uniformly over u > a, so by (4.4.2) and the fact that A > v

L/b?
hm Sup(LP(|§1| > AbL)> " =o.

X u>aq

Therefore, given arbitrary 5 > 0, for all n large enough and u > a
P(|¢1] > Abp) < e P/, (4.4.7)
Since in the integral in (4.4.4) u < aAb2 /n, it follows by (4.4.5) that

br, < by, so by monotonicity L < n and br,/L > b, /n, which implies
by (4.4.5) that

b% bn bL+1 bn U
= >b— > > — 4.4.
L n — 2 n T 204 (4.4.8)
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Using (4.4.7) and (4.4.8) we obtain by (4.4.6) that for n large enough
and u € [a, € AbZ /n]

n|nt]
by

u un ub% —Bb2 /L u ,—Bb2 /(2L)
e P<|§1|>—b—) < 4te Te L% < ehe™PL
« Op

< ef(,B/(éLaA)fl)u

— Y

hence,
aAb2 /n o)
limsupntztJ / e“P<|£1| > gﬁ)du < /e_ (5/(4aA)—1)“du,
n— 00 bn (67 bn

Since the latter integral converges to 0 as § — oo, limit (4.4.4) is
proved. ]

Remark 4.4.7. As the proof shows, under the hypotheses condition
(ag)y, holds.

The next result is in the same theme but considers triangular
arrays of row-wise i.i.d.r.v.

Theorem 4.4.8. Let (',i € N, n € N, be a triangular array of

row-wise i.i.d. R%-valued random variables on respective probability
spaces (S, Fn, Py) such that E,( =0 and E,|C?'? < oo, and let

1 [nt]
WZE;Q

where by/n — 0 and b2 /n — 0o as n — co. If E,(P¢PT — % as
n — 00, where X is a positive semi-definite symmetric matriz and
either

sup E, |¢1>T0 < oo for some § > 0 and
n

br

nlnn

—0 asn— o0, (44.9)

or

b’
sup E,, exp(7|¢"|?) < 00 and =— — 0 asn — oo
n n

for some v >0 and B € (0,1], (4.4.10)
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then the X™ LD converge in distribution at rate b2 /n to the Luzin-
continuous idempotent Gaussian diffusion X = (SXT)Y2W | where
W is an R -valued Wiener idempotent process.

Proof. We take r,, = b2/n and apply Corollary 4.4.3. Since the
moment conditions imply (L2)y, and conditions (sup B)y; and (C})x
hold, we have to check conditions (A) + (a).

Under (4.4.9) this is done by checking condition (V' Sp)s, which
takes the form

. n/b2
n”/biPn(|§fb|>b£e> —0 asn — o0
n

and follows by (4.4.9).
Under condition (4.4.10) we check that conditions (Ag)s and
(ap)x hold. Condition (Ap)s holds since by (4.4.10)

n n/b2
(nra(BL > )y
B 2
< /Y% (B, exp(y[¢71?)) ™" exp(—yAPn b2 F),

which converges to 0 as n — 0.
Verification of condition (ap)x is a bit more intricate. Let us
assume that f < 1. We have for e > 0,7 >0, A >0, and « > 0

B (exp(a2i1) 1 (221671 > €) 1(BE < )

TL2

< B (e (a2 c71) 1(221671 <) 1(21ct1 > )

T Z—E (exp (a2 1611) 1(%2 11 > ) 1(% <))
(4.4.11)

2

3

b

St

The first term on the right of (4.4.11) is not greater than

2 bn
2B (exp(amlci 1) 1(Z21ct] > o))

n
2

< :—%En (exp(améﬂﬁ + %ﬂcﬁﬁ)) eXp<_%7€ﬂ (%>ﬂ>
(4.4.12)

© 2001 by Chapman & Hall/CRC



352 Finite-dimensional LD convergence

and converges to 0 as n — oo if an < /2 by the moment condition
in (4.4.10) and the assumption n/b, — co.
We estimate the second term on the right of (4.4.11) as

:—;En(exp(a%m) (% 2 n) 1 (B < )
2

2 -~
< n—exp(aAb—” — 'ynﬂ/(lfﬂ) <£>ﬂ/(1 ﬂ)>En (exp(’y|§{l|ﬂ)),
b2 n by,
which goes to 0 by (4.4.10).

Thus, the right-hand side of (4.4.11) goes to 0 as n — oo so that
condition (ag)y is checked for 8 < 1. If 8 = 1, the required follows
by (4.4.12). O

Remark 4.4.9. If the distributions of the (I' do not depend on n,
the moment conditions above imply condition (4.4.2).

Remark 4.4.10. We have actually checked that under (4.4.10) con-
dition (ag)s, holds for every a > 0.

We now consider examples on LD convergence to different kinds
of idempotent processes.

Example 4.4.11. ”Very large deviations”

Let X™ be given by (4.4.1). Let r, = n, which specifies the set-up
of “very large deviations”. We assume that £ = ¢(i/n,(;)/n, where
Ciyi € N, are Ré-valued i.i.d.r.v. on a probability space (Q,F,P),
and g : Ry x R — R? is continuous in the first variable and such
that Eexp(alg(t,¢1)]) < oo for all @ > 0,t > 0.

It is easy to see that all the conditions of Corollary 4.3.11 hold
with

¢
B = [ Bgls i) ds, € =0, (D) = (L) = P(s(t. 1) € T\{0)).

0
It is instructive to note that the Cramér condition is not indispens-
able in this sort of result. Indeed, let &' = (*/n, where ', i € N, are
R, -valued random variables, i.i.d. for each n with the distribution
function
1(z > n?)

P(CE < ) = T-exp(—2?) 1z < n)—n? exp(—nt) =
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Then conditions (A)sx, + (a)s are easily seen to hold while neither
condition (V'S)y, nor (I,)y is satisfied, and even E(]' = oo.
The other conditions of Theorem 4.4.1 are satisfied as well with

o0

B = t/h(x)d(l ~ exp(—a?)), Gy =0,

v (T) = iy (D) = / 1(z > 0)d(1 — exp(—2?)), T € B(R%).
r

Example 4.4.12. LD convergence to Poisson idempotent processes.

Let X™ be given by (4.4.1). Let & = (/ry, where r, — 00,
rp/n — 0 as n — oo, and {(’, ¢ € N} are independent r.v. assuming
values 1 and 0 with respective probabilities r,/n and (1 — r,/n).

Then part b) of Corollary 4.3.12 implies that X" XN asn — oo
at rate r,, where N is a Poisson idempotent process. Note that here
v™([0,t],{rn|z| > €})/rn, — t for € < 1, so condition (M D) does not
hold, while condition (QC) does.

Example 4.4.13. LD convergence of empirical processes.

Let
Xr = ii 1(5 < T—"t)
LT is ot
=1
where &; are i.i.d.r.v. with values in R, , whose distribution admits
density g(z), which is continuous and positive at 0. Also r, — o0
and r,/n — 0 as n — oo.

We denote by G(z) the distribution function of &; and introduce
the point process N/* = r,X*. Then the compensator of N" =
(N{',t € Ry) relative to the natural filtration is, Jacod and Shiryaev
(67, 11.3.32],

o 2
A} = /(rn—%; 1(& < %S))%d&
0 b= n

It is not difficult to check that

1 n 1/rn
—Z l(fi < T—ns) "0
ni:l n
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1/rn
as n — oo and hence A} /ry, N tg(0). Part b) of Corollary 4.3.12

implies that the X" X as n — oo at rate 7n, where X; = Ny,
N being an idempotent Poisson process.
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Chapter 5

The method of the
maxingale problem

The method of finite-dimensional distributions considered in Chap-
ter 4 does not allow us to prove LD convergence in distribution to
idempotent processes other than idempotent processes with indepen-
dent increments. In this chapter we consider a different approach,
which is an analogue of the martingale problem approach in weak
convergence theory and consists in identifying the limit deviability
as a solution to a maxingale problem. As in Chapter 4, we con-
sider a net of semimartingales {X?, ¢ € ®} defined on respective
stochastic bases (Q4, Fp, Fy, Py) with paths in D = D(Ry,R?). We
assume as fixed a net {r4, ¢ € @} of real numbers greater than 1
converging to co as ¢ € ®. It is used as a rate for LD convergences
below, which refer to the Skorohod topology. The limit semimaxin-
gale X is assumed to be “canonical” in that it is defined on D by
Xi(x) = x4, x € D, t € Ry. It will actually be Luzin-continuous
so that we can equivalently consider it as the canonical idempotent
process on C = C(R, , R?). The next two sections are concerned with
identifying maxingale problems whose solutions are LD accumulution
points of {£(X?), ¢ € ®}: Section 5.1 specifies the maxingale prob-
lem in terms of convergence of stochastic exponentials and assumes
the Cramér condition for the X ?, while Section 5.2 considers conver-
gence of the characteristics of the semimaxingales and does without
the Cramér condition. Section 5.3 is devoted to specific LD conver-
gence results. Section 5.4 considers applications to large deviation
convergence of Markov processes.

355
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356 Maxingale problem

5.1 Convergence of stochastic exponentials

This section contains results on LD convergence of semimartingales
stated in terms of convergence of the associated stochastic exponen-
tials.

Let G(A) = (Gi(X\x), t € Ry, x € D), A € R, be an R-valued
function such that Gy(\;x) = G¢(0;x) = 0, which is continuous in ¢
and D-adapted in x. As above, we refer to G()) as a cumulant. We
introduce a number of conditions.

Definition 5.1.1. The function G(\) is said to satisfy the uniform
continuity condition if the map x — (Gy(A\;x),t € Ry) is a C-
continuous map from D into C(Ry,R).

Definition 5.1.2. Let F' = (Fy(x),t € Ry, x € D), Fy(x) =0, be an
R-valued continuous function. We say that F satisfies the majora-
tion condition if there exists an R-valued, increasing and continuous
function F = (Fy,t € Ry),Fo =0, such that for all 0 < s < t,

sgg(Ft(x)—Fs(x)) < F,—F,. (5.1.1)

The function F is said to satisfy the local majoration condition if,
for each b > 0, there exists an R-valued, increasing and continuous

in t function = (Fi,t € &),Fg = 0, such that, for all0 < s < t,

—=b —=b
sup (Fi(x)— Fy(x)) < Fo— .
xeD:
x5,<b

(5.1.2)

Remark 5.1.3. If F' is D-adapted, then, being continuous, it is D-
predictable, so the preceding supremum may be taken over x € D such
that x;_ < b. More generally, if T is a finite D-stopping time on D,
then, for every finite D—stopping time o < T,

sup (I (x)—Fy(x)) = sup (Fr(x)—Fy(x))
xeDx xeD:
x5 <b x:_<b

T —

(See, e.g., Jacod and Shiryaev [67, 111.2.43].)

At times we require that the restriction of G(XA) to C satisfy the
linear-growth condition of Definition 2.8.11, which we recall here.
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Definition 5.1.4. We say that G()\) satisfies the linear-growth con-
dition if there exist Ry —valued, increasing and continuous in t func-
tions F'(\) = (F}(\),t € Ry), A € RY, such that Fi()\) = F}(0) =0
and for some Ry -valued increasing function k; we have for all
0<s<t,xeC and \cR?

G\ x) =G (A x) < FYA(L+kx))) = FL (1 4-Ex))).

We also recall that a deviability II on C is a solution to the
maxingale problem (zy, G), where o € RY, if the canonical process
X on C is a semimaxingale with cumulant G()A) on (C, C,II) such
that Xo = x¢ II-a.e. (Definition 2.8.1).

Let the X? satisfy the Cramér condition (Cr) and £?()\) =
(Ef()\), te R+), A € R%, be the associated stochastic exponentials.
The following conditions on the X? are similar to those used in Sec-
tion 4.1:

PI/T¢
(0) Xg’ %y 1o as p e B,
1 Pl/T¢
(sup &) sup|—ln€f)(7“¢)\)—Gt()\;X¢)| s 0 as p € D,
t<T T¢
AeERLT > 0.

Theorem 5.1.5. Let the X? satisfy (Cr), and G()\), for each
A € R, satisfy the uniform continuity and majoration conditions.
If conditions (0) and (sup &) hold, then the net {L(X?), ¢ € ®} is
C-exponentially tight and its every LD accumulation point solves the
mazxingale problem (zg, G).

Remark 5.1.6. By the fact that a cumulant G()\) that does not de-
pend on X satisfies the uniform continuity and majoration conditions,
Theorems 5.1.5 and 2.8.5 imply Theorem 4.1.2.

The majoration condition on G(A) is too restrictive in applications.
We replace it next by the local majoration condition and another
condition. Recall that IT,, is defined by (2.7.6) and II,; by (2.8.6).
The following is the condition we will require.

(NE) The function IT;(x), x € C, is upper compact and the sets
Uselo,q1Xs + Iy 5(x) > a} are bounded for a € (0,1] and ¢ € R, .
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Remark 5.1.7. Condition (NE) implies that Il,, is a tight -
smooth idempotent measure on C.

Remark 5.1.8. By Lemma 2.8.12 and Remark 2.8.13 condition
(NE) is met when G(X) satisfies the linear-growth condition.

Let us define for x € D
Tn(x) =inf{t e Ry : xj+t > N}, Ne N (5.1.3)

The next version of Lemma 2.7.5, which is proved by a similar argu-
ment, implies that 7 is a D—stopping time and is C-continuous.

Lemma 5.1.9. Let (H(x),t € Ry,x € D) be an Ry -valued D~
adapted function, which is continuous and increasing in t and C-
continuous in x. Let for ¢ € Ry

7(x) = inf{t € Ry : Hi(x)+t > c}.
Then 7(x),x € D, is a D-stopping time and is C-continuous.

The following condition is a localised version of (sup &).

1/T¢

L oo oy e
(sup £)ipc  sup|—In& (reA) = Gipnry (xey (A X)) = 0

<T 7«¢ tATN(X¢)
aspe®, NeRILT>0,NeN.

Theorem 5.1.10. Let the X? satisfy (Cr), G(\), for each A € R%,
satisfy the uniform continuity and local majoration conditions, and
(NE) hold. If conditions (0) and (sup &) hold, then the net
{L(X?), ¢ € ®) is C-eaponentially tight and its every LD accu-
mulation point solves the mazingale problem (xo,G).

Remark 5.1.11. The uniform continuity and majoration conditions
used above can be somewhat modified. Let us say that G(\) satis-
fies the continuity condition for a given A € R if Gy(\;x) is C-
continuous in x for all t from a dense subset of Ry. Let us say
that an R-valued function F = (Fy(x),t € Ry,x € D) obeys the
strict magoration condition if (5.1.1) holds with the increments on
the left-hand side replaced by their absolute values. Similarly, we can
define the local strict majoration condition by taking absolute values
on the left of (5.1.2). Since the local strict majoration condition
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and the continuity condition imply the uniform continuity condition
for G(N), we could in Theorem 5.1.5 (respectively, Theorem 5.1.10)
require only the continuity condition if we strengthened the majora-
tion condition (respectively, local magjoration condition) to the strict
magoration condition (respectively, local strict majoration condition).

Since the linear-growth condition on G(\) implies both the local
majoration condition and (N E), we obtain the following important
consequence of Theorem 5.1.10.

Theorem 5.1.12. Let the X? satisfy (Cr) and the cumulant G()),
for each A\ € RY, satisfy the uniform continuity and linear-growth
conditions.  If conditions (0) and (sup &) hold, then the net
{L(X?), ¢ € ®) is C-eaponentially tight and its every LD accu-
mulation point solves the mazingale problem (xg,G).

The proofs of Theorems 5.1.5, 5.1.10, and 5.1.12 below show
that the only property of the processes £? that matters, besides
being positive and predictable, is that they satisfy the assertion of
Lemma 4.1.1. This observation allows us, as in Chapter 4, to extend
the theorems to the case when the processes X? are not necessarily
semimartingales if we postulate the property stated in Lemma 4.1.1.
More specifically, let us consider the following condition on processes
X? with paths in I defined on stochastic bases (Qg, Fp, Fg, Pyp) .

For each ¢ € @, there exist Fy-—predictable positive

processes £?(\) = (Egb(k), t€Ry), A € R such that
(E) Eg)(k) =1 and the processes

(exp(r- (X — XD)EL Nt € Ry )

are Fy—local martingales.
Then we have the following extension of Theorem 5.1.12.

Theorem 5.1.13. Let X® be stochastic processes on
(g, F,Fy, Py), which satisfy condition (E), and let G(N),
for each A € R, satisfy the uniform continuity and linear-
growth conditions. If conditions (0) and (sup &)oe hold, then the
net {L(X®), ¢ € ®} is C-exponentially tight and its every LD
accumulation point solves the maxingale problem (g, G).

Theorems 5.1.5 and 5.1.10 admit similar versions.
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Remark 5.1.14. In Theorems 5.1.5, 5.1.10, 5.1.12, and 5.1.13 we
can equivalently describe the accumulation points by saying that if
IT is an accumulation point of {L(X?), ¢ € ®}, then the canonical
process X on (C,C,II) is a Luzin-continuous semimaxingale with
cumulant G(\) starting at xo. Also if G(A) and oy uniquely specify

I, then X¢ 4 X.

5.1.1 Proofs

In the proofs below we assume with no loss of generality that x¢ = 0.
We start with two preliminary lemmas. We assume the conditions
imposed on the X? at the beginning of the section. As above we
denote by e;, i = 1,...,2d, the d-vector, whose [(i + 1)/2]th entry
equals 1 if 7 is odd and -1 if ¢ is even, the rest of the entries being
equal to 0.

Lemma 5.1.15. For every finite Fy—stopping time 7, a > 0, b > 0,
¢ >0, and u € Ry the following inequalities hold

P, (sup |Xt¢+7 — X% >a) < Zdexp(f(b — a))
t<u d

1 b
] N D . hd
+ 2d Iﬂa)éd Py <i25 (In &7, (ce;) — In&f(ce;)) > d)

< 2dexp(a(b - a))
b

L s o
+ ZdZ r{fa),(QdP (igg (Giyr(cei) — G9(ce;)) > E)

Proof. The second inequality is implied by the first since by (4.1.15)
In Egb_”(cei) —In&P(ce;) < Gf+T(cei) —GY(ce;).

The first inequality results from Lemma 3.2.6. Specifically, let
ZPTO0) =Y/, t e Ry,

where Y;fb()\) is defined by (4.1.18). By Lemma 4.1.1 and Doob’s

stopping theorem Z%7(A) = (ZP"(\), t € R,) is an R, -valued lo-
cal martingale with respect to the filtration Fy , = (.7-"?+T,t € Ry);
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hence, EZ$(\) < 1 for every F4 ,—stopping time 0. Lemma 3.2.6
and the definition of Y?()) then yield for i = 1,...,2d

Py (ilglg eir (X, — X9) > %) < exp(g(b - a))

1 b
z 4 . P(ces
+ Pd)(igg C(lné’t ~(ce;) —In&EP(ce;)) > ),

hence,
P¢>(SUP |Xt¢+7' - Xj-)| 2 a)
t<u

) d) ¢ a
< d max P u . 5{ —_ 5( >
=2 il ¢<iggez (Kiyr = X7) 2 d)
Cc
< — —
2dexp( (b a))
b

1
+ 2di:r{1ﬁ)’<2d P, (igp - (In E;Z_T(cei) —In&%(ce;)) > E) .

O

Next comes one of the most technically important results of the
chapter. It is more general than is required at the moment for the
proofs of Theorems 5.1.5, 5.1.10 and 5.1.12, but this generality will
be exploited while proving Theorems 5.2.9, 5.2.12, and 5.2.15 below.

Let {X'?, ¢ € ®}, where X'? = (X'?, t € R, ), be along with X¢
a net of R? valued semimartingales defined on (Qy, Fy,Fy, Py). We
consider the pair (X?, X' ¢) as a process with paths in the Skorohod
space IV = D(R,,R? x RY). The space IV is equipped with the
natural flow of o-algebras D' = (Dj, t € R, ), defined in analogy
with D, and elements of IV are denoted by (x,x'). We denote by
C = C(Ry,R? x R?) the subspace of IV of continuous functions
equipped with the 7-flow C' = (C},t € R ) as defined in Section 3.2.
For (x,x') € IV and A € R?, we introduce

Y/ (X (x,x")) = exp(Ax; = Ge(\ X)), t € Ry, (5.1.4)
and let
Y'(N) = (Y () (x,x)),t € Ry, (x,x') € C). (5.1.5)

Deviability II' on € is said to be a solution of maxingale problem
(M') if
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xp =10 I - a.e.,
(M) Y'(A), A € R?, is a C' -local exponential maxingale on
(C,11).

Theorem 5.1.16. Let G(\) satisfy the uniform continuity condi-
tion. If the net {L((X?, X'?)), ¢ € ®} is C' —ezponentially tight, and
conditions (0) and

1/T¢

' L. o 16y, Fo
(sup &) sup | —In&; (rgA) — Ge(M X)) = 0 as p € P,
t<T T¢
T >0,\€RY,

hold, then every LD accumulation point of {L((X?, X'%)),¢ € @}
(when restricted to C') is a solution to (M').

Proof. Let I be an LD accumulation point of {£((X?,X'?)),¢ €
d

®}. To simplify notation, we assume that L£((X?, X'?)) 4

IT' as ¢ € . By C'—exponential tightness of {L’((Xd’,X’d))), ¢$ € d}
the deviability II' is supported by C', so it can be considered as a
deviability on C'.

We show that IT'((x,x’) : x9 # 0) = 0. Since the map
m ¢ (x,%x') — x¢ from IV into R? is continuous, by the contrac-
tion principle

L(X$) Y oyt as ¢ € @,

and then by (0) and the definition of LD convergence
Momy ' (z) = 1(x = 0), z € RY,

which is equivalent to the required.

Now we prove that the Y’(\), A € R?, are C' ~local exponential
maxingales on (C',II'). We do that by reduction to Theorem 3.2.9.
As above we denote Gj (A, x') = sup,<; |Gs(A, x')|. By the uniform
continuity condition on G(\) the function G} (\,x’) is C-continuous
in x' € D for each t € R;.. For N € N and x" € D we introduce

ol (x') = inf{t € Ry : GI(A,X)VGE(2AX )+t > N} (5.1.6)

By Lemma 5.1.9 aﬁ,(x'), x' € D, is a finite D—stopping time and is
C—continuous. Therefore, a‘ﬁ,, as a function on IV, is a D’-stopping
time and is C'—continuous.
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Let also, for N € N and ¢ € @,

O =inf{t € Ry = EP(reN) 70 v EP (rgA) VT
VEP (2rg )Mo v EP(2rgN) e > 2eN Y. (5.1.7)

Then by Fg4-predictability and right continuity of Egb (A), ,Bf:, is an
F,-—predictable stopping time (see Dellacherie [34, IV.T.16]), and by
(5.1.6) and (sup &)’

. 1/r 10

lim P/ (% < o (X)) = 0.

The facts that Bf\), is Fy-predictable and ,Bf:, > 0 Py-a.s. (since

53’()\) = 1) imply as in the proof of Theorem 4.1.2 that there exist
finite Fy-stopping times Uf, such that

0’% < ,3% Py-a.s. (5.1.8)
and

. 1

Jim P/ (0% < % (X)) = 0. (5.1.9)

Note that by (5.1.7) and (5.1.8) for t € R, Pjy-a.s.

£ o 162V & " (reA) "V EL o (2r6A) V £ " (2rgA) L

< 2reereN . (5.1.10)

Now, since Lemma 4.1.1 implies that Y?()\) is a supermartingale so
EY?(\) < 1 for every finite F ,-—stopping time 7, we have by (5.1.10)
and the definition of Y?(\) in (4.1.18) that

(¥ (o) = B (1 BreNE g @roV)Z]y (ra3) )

é ¢ ¢ é
tho N 2% ON

S 23T¢ 63NT¢ .

Thus, in view of Doob’s stopping theorem, (Yt‘f\ o (o), t €Ry ) is a
N

square-integrable martingale and for every F4—stopping time 7

B}/ (Y0, (rg))?) < 8™, (5.1.11)
N
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Next, by the respective definitions (4.1.18) and (5.1.4) of Ytd’()\) and
Y/ (\; (x,%')), and the inequality |e* — 1| < |ule!*l, u € R, we have
that for A > 0, > 0,7 >0,and T > 0

! . ¢ !9\ _ yvo 1/r )
P¢(§3¥\1§M%(,\,(x X)) =YD raN)re| > e

< Py (sup WIXY| > 4) + Po(1X7] > )
+ Py (supé'd) ¢ (7“¢)\)*1/T¢ > Ee*“1(|)\|77)*167|)“">
t<T Aoy 2

+Py (sup‘exp -G

T N ~1/rg € A
sup (X)) =EF, o (rad) V70| > e ).

¢
tAo N

(5.1.12)

We prove that the right-hand side converges super-exponentially to
0 as ¢ € ®. By C'—exponential tightness of {£((X?,X'?)),¢ € @}
and Theorem 3.2.3

lim limsup P, L ¢(sup|)\||X¢| > A) =0, (5.1.13)
A—o0 ped

by (0)
o pl/Te o —
lim P/ (12 > ) =0, 5.1.14
lim P, (IXg1>m) ( )

and by (5.1.10)

/¢( ¢ 1/r 1 |Am)
lim lim sup P sup £ T\ ¢ > A e
n—0 ¢€<I>p ¢ t<1Iz /\‘TN( ¢ ) (| |77)

=0. (5.1.15)

Finally, (5.1.10) and (sup &) are easily seen to imply that

L/ry _ i I —1/rg
¢1>16%P (?;ljl?‘exp( GMU%()\,X ) EW%(W\) ‘

> %e*A) — 0. (5.1.16)

y (5.1.13)-(5.1.16) the right-hand side of (5.1.12) raised to the
power of 1/ry goes to 0 in the limit lims_,o limsup,_,o lim supycq-
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Thus, we have proved that as ¢ € ¢

1/r¢

¢ 1 Py
%\ gt N (X?, X' ))—Ytﬁ(r%(w) /ro] %5 0, T > 0.

As a consequence, introducing
78 =0 N (X', (5.1.17)
we have that for t € Ry

1/7‘¢
P
Y s (XX =Y? (M) e S 0 as g€ &

b\vN N

hence, since by (5.1.9) and (5.1.17)

Vrg( & (x19 ¢\ _
li P X =0,
¢g{11> (@R (X"?) #7%)

we arrive at the convergence

I)l/r¢

V! s (0N (X‘Z’,X"Z’))—Yt‘iv% (reM) Y % 0 as ¢ € ®.
(5.1.18)
Now we check the conditions of Theorem 3.2.9 with IV as D,
(X9, X"%) as X Y2 (\) = (Y"’ (re)),t € Ry) as M?, (x,x') as x,

N
and YZ/\ 5 )(A; (x,x')) as My(x).

The net {£((X?, X'?)),$ € ®} is C'—exponentially tight by hy-
potheses. Next, since a%(x' ) is a D-stopping time and X'? is Fy-
adapted, aﬁ,(X ! d)) is an F,—stopping time; since af\’, also is an Fy—
stopping time, we conclude in view of (5.1.17) that 7?\5, is an Fy—
stopping time. Therefore, recalling that (Yj\aﬁ (reA),t € Ry) is

a square-integrable martingale with respect to Fy and fy?\), < Uf,,

we have that Yﬁ(k) is a square-integrable martingale too. More-

over, in view of (5.1.11), the net {Y? , (ry))"/™#,¢ € @} is uni-
TN

formly exponentially integrable relative to { P4} for all £ € Ry. Also

Y't’/\a¢( )()\; (x,x')) is C'—continuous by the fact that, as we remarked
o

earlier, af (x") is C'—continuous, and Y} (A; (x,x')) is continuous in
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(t,(x,x)) at (x,x') € C' by the uniform continuity condition on
G(\) and (5.1.4).

Finally, since a‘ﬁ,(x’ ) is a D’—stopping time, it is a C’'-stopping
time if restricted to C'. Therefore, Y;:l/\a¢(x')(>‘; (x,x")) is C}-
measurable by Lemma 2.2.19. Since also (5.1.18) holds, we con-
clude that the conditions of Theorem 3.2.9 are met with the above
choice of M?, X% and M;(x). The theorem implies that the func-

tion (Y;’Aaqj( ,)()\; (x,x')),t € R}) is a C'—exponential maxingale on
N X
(C,1I1).
IT'-uniform maximability of (Y’ (A (x,x")),t € Ry) is

tha% (x')
proved in analogy with (5.1.11). Since by (5.1.6) and continu-
ity of G¢(\;x) in ¢t we have that |G Xx) < N and

|G

t/\a‘ﬁ, (x’)(

tm%(x,)(2)\;xl)| < N, it follows by (5.1.4) that

sup Y] (A; (3, %)) (%, x))

(x,x")eC t/\a% (x')

<eN sup Y’ ¢

1N X)) (X)) = €,
(x,x")eC Ny

(X’)(

where the latter equality holds by the maxingale property of
(Y, ¢ (x’)(2>\; (X,X,)),t € RF) Thus, (Y;l/\ad) ()‘a (X,X,)),t € R—F)

Aoy N

is I[T"-uniformly maximable by Corollary 1.4.15. O

We are now in a position to prove Theorem 5.1.5.

Proof of Theorem 5.1.5. We apply Theorem 5.1.16 with X' = x°.
All we need to prove is that under the conditions of Theorem 5.1.5 the
net {L((X?,X?)),¢ € ®} is C'-exponentially tight in IV or, equiv-
alently, the net {£(X?),$ € ®} is C-exponentially tight in . We
check the C-exponential tightness by verifying the conditions of part
II of Theorem 3.2.3. This is carried out similarly to the argument
used in the proof of Theorem 4.2.11 with the use of Lemma 5.1.15.
We consider only condition II(i7) of Theorem 3.2.3, because II(i) is
checked in an analogous manner.

By Lemma 5.1.15 for 7" > 0,7 > 0,¢ > 0,0 < § < 1, and 7 €
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St(Fy)

P, (sup|Xt+T X2 >n)< 2dexp<—%)

1
+2d i:rﬂ.af.),%d Py <i1§1? % (In 5?4-7 (rpce;) —In Ef(%cel ld)
> e

<2d P ( n &Y In &Y )
S Y S,tS§u7P+1 T ( nEf (rocei) -l (rgees)) 2 2d
s<t<s+d

+ 2dexp(—%). (5.1.19)

Applying successively (sup £) and the majoration condition on G()\),
we have for 1 =1,...,2d

lim sup P;/w( sup (lnE (rocei) — lngf(m)cei)) > E)
PP st<T+1 T¢ 2d
s<t<s+d
< hmsupP L/r ¢( sup (Gt(cei;X‘i)) — Gs(cei;X¢)) > E)
pe® s,t<T+1 3d
s<t<s+d
<1 s (G-G) =1
s,t<T+1 3d
s<t<s+d

where G' = (@i,t € Ry) is a function majorising G(ce;). By conti-
nuity of @i in ¢ the latter indicator is 0 for all small § > 0. Hence,
by (5.1.19)

limsuplimsup sup P/¢(sup|Xt+T X7 |>77) <exp( C”)
50 ¢EP  7ESy(Fy) 2d

Since c is arbitrarily large, condition I1(i7) of Theorem 3.2.3 has been
checked. 0

For a proof of Theorem 5.1.10, we need another auxiliary result
which will also be used in the proof of Theorem 5.2.12. Let the maps
py: D — D, N €N, be defined by

(ﬁNx)t = Xiary (x)s X eDteRy, (5120)
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where the 7y are from (5.1.3). The maps py are C-continuous since
the 7 are C—continuous and Skorohod convergence to continuous
functions is equivalent to locally uniform convergence.

Let also

XN = pyX? (5.1.21)
and YV () = (VN (\;x),t € Ry, x € C) be defined by
YV (A5 %) = Yiary () (A5 %) (5.1.22)

Let for N € N maxingale problems (M) on C be defined by

x9 =0 IV -ae.,
(MN)  YN(A), AeR?, s a C-local exponential maxingale on
(c,m").

Lemma 5.1.17. Let the nets {L(X®N),¢ € @}, N € N,
be C-exponentially tight and every LD accumulation point of
{L(XPN), ¢ € @} solve (MN). If, in addition, (NE) holds, then

lim limsup P,/" (ry (X?) < t) =0, t € R,..
N —o0 ped

Proof. We first note that since II"V solves (M*), an argument similar
to the one used in the proof of Lemma 2.7.11 shows that

IV (x) < Ty, () (%) (5.1.23)

Let {P;£;¢°¢(TNO¢(X¢°¢) < t), € T} be a subnet of
[P} (ry(X?) < t), (¢, N) € @ x N} such that
lim Py (7o (X°V) < 1)
€
= limsuplimsupP(;/rd’ (rn(X?) < t). (5.1.24)
N —00 Pped

By Corollary 3.1.20 there exists a subnet {(L(X?¥°N) N €
N),v € T} of {(LX?»N) N € N),¢ € ¥} such that

L(X PovevslV) L IIV, N €N, as v € T at rate ryoyoy, where IIV
are deviabilities on D with support in C. Since IV (D \ C) = 0, we
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identify I1V with its restriction to C. By (5.1.3) and Lemma 5.1.9
Tn(x), x € C, is a finite C—stopping time so that the 7-algebra C,,
is well defined. We prove that there exists a deviability II on C such
that

I(A) =1V (A), AcC,,, N €N (5.1.25)

TN

This is done by applying Theorem 1.8.1. Let us check that {IIV, N €
N} is a projective system of deviabilities on the same space C with
the py as “bonding maps”. In other words, we have to check that
IV = IV opy! for N > N. Since £(X®Vov:N'y 14 V' xoN =

pNXPN' (see (5.1.20) and (5.1.21)), and py is C-continuous, by

the contraction principle £(X®°¥°v») Mo, ﬁjvl. Since also

L(X PovevslV) “ 11V, by uniqueness of an LD limit 1Y = IV’ oﬁj\,l.

In order to apply Theorem 1.8.1 we have to check the (e, K)-
condition. By the first part of condition (NE) it is sufficient to
check that Kjn (€) C pnv K, (€) for arbitrary e € (0,1] and N’ € N,
Let x¥' € Kpya (). The fact that {TIV, N € N} is a projective
system of deviabilities allows us to construct functions xV € C, N =
N',N'+1,..., such that pyxV*! = x¥ and IV (x"V) = IV (xV").
Since the sequence {7y (x")} is increasing, it converges to a limit L.
Since by (5.1.23) HO,TN(XN)(XN) > IV (x") > € and the sequence
{xi\lfv(x]\,) +7n(xY), N = N',N' +1,...} is unbounded, the second
part of condition (NFE) implies that L = oo. Hence, there exists a
function x € C that coincides with x¥" on [0, 77 (x')] and coincides
with the x™¥ on [ty _1 (xV), 7x (x)] for N = N’ +1,N'+2,.... Since
oy (%) (%) = Tg - ey (xY) > € and Ty - (5)(%) — TIp(%) as N —
00, we conclude that ITy(x) > € as required. Hence, by Theorem 1.8.1
there exists a deviability II on C such that IIV =TI o 13]}1, which is
equivalent to (5.1.25) by Lemma 2.2.21.

Since 7x(X?) = Tn(X?N), Nogov — 0o as v € T, the set
{x € D: 7y(x) <t} is Cclosed, IIV(D\C) = 0, and {x € C :
Tn(x) <t} € Crpy, we have by (5.1.24), Corollary 3.1.9, and (5.1.25)
that for arbitrary N’ € N

lim sup lim sup P(;/r"’ (Tn (X?) < t)
N—00 Pped

S 1/7'¢od;ou o)o
N zljler% P¢01/JOU (TNO"/’OU (X¢ v U) < t)
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< limsup Py 120 (ry (X P00y < ) < TIV (70 (%) < 1)
veYT

By the 7-smoothness property of deviability

Jim (7 (x) <) = H( Ni{xeC: mv(x) < t}): 0,
NeN

which together with (5.1.26) proves the lemma. O

Proof of Theorem 5.1.10. We begin by showing that the nets
{L(X?N), ¢ € ®}, N € N, defined in (5.1.21), are C-exponentially
tight and their respective LD accumulation points solve (MY). We
first check that {X?" ¢ € ®} satisfies the conditions of Theo-
rem 5.1.5 with GN(\) = (Ginry(x) (N %), € Ry, x € D) as G(A).
Condition (0) is obvious. Next, X%V has as its stochastic exponen-
tial the process E9V(\) = (ggxm(xd))()‘)’t € R;). Hence, (sup &)joc
implies (sup &) for XV with GV ()\) as G()).

Now we check that GV ()\) satisfies the conditions imposed in
Theorem 5.1.5 on G(A). Let us consider the majoration condition.

Since by the definition of 7y, xz‘t/\m(x))i < N, x € D, we have that,
for 0 < s <,
Slelg(GmTN x) (A X) = Goary (x) (A X))
= w (Ginry 30 (A X) = Gopry 0 (Asx)). (5.1.27)
X(inry Go)- <V

By Remark 5.1.3 and the facts that G()\) is D-adapted and ¢ A
7n(x) is a D-stopping time, the right-hand side of (5.1.27) equals
SUp(Ginry (x) (A X) — Goary (x) (A3 X)) over x € D such that x5, < N;
so by the local majoration condition on G(X) (say, with G" for given
A) if xi, < N, then

—N —N
Ginry () (A1 %) = Goary () (A X) < Gipryx) = Gonry (x)

=N =N
S Gt - GS 9
where for the last inequality we used that @iv is increasing in ¢.

Hence,

—N =N
Slelg(Gt/\TN(x)(A;X)_Gs/\TN(X)(A; x)) < Gy -Gy, (5.1.28)
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proving the majoration condition for G™ ().

Next, obviously, Giary (x)(A;x) is Dy-measurable in x € D and
continuous in ¢. We check that it is C-continuous in x uniformly over
t € [0,T] for arbitrary T' > 0. Let x, — x € C. We again fix A and

denote by G" the associated local majorant for G(X). For arbitrary

¢ > 0, by continuity of @iv and G¢(A\;x) in ¢ we can choose 0 > 0,
d < 7n(x) A1, such that

—N —N
sup |Gu - Gv | <eg, §1<l¥ |Gt/\(TN(X)76) ()\;X) - Gt/\TN(X)(A; X)| <e.

Since Ty (%) — TN(X) as n — oo by Lemma 2.7.5, we can take n
large enough to have

17w (xn) =7 (x)] <, (5.1.29)

and then, for t < T,

Ginry (x0) (X5 Xn) = Ginry (x) (A1 X)
< {Ginry (x0) (N Xn) = Gin(ry (x)=0) (A X))
+ G in(ry (x)=0) (A Xn) = Gin(ry (x)—5) (A3 X))
+ G in(ry (x)-6) (A X) = Giary (x) (A; %)
< A{Ginry (x0) (N Xn) = Gin(ry (x)=0) (A X))
+ [Gin(ry (x)=6) (A Xn) — Ginry (x)—s) (A5 x)| + €. (5.1.30)

By (5.1.29), (5.1.28) and the choice of ¢

Ginry (xn) (X5 Xn) = Gin(ry (x)—0) (A Xn)
= Ginry (x0) N Xn) = Gin(ry (x)—8) Ay (300) (A3 Xn)
< Cinryx) ~ Cinira()-) < &
Therefore, (5.1.30) yields by C-continuity of the mapping x —
(Ge(Nx), t e Ry)

lim sup sup(Gt/\TN(xn) (Asxp) —Ginry (x) (A x)) < 2e.

n—oo t<T

The complementary inequality

lim sup sup(Gary (x) (A5 %) = Giary (x,) (A1 Xn)) < 26

n—oo t<T
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is proved similarly if we choose 6 > 0 such that 26 < 7y (x)—7n5(x),

—N+1
sup [,
u,v<T
lu—v[<é

SUp |Gin(ry (x)+0) (A X) — Giary (x) (A X)| < ¢,
t<T

N+1
v

-G, |<e

?

and consider n for which, in addition to (5.1.29), 7n(x) + 0 <
TN+1(Xn).

Thus, {X®V, ¢ € @} and GV (N\),\ € RY, satisfy all the con-
ditions of Theorem 5.1.5. Hence, the net {L(X?N),¢ € ®} is C-
exponentially tight, and if II"V is an LD accumulation point, then
xo = 0 IV a.e. and the function ?N()\) = (Yiv(k; x),t € Ry, x €
C) defined by YV, (A;x) = exp(A - x; — Gyary(x)(AiX)) is a C-local
exponential maxingale on (C, I1V).

Therefore, to prove that II"V solves (M™), it is left to show that
?iv()\;x) = YN (\;x) [V-ae., which in view of (5.1.22) and the
definition of Y follows by the equality

Xinry () = X¢ 11V -ae. (5.1.31)
To see the latter, let {X® N ¢’ € @'} be a subnet of {X%V, ¢ € ®}
that LD converges to II. Since Xf)’N = Xf;\iv (XY by (5.1.20) and

(5.1.21), IIVV is supported by C, 7y(x) is C-continuous, and the set
{x€D: x4pry(x) # %t} is C-open, by Corollary 3.1.9

1/r 4
0= ll;nS;lpP "¢ (Xd’ N # z\TN X¢"N)) >IN (x; # Xinry (x))s
/e !

which proves (5.1.31).
Thus, the nets {X®V ¢ € ®}, N € N, satisfy the conditions of
Lemma 5.1.17. By the lemma for 7" > 0

lim limsup P,/™ (ry(X?) < T) =0, (5.1.32)

and using (5.1.20) and (5.1.21) we have that

A}gnoohréles‘;qu&/ ¢(Sup|X¢ X¢N| >0) =0,
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which implies by C-exponential tightness of {L(X®"), ¢ € ®} for
every N € N and Theorem 3.2.3 that {L(X?),¢ € ®} is C-
exponentially tight. Also (5.1.32) and (sup &) imply (sup &).
Thus, all the conditions of Theorem 5.1.16 with X'? = X? hold. An
application of that theorem ends the proof. O

Theorem 5.1.12 follows by Theorem 5.1.10 and Remark 5.1.8.

5.2 Convergence of characteristics

This section formulates conditions on convergence of the character-
istics of the X? in order for the net {£(X?),¢ € ®} to be exponen-
tially tight with all the LD accumulation points being solutions of a
maxingale problem. We retain the above notation.

As in Section 4.2 the cumulant in the limiting maxingale prob-
lem will have the semimaxingale representation (2.7.7) and (2.7.55),
however, the characteristics can depend on x, on the one hand, and
are defined for x € ), on the other hand.

Definition 5.2.1. Let us say that a function f : Ry x D — RF s
D -progressively measurable if its restriction to [0,t] x D is B([0,t]) ®
Dy /B(RF)-measurable.

We assume as given the following objects:
(bs(x), s € Ry, x € D) is an R¢-valued D-progressively measurable
function such that fg|bs(x)|ds < oo fort € Ry and x € D,
(cs(x), seRy,x € ID)) is a D-progressively measurable function with
values in the space of symmetric, positive semi-definite d X d-matrices
such that fg lles(x)|| ds < oo for t € Ry and x € D,
(vs(I;x), s € Ry,I' € B(R?),x € D) is a transition kernel from
([0,#] x D, B([0,t]) ® Dy) into (R, B(R?)) for every ¢t € R, such that
fortec Ry, xecDand o € Ry

/ |22 A1 vg(da; x) < oo, / e 1(|z| > 1) vy (da; x) < o0,
R4 R4

v ({0};x) = 0, [#)? A1 1(x) < o0, e 1(|z] > 1) % 1(x) < o0,

s € Ry,I' € B(R?),x € D) is a transition kernel from
,B(R,) ® D;) into (R?, B(R?)) for every t € Ry such that
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for s € R, ,x € D and T' € B(R?)
(D3 x) < vy(05x), 7g(RYx) < 1. (5.2.2)

Since D-progressively measurable functions are C-progressively mea-
surable, the restrictions of (bs(x)), (cs(x)), (vs(I';x)), and (25(I;x))
to C satisfy the conditions on the local characteristics of a semimaxin-
gale as defined in Section 4.2. Also, given a limiter A : R? — R? we
define extensions of the characteristics of a semimaxingale to D by

%) / by(x) ds
0

Bl(x) = (5.2.3)
By(x) = Bi(x) + (h(z) —
Cy(x) =

: (5.2.4)

x) * vy (X)

x)

t

)
/cs(x) ds, (5.2.5)
0

and refer to B' = (Bj(x),t € Ry,x € D) as the first char-
acteristic “without truncation” of the limiting semimaxingale, to
B = (Bi(x),t € Ry, x € D) as the first characteristic associated
with limiter h(z), to C' = (Cy(x), t € Ry,x € D) as the second char-
acteristic, to vs(I';x) as the density of the measure of jumps, and
to Ug([;x) as the density of the discontinuous measure of jumps. If
B = (By(x), t € Ry ,x € D) is the first characteristic associated with
a limiter h(x), then

Bi(x) = By(x)+ (h(z)—h(z))*vy (). (5.2.6)

The modified second characteristic C' = (Cy(x), t € Ry,x € D) is
specified by the equality

A-Crx)A = X-Ce(x)A + (X - h(z))? % 14 (x)

t
_ /(,\  h(z) ® 05(x))?ds, A € BY. (5.2.7)
0

We introduce a number of conditions on the characteristics, which
are analogues of the continuity and majoration conditions on G(X)
in Section 5.1. As above, we denote by U a dense subset of R, .
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Definition 5.2.2. We say that B (respectively, C; C; v; or i) sat-
isfies the continuity condition if By(x) (respectively, Cy(x); Cy(x);
f(z) * vy(x) for f : RY — R Borel measurable and such that
If(z)] < 1A |zf% fg(g(x) e y(x))*ds for g : R — R Borel mea-
surable and bounded, and k = 2,3,...) is C—continuous in x for all
teVU.

Remark 5.2.3. If the continuity condition on v holds, then by
(5.2.6) the continuity condition on B does not depend on a limiter.
If, in addition, the continuity condition on U holds, then by (5.2.7)
the continuity conditions on C and C are equivalent.

Occasionally, we will need a stronger form of the continuity con-
dition on B which is an analogue of the uniform continuity condition

for G(N).

Definition 5.2.4. We say that B satisfies the uniform continuity
condition if the map x — (By(x),t € Ry) is C-continuous as a map
from D into C.

Remark 5.2.5. Since A-Cy(x)A\, A-Cy(x)A and f(x)*v4(x), if f >0,
are increasing, continuous in t and equal to 0 at 0, the continuity
conditions on C, C and v are equivalent to C—continuity of the re-
spective maps x — (Cy(x), t € Ry) from D into C(Ry,R¥>*?) x —
(Cy(x), t € Ry) from D into C(R,, R4 and x — (f(x)*v; (x), t €
R, ), where |f(x)| < 1A |z|?, from D into C(R,,R). Thus, the
continuity conditions on C), C and v imply the associated uniform
continuity conditions. Therefore, we will sometimes also be referring
to the continuity conditions for C, C and v as uniform continuity
conditions.

Definition 5.2.6. We say that B (respectively, C, C, or v) satisfies
the majoration condition (respectively, the local majoration condi-
tion) if the functions (X - By(x),t € R, ,x € D) for all A € RY;
(A-Cy(x)\, t Ry, x €D) for all A € RY; (A-Cy(x)\, t € Ry, x € D)
for all X\ € RY; (f(z)*v(x), t € Ry ,x € D) for all f € Cy satisfy the
magoration condition (respectively, the local magjoration condition,).

Remark 5.2.7. The majoration condition (respectively, the local
magoration condition) on B equivalently requires that the function
(Var,B(x), t € Ry,x € D) of total variation of B obey the majo-
ration condition (respectively, the local majoration condition). The
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magoration conditions (respectively, the local majoration conditions)
on C and C are equivalent to the majoration conditions (respectively,
local majoration conditions) on the respective functions of the sums
of the diagonal entries of C; and C;.

Definition 5.2.8. We say that v satisfies the C-local boundedness
condition if for every compact K C C and every o > 0,t > 0,

sup el 1(]z] > 1) %14(x) < o0. (5.2.8)
xeK

We say that U satisfies the C—local boundedness condition if for every
compact K C C and every o > 0,1 > 0,

sup sup el 0, (x) < 0. (5.2.9)
xeK s<t

We now state conditions on the triplets of the X?. They are
similar to the conditions of Section 4.2. Actually, the conditions
on the Xéb and big jumps are the same. We repeat them here for
completeness. Let (B?, C? v?) be the predictable characteristics of
X? corresponding to a limiter h(z). As above, zg € R%.

P/
(0) Xg’ %y 19 as p e B,
(A Jim msap Py (20,8 Jal > )77 > €) =0,
t>0,e>0,
(a) aIL%lO lilzles‘;lpPé/”’ (%eo‘r‘i’m| 1(rg|z| > a) 1(Jz] < A) * I/zb > )
= ()7
t>0,a>0,A>0,e>0,
pl/me
(sup B) sup |BY — By(X?)] % 0 asgpe®, T >0,
t<T
(C) lim limsup P,/ (||ry CF* — CL(X?)| >€) =0, t € Uye >0,
—0 pED
Urg
() IreCP = Cu(X9)|| % 0 asped, tel,
pl/me

W) @) sl —f(@) r(X?) D 0 asped, teU, f e,
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t 1/T¢
1 P
(©) — Z (f(T¢$ 01/ / ) ® g X¢))kds 200 as ¢ € D,
¢ o<s<t )
teUk=23,...,f €Cp.

(We recall that f?(z) = f(ryz)/r4.)

Theorem 5.2.9. Let h(z) be continuous, B, C (respectively, C),
v, and ¥ satisfy the continuity conditions, and v and U satisfy the
C-local boundedness conditions. Let also the majoration conditions
on B, C (respectively, C) and v hold.

If conditions (0), (A) + (a), (sup B), (C) (respectively, (C)), (v),
and (0) hold, then the net {L(X?),¢ € ®} is C-exponentially tight
and its every LD accumulation point is a solution to the mazingale
problem (zg,G).

Remark 5.2.10. Condition (a) can be replaced with the condition

' /¢(_ - b,c
(a") algglo llrgesq:lpP ¢]a A.0(@) * 1
1 .
+7"_ Z In(1 —I—]f’A,a(x) . l/g’) > 8) =0,
0<s<t

t>0, a>0, A>0, >0,
where j 4 o(z) = (€"Pl — 1) 1(rg|z] > a) 1(|z| < A).
Remark 5.2.11. Theorems 5.2.9 and 2.8.5 imply Theorem 4.2.1.

Next comes a locally bounded version. Let us define 7y(x) by
(5.1.3) and introduce the conditions

(A)toc lgI;ohI;lesql;lde)/ *(W?([0,¢ A TN (X)), || > Ao > ) =0,
t>0, NeNe >0,

1 €0 ||
(a)loc lim limsup P, /T¢( T (T¢|$| > a') (|$| < A) t/\TN(Xd))

a— 00 ¢€E¢
6):0,
t>0,NeN a>0,A4A>0,e>0,

1/r¢
(sup B)joc sup|B V(X% BtATN(X¢)(X¢)| 5 0 as ¢ € D,

T>0, NEeN,
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(C)ioc }l_rf(l)hrélesqilpP o (g CO? oy = Cunmy(x0) (X9 > £) =0,

teU, NeNe >0,
1/rg
(é)loc ||T¢> IANTN (X D) C~’15/\71\,(X¢’)(*X¢)“ d)_> 0 as Qb €o,
telU, Ne€N,
rg
(Nioe  [fO(z) * uj’ATN xo) — (@) * Vipry(x#)(X?) S 0 as ¢ € @,
teU, NeN, f ey,
tATN (X¢
(D) 10¢ i (f(m,x ° 1/

. ) o U Xd’)) ds
¢ s<IATN (X?)

o =

1/r¢
2 0 as ¢ € P,
teU NeNk=23,...,f €Cp.

Theorem 5.2.12. Let h(z) be continuous. Let B, C (respectively,
C‘), v, and U satisfy the continuity conditions, and v and ¥ satisfy the
C-local boundedness conditions. Let the local majoration conditions
on B, C (respectively, C) and v hold. Let condition (NE) hold.

If conditions (0) (A)loc + ( )lom (Sup B)locu (C)loc (reSPGCtivelyy
(Oioe)s (V)ioes and (9)100 hold, then the net {L(X?),¢ € ®} is C-
exponentially tight and its every LD accumulation point solves the
mazxingale problem (zg, G).

Remark 5.2.13. Condition (a);ee can be replaced with the condition

/ L/rg ¢ yoe
(a")10c alLIgolllge?pP ( ¢>]aAa( ) * tATN(X¢)

1
+— E In(1 —I—ija(x) ov?) > 6) =0,
T‘¢ ) k
s<tATN (X?)
t>0,NeN a>0,4A>0,¢>0.

Definition 5.2.14. We say that bs(x), respectively, cs(x), meets the
linear-growth condition if there exists an R, -valued Lebesque mea-
surable function lg such that f(f lsds < o0o,t € Ry, and

[bs(x)] < (14+x5)Ls, (5.2.10)
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respectively,
lles () < (14 (5)%) s (5.2.11)

We say that v meets the linear-growth condition if

/ (*® =1 — X z)vy(dz;x)

Rd

< / (N 1 (14 x)A - 2)ms (do), A € RE,
Rd
(5.2.12)

where mg(dzr) is a transition kernel from (Ry,B(R})) into
(R, B(R?)) such that f(f Jra (exp(az]) —1—a|z|)m, (dz)ds < oo, t >
0, > 0.

Theorem 5.2.15. Let h(z) be continuous, B, C (respectively, C),
v, and v satisfy the continuity conditions. Let the linear-growth con-
ditions on bg(x), cs(x), and vs(T';x) hold. Let U satisfy the C-local
boundedness condition.

If conditions (0), (A)ioe + (@)iocs (SUp B)ige, (Cioe (Tespectively,
(Oioe)s (V)ioes and ()ioe hold, then the net {L(X?), ¢ € ®} is C-
exponentially tight and its every LD accumulation point solves the
mazingale problem (zo,G).

Remark 5.2.16. Condition (a)e can be replaced with condition
(a,)loc-

Remark 5.2.17. In the above theorems we can equivalently describe
the accumulation points by saying that if 11 is an LD accumulation
point of {L(X?), ¢ € ®}, then the canonical process X on (C, C,II)
is a Luzin-continuous semimazingale with characteristics (B, C,v, 1)
starting at xo. If (B, C,v,0) and xo uniquely specify I1, then X® q
X.

The proofs use the ideas of the proofs of Theorems 4.2.1, 5.1.5,
and 5.1.10. An outline is as follows: we introduce truncated pro-
cesses X% as in the proof of Theorem 4.2.1, establish that the pairs
(X%¢, X?) as random elements of IV (= D(R,, R? x R?%)) satisfy the
conditions of Theorem 5.1.16, then observe in view of Lemma 4.2.16
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that condition (A) + (a) implies that the nets {(X?, X?),¢ € ®}
and {(X% X?),$ € ®} asymptotically (as a — o) have the same
LD limit, and derive the statements of Theorems 5.2.9, 5.2.12 and
5.2.15 by taking the limit as @ — oo in the maxingale problems as-
sociated with the nets {(X®% X?), ¢ € ®}. This turns out to be
quite a long way. The next subsection studies required exponential
tightness properties. After, LD accumulation points are identified as
solutions to certain maxingale problems, and finally the proofs of the
above results are given. We assume in the proofs that z¢ = 0.

5.2.1 Exponential tightness results

We develop exponential tightness results for (X%, X?). The next
lemma extends Lemma 4.2.6.

Lemma 5.2.18. Let 2% = (Z{° t € Ry),Z° = 0,6 > 0,4 € @,
and Z% = (Zf),t eRy), Zéb =0,¢ € ®, be R wvalued, componentwise
increasing processes with paths in D defined on respective probability
spaces (¢, Fy, Py) such that for all t € U,e > 0,

lim lim sup P, L ¢(|Z¢5 Z%| > ¢e) =0.

If the net {L(Z?), ¢ € ®} is C-eaxponentially tight, the latter conver-
gence s uniform on bounded intervals, i.e.,

hmhmsupP L ¢(sup|Z¢’ Z¢| >¢e)=0,T7>0,e>0.

6—0 ¢€
Proof. Acting as in the proof of Lemma 4.2.6 for N € N we choose
tN €U, i=0,...,kN, such that 0 =t <t} <...<t)y , <T <
N <T+1land |tN —tN | <1/N,i= 1,...,kN. Thenby the same
argument

sup |2~ Z?| < max |sz‘S Zh|+ sup |ZP-2Z¢|.

t<T i=1,...kN ti s,t<T+1:

ls—t|<1/N

Therefore,

kN
P,/ (sup 1290 — 7, > g) <y pr <|Zf]¢‘5 — Z| > 6/2)
t<T i—1 i i

+P$/T¢( sup |Z{ — Z%| > €/2)
s, 0<T+1:
|s—t|<1/N
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so that by hypotheses

lim lim sup P(;/%(Sllp IZ,?"S - Zﬂ > )

=0 ped t<T
< limsupPl/”’( sup |20 — Z%| > €/2)
peP §,t<T+1:
ls—t|<1/N

The right-hand side tends to 0 as N — oo by Theorem 3.2.3. O

We now study, as in the proof of Theorem 4.2.1, when one can

replace conditions (C), (C) and (v) with the associated uniform ver-
sions. Let us introduce the conditions:

(sup C) lim lim sup P;/rd’(sup ||T¢Cf)’6 — Ci(X?)| >¢) =0,
=0 pco t<T
£>0,T >0,
~ ~ ~ Pl/T¢
(sup C) sup [rsCP — Ci(X?)|| % 0 asgpe®, T >0,
t<T
Pl/rd)
(sup v) sup|f¢(x)*l/t¢—f(x)*l/t (X9)| %y 0 as ¢ e P,
t<T
fec,T>N0.

In some of the statements below we say, with a slight abuse of ter-
minology, that nets of laws of R —valued random processes are C-
exponentially tight if they are C(R, , R"™)-exponentially tight. The
meaning should be clear from the context.

Lemma 5.2.19. 1. Let the net {L(C(X?)), ¢ € ®} (respectively,
{LIC(X), ¢ € @F; {L(f v (X?)),¢ € @}, f € Cy) be C-
exponentially tight. Then condition (C) (respectively, (C);
(v)) is equivalent to condition (sup C) (respectively, (sup C);
(sup 1)).

2. If the nets {L(f(z) * v (X?)),¢ € @}, f € Cp, are C-
exponentially tight and condition (v) holds, then condition

(sup B) does not depend on the particular choice of a continu-
ous limiter h.

Proof. The first part follows by Lemma 5.2.18. The second part
follows from the first and is proved in the same way as Lemma 4.2.8.
O
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Now, we state and prove an exponential tightness result. We
recall the definition of X%¢ = (X;b’a,t € Ry), a € Ry, from Subsec-
tion 4.2.2:

XPo = xp - X, (5.2.13)
where
XDt =3 "(AX? - hY(AXD)), (5.2.14)
s<t
ha(z) = (% A 1)3:, he (z) = %ha(w). (5.2.15)

We also recall that C' = C(R,,R? x R?).

Theorem 5.2.20. 1. Let the nets {L(B(X?),¢ € &},
{L(C(X?)),p € ®} (respectively {L(C(X?)),¢ € ®} ), and
{L(f(x) *v (X?)),¢ € ®}, f € Cy, be Cexponentially tight.

If conditions (0), (sup B), (C) (respectively, (C)), and (v)
hold, then the mnet {E(X¢’“),¢ € &} is C-exponentially
tight. If, in addition, conditions (A) + (a) hold, then the
net {L(X?),¢ € ®} is C-exponentially tight, so, the net
{L(X?* X?)),p € ®} is C —exponentially tight.

2. Let the net {L(X?), ¢ € ®} be C-exponentially tight. If the
function B (respectively, C; C; v) satisfies the uniform con-
tinuity condition, then the net {L(B(X?)),¢ € ®} (respec-
tively, {L(C(X)),p € ®}; {L(C(X?)), 4 € }; {L(f(x) +
v (X?)),¢ € ®}, f € Cy) is C-exponentially tight.

Proof. Part 2 follows from Theorem 3.2.3 via a diagonal argument.
Let, given T' > 0 and n > 0, {ﬁ(X‘i)’),rd)/,qu,, ¢ € @'} be a subnet
1
of {E(X¢)7T¢7P¢/r¢ (Sups,tE[O,T]:|Bt(X¢) - BS(X¢)| > 77)7 (¢7 5) €
ls—t|<d
® x (0,00)} such that £(X?") Y10 at rate e, where IT' is supported
by C, and

lim py = lim limsupPl/r¢( sup |Bi(X?)—B,(X?)| > n).
P'ed! =0 gco 5,t€[0,T:
ls—t|<0
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Then for arbitrary 6 > 0 by the contraction principle (Corol-
lary 3.1.15) and uniform continuity condition for B

lim limsupP;/rd’( sup |By(X?) — By(X?)| > n) = lim py

=0 ped s,t€[0,T): gree’
ls—t|<d
< limsupPl,/rd)’( sup |Bt(X¢,) — Bs(X¢,)| > 7])
¢ed! 5,t€[0,T7:
|s—t]<é
< H'(x € C: sup |Bi(x)— Bs(x)| > 7])-
s,t€[0,T):
|s—t|<d

By 7-smoothness of II' the latter deviability tends to 0 as 6 — 0.
This checks condition I(ii) of Theorem 3.2.3. Condition I(i) holds
since By(x) = 0 completing the proof of C-exponential tightness of
{L(B(X?)),¢ € ®}. Proofs for the other processes are similar.

We prove part 1. Let us assume, first, that the nets
[L(B(X?)), ¢ € B}, {L(C(X?)), ¢ € O} and {L(F(z) * v (X?)), ¢ €
o}, f € Cp, are C-exponentially tight. We begin with a proof of
C-exponential tightness for {£(X%%), ¢ € ®}. Let

XP = X0+ B+ MP +a1(rg|z| > 6)pud

be the canonical representation of X associated with the truncation
function x 1(r¢|z| < d), where § < a, so that

B0 = (Bf)’d,t € Ry), Bg"s = 0, is an Fy-predictable process with
bounded variation over bounded intervals;

M?S = (Mf)’d,t e Ry), Mg)’d = 0, is the Fy-locally square-
integrable martingale defined by

MY = XD a 1(rgla] < 8)x(u—v?),. (5.2.16)

Since by (5.2.14) and (5.2.13) X7 = X? — (z — h¥(z)) * puf and
0 < a, we have

P = X§+BYHMPh(0) 1ol > 0)if

so, by Theorem 3.2.3 and condition (0) in order to prove C-
exponential tightness of {£(X%%),¢ € ®} it suffices to prove that,
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forallT > 0,7 > 0,

lim limsup P, al " (sup |B¢5 ) =0, (5.2.17a)
A=00 ped t<T
lim limsup sup Py L " (sup |Bt¢+67 - B¢6| >n)
720 4ed  reSp(Fy) t<o
=0, (5.2.17b)

lim lim limsup P, L d’(sup HM¢6|| >A)=0, (5.2.17c)
020 A—00  geo

lim lim sup limsup  sup Pd)/ ¢(Sup||M¢6 _M(MH > 1)

0—0 50 $E® 7S (Fy) t<o i
—0, (5.2.17d)
Ahm lim sup Py /T¢(|h¢( ) 1(rg|z| > 6) *,u? > A)
=0, (5.2.17¢)
T+o
lim limsup sup P(;/rd’(/ / b8 (2)| 1(ry|z| > &)
o—0 ¢€<1> TGST(F¢) i Rd
u®(ds, dz) > 77) = 0. (5.2.17f)

We begin with B#9. Let B?? be the first characteristic of X¢ asso-
ciated with hY (hY is defined as h{ with § = a). Then by (4.1.4)

B = By +(z 1(rg|z| < 8)—hl(z))*1f,
so, for 0 < s < t, using (5.2.15),

0 S| < |50 _ oo
B — BY?| < |B — BY’|

t
0z
-z ¢
+ ‘// v Tl 1(re|z| > o)v (ds,dm)‘

s R4

t
< |BP — B + / / F2(x)v? (ds, dx), (5.2.18)

5 Rd

where f5(z) = (2|z|/0 —1)T A1 (Recall that, by the notation intro-
duced in Section 4.2, f5 (z) = fg(rd)x)/rd) )
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Let B!(x) be the first characteristic of X associated with the
limiter hs(z) so that it is defined by (5.2.4) with hs(x) as h(z). Then
in view of (5.2.6) {£(B%(X?)),$ € ®} is C-exponentially tight since
{L(B(X?)),¢ € @} and {L((hs(x) — h(z)) * v (X?))), ¢ € D} are
both C-exponentially tight, hence, by (sup B) with hs in place of
h and Theorem 3.2.3 the net {L£(B?°),¢ € ®} is C-exponentially
tight.

Since f5 € Cp, the net {L’(fg) xv (X?)),¢ € ®} is C-exponentially
tight by hypotheses so that by Lemma 5.2.18 condition (sup v) holds
with f = f5. Theorem 3.2.3 implies that the net {E(fgb xv?), ¢ € O}
is C-exponentially tight.

Inequality (5.2.18), C-exponential tightness of {L£(B?%?%), ¢ € ®}
and {L’(fl?*ud’), ¢ € ®} imply by Theorem 3.2.3 that the B?° satisfy
(5.2.17a) and (5.2.17b).

Now we prove (5.2.17¢) and (5.2.17f). The process
(|he (z)| 1(rg|z| > 0) * uf, t € Ry) has as its stochastic cumulant the
process ((exp(a|hf(x)|) — 1) 1(rg|z| > 0) * I/f),t €R;),a € R Then
for 7 € S7(Fy) and ¢ > 0 by the second inequality in Lemma 5.1.15
withd =1

T+0o

B [ [ el > o, da) > )
T Rd
cn
SZexp(—r(b?)
1 T+o
v2pa P [ [ 1) hatrale) ~1) relel > 0
T Rd
¢ a
v?(ds,dz) > 2>7
hence,
740
1/r
P¢/¢<//|hif($)|1(r¢lw|>6)u¢(ds,dx)>n)
T Rd
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T+o
+21/T¢P;/’°¢(/ / T2 (@) (ds, dz) > %) (5.2.19)
T R4
where f(z) = (exp(c|ha(z)]) — 1)fs(x). Since f(z) belongs to Cp,
the net {L(f(z) * v (X?)),¢ € ®} is C-exponentially tight by hy-
potheses. From (sup v) and Theorem 3.2.3 we derive that the net
{£(7¢($) xv?), ¢ € ®} is C-exponentially tight. Then (5.2.19) and
Theorem 3.2.3 imply (5.2.17f). Limit (5.2.17e) is proved similarly.
Now we prove (5.2.17c) and (5.2.17d). Denoting the stochas-
tic cumulant associated with M®° by G#9()\) = (éf’é(k),t e Ry)
and applying Lemma 5.1.15, we reduce the proof of (5.2.17¢) and
(5.2.17d) to the proof of the respective limits (¢ = 1,...,2d, T >
0, v >0)

: : : 1/7‘4) ( 1 ~¢76 ) —
lim lim 1 P — i Al = 2.2
lim lim 1r;1€sql>1p s fgg " Gy (reei) > 0, (5.2.20a)

1 -
lim lim suplimsup  sup plire (Sup — (foT (roei)
020 650 $e®  reSy(Fy) t<o T¢

—GP(rgei)) > 7) — 0. (5.2.20D)

Now, by (5.2.16) the measure of jumps of M%? is

0.0) = 37 1( [ wr(role] <90 (s}, o)

0<s<t R

— v*({s},dz)) € T\{0}), T € B(R'),

and then by (4.1.14) and the fact that the F-—predictable quadratic-
variation process of X ¢ is C'¢

G (\) = % X-CPA+ (exp(X - (z 1(rg|z| < 6) — 220)) — 1
— X (xL(rglz| < 8) —2P0)) x 1, (5.2.21)
where

200 — / 2 1(rglz] < 8 ({s}, da). (5.2.22)

Rd
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We note that, since by (4.1.3a) v?({s},R?) < 1, we have
)
|z%%] < —. (5.2.23)
T
Applying Taylor’s formula to the integrand in (5.2.21), we obtain

—G¢> X)) = TP (N +rP° (), (5.2.24)
)

where

1
TP (N) = 5 M(reCY )>\+ re (A(z L(rg|a] < 6)—22%)) 2
(5.2.25)
and

|>\|62‘/\|5 é0\N\2, .0
— oA (@ L(rglz] < 0)—z7)) *1;

(5.2.26)

sup |rf"5()\)| <94
s<t

(for the last inequality we also used (5.2.23)).
Since by (5.2.22)

(- (2 L(rglz| < 8) —200)2 x 1) = (A~ 2)? Lrglz| < 0) v
= > (A2 (2 - v ({s},RY),

0<s<t

where the sum is over s such that v?({s},R?) > 0, and v?({s},R?) <
1, we have by (4.1.7), (5.2.22) and (5.2.25) that

0 < TP\ =T (N) < Arg(CPP—CPO)N, s < t, (5.2.27)
and by (4.1.7) and (5.2.26) that

|>\|e2|)\\6

sup [r?0(\)| <6 )\-rd)Cf’a)\. (5.2.28)

s<t
Since {£(C(X?)),¢ € ®} is C-exponentially tight, an application of
(sup C) yields in view of Theorem 3.2.3

lim limsup P, Yo ( “’)"¢C$+1|| > A) =0,
0—0 ped
A—o0

lim limsup sup P, Lr ¢(supr¢ HC’;@T - C?|| > 7) =0,

020 ¢ed  7€Sp(Fy) t<
o—0
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for every v > 0. The first of these relations together with (5.2.28)
implies that

lim limsupP;/rd’( sup |ry S(N) >e)=0,¢e>0, (5.2.29)
=0 peo t<T+1

and together with (5.2.27) that

lim lim hmsude)/ ?( sup Td)d()\) > A) =0, (5.2.30)
0—0 A—o0 Ped t<T+1

while the second one and (5.2.27) yield

lim lim sup limsup  sup P¢/ ¢(Sup|T£’T(A) TP (\)| > ¢)
0—0 550 peP TEST(F¢) t<o

=0, e>0. (5231)

In view of (5.2.24), limits (5.2.29) and (5.2.30) prove (5.2.20a), while
limits (5.2.29) and (5.2.31) prove (5.2.20b). C-exponential tight-
ness of the net {£(X?%), ¢ € ®} has been proved. C-exponential
tightness of the net {£(X?),¢ € ®} under (A) + (a) follows by
Theorem 3.2.3 and Lemma 4.2.16. Finally, by Corollary 3.2.7 C'—
exponential tightness of the net {L((X%% X?%)),¢ € @} is im-
plied by C-exponential tightness of both {L(X?%), ¢ € &} and
{L(X?),¢ € O}

We now assume that instead of condition (C') and C-exponential
tightness of {L£(C(X?)), ¢ € <I>} we have condition (C) and C-
exponential tightness of {£(C(X?)),¢ € ®}. As above, it is suf-
ficient to prove C-exponential tightness of {£(X%%),¢ € ®},a > 0.
We again consider a canonical representation of X, but this time
with respect to h?(m) from (5.2.15) with § < a so we replace a by
0 in (5.2.15) and substitute throughout in the preceding argument
h?(m) for z 1(ry|z| < 6). Retaining the above notation for the com-
ponents of the representation, we again reduce the task to proving
(5.2.17a)—(5.2.171).

Limits (5.2.17a) and (5.2.17b) follow by (sup B) and C-
exponential tightness of {L(B(X?)),¢ € ®} and {L(f * v(X?)), ¢ €
®}, f € Cp. The proofs of (5.2.17e) and (5.2.17f) do not change.
The proofs of (5.2.17c) and (5.2.17d) also proceed along the same
lines, (5.2.27) and (5.2.28) being replaced by (with h?(:p) in place of
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2 1(rglz| < 6) in (5.2.22), (5.2.25) and (5.2.26))

0< TN = TP < A-rg(CP° = CP)A, (5.2.32)
A 3
sup [r??(\)] < 5%62“‘6)\-%0?’6)\, (5.2.33)

s<t

where C° is defined by (4.1.8) with hg(z) as h(z).
By (4.1.8) for 0 < s <t

X-rg(CP0 — C‘¢’5),\ <A r¢(é¢ — CP)\
+r¢//\x e (@))% — (A - hY(2))?|v? (du, dz)

(s,t] R4

+ 74 Z I (A h?(z) ouf)z— ()\-h?(x)ouﬂ’)z‘. (5.2.34)
s<u<t

Let ¢ > 0 be such that h(z) = z,|z| < ¢. Then we obtain for ¢ < c,

recalling the notation ||h|| = sup |h(zx)|,
zeR?

// |(X- R (2))? — (A - b (x))?| v?(du, dx)
(s,t] Re
2
| | (||h||2—l—(52 // (r¢lz| > c)v (du dx)

(s,t] R4
+ A2 / / 2|2 1(6 < ry|z| < ¢) v?(du, dz)

(s,t] Rd

and

Z ‘()\ . h¢(x) ° fo)z — ()\ . h?(:p) ° 1/3)2‘

s<u<t

< 3 (- (@)~ BY(@)) o )

s<u<t
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+2 ) A+ (h?(z) — h§(z)) e vZ| |X - h§(z) o 12|

u

s<u<t
2
<o LL e+ [ [ 1rolel > 004 )
4 (s,t] Re
+|>‘|2// |$|21((5<7"¢|$|Sc)y¢(du,dx)
(st]Rd
A
r2 S [P+ [ [ atraie > 0o
(s,t] R
+|>‘|// |z] 1(0 < rglx] Sc)u¢(du,dx)].
(s,t] R4

Therefore, using (5.2.34), we have for T > 0,7 > 0,0 > 0, and
d <1AcA||h||, by (sup C) and (sup v)

limsup P L "( sup |)\-r¢(C~'f)’5 — O\ > n)

ped |[s—t|<o
s,t<T
<11msupp/¢( sup |)\-r¢(6~’t(X‘7’)—C~‘s(X‘7’))>\|>ﬁ>
ped |s—t|<o 6
$,4<T
+1imsupp¢{/”ﬁ(10|A|2||h||2 sup // (lz] > ¢/2)
peP \s—t|§0

S,tST S t Rd

n
v(du,dz)(X?) > g)

+ limsup Py Lo <4|)\|2 sup / / |z|21(6/2 < |z| < 2¢)
pe® |s—t|<o
t<T St Rd

n
v(du, dz)(x?) > ),

where the right-hand side goes to 0 as ¢ — 0 by C-exponential
tightness of {£(C(X?)),$ € ®} and {L(f * v(X?)),¢ € D}, f € Cp,
and Theorem 3.2.3. By (5.2.32) this proves (5.2.31). Limits (5.2.29)
and (5.2.30) are proved similarly. Thus, C-exponential tightness of
{L(X?%), € B} under the new set of assumptions has been proved.
The theorem has been proved. ]

© 2001 by Chapman & Hall/CRC



Convergence of characteristics 391

Remark 5.2.21. According to the theorem, under (0), (a) + (A),
(sup B), (C) (or (C)), and (v), and the uniform continuity condi-
tions on B, C (or C’), and v, C-exponential tightness of the net
{L(X?), ¢ € ®} is equivalent to C—exponential tightness of the nets
[L(B(X?)), 6 € B}, {L(C(X?)), p € B} (or {L(C(X?), 6 € D} ),
and {L(f(z) v (X?)), ¢ € @}, f €Cp.

5.2.2 LD accumulation points as solutions to maxin-
gale problems

In this subsection, assuming that either the net {£((X%%, X?)), ¢ €
®} is C'-exponentially tight or the net {L(X?),¢ € ®} is C-
expounentially tight, we characterise their LD accumulation points
as solutions to maxingale problems.

The first step is to consider small jumps as in Theorem 4.2.11.
As in Subsection 4.2.2 the triplet of X®¢ without truncation is
(B¢, C?,1%%), where B*® is the first characteristic of B? corre-
sponding to h, and

v?(0,4),T) = v?((0,¢], (h§) (1)), T € BR), ¢ € R,..
(5.2.35)
We also note that by (5.2.15) and (5.2.35)

v>([0,4],{rg|z| > a}) =0, t ER,, p € D. (5.2.36)

Since the jumps of X% are bounded in modulus by a/rs, its
stochastic exponential is well defined. We denote it by £%¢(\) =
(EP(N),t € Ry ), A € RY.

The “limiting” semimaxingale X* is defined in analogy with Sub-

section 4.2.2 as having characteristics (B®, C,v®, %) relative to hy,
which are defined for x € D and I" € B(R?) by

o) — x) * 1y(x), (5.2.37)
V(D) = iy (D)), 98(x) = 2u(h, ') %). (5.238)

We also note that

v ({|z] > a};x) = 0. (5.2.39)
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The associated cumulant is given by

GI(\;x) = )\-Bg(x)-l—%A-Ct(x)k—i-(e/\'x—1—)\-ha(a:))>x<l/f(x)

+/ ln L+ (X — 1) e 0%(x)) — (eM —1) e % (x ))ds
’ (5.2.40)

Obviously G%();x) is continuous in ¢ and D;measurable in x.

Let (M®) denote the maxingale problem (M’ ') introduced in Sub-
section 5.1.1 with G(A) replaced with Go(\) = (G“(A x),te Ry, x€
D), A € R%, i.e., deviability [T on €' solves (M?®) if

x9 =0 1% a.e.
(M2) Y“(A), XA e R?, is a C'-local exponential maxingale on
(€, 1),

~

where Y(\) = (Y2(); (x,x')),t € R, , (x,x') € C') is defined by
YA\ (x,%')) = exp(A-x; —G4(\; X)), (5.2.41)

Theorem 5.2.22. Let the net {L((X®% X?9)),¢ € @} be C-
exponentially tight, let B satisfy the uniform continuity condition,
and let C (respectively C’), v and v satisfy the continuity conditions.
If conditions (0), (sup B), (C) (respectively (C)), (v), and (¥) hold,
then every LD accumulation point of {L(X?* X?)),$ € ®} solves
(M%),

The idea of the proof is to apply Theorem 5.1.16 to the pair
(X‘i”“,X‘i)) (note that X% plays the role of X¢ in Theorem 5.1.16,
and X? plays the role of X' d’). We again need auxiliary results. The
second part of the next lemma extends Lemma 4.2.9.

Lemma 5.2.23. 1. Let the net {L(X?),¢ € ®} be C-exponentially
tight and v satisfy the continuity condition. Then, for ¢ > 0,6 > 0
and t >0

1. lim limsupP;/rd’ (Jz|* 1(|z| < 6) * 1 (X?) > ) =0,
Ure (s ¢ _
2. limlimsup P, (6(|z| Ae) 1(|z] > 8) * vy (X?) > €) = 0.

=0 e
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I1. If, in addition, conditions (v) and (¥) hold, then for ¢ > 0 and
telU

~

. . 1/r 1
l}gr(l) hI;lg:lpP¢ ¢ (‘af(wx) 1(rglz| > 0) * l/g) — f(z) = Vt(X¢)‘

> 6) =0
for all Ry -valued bounded continuous functions f(z),z € R, such
that f(x) < c|z|? in a neighbourhood of 0 for some ¢ > 0;

T 1/rg i & .
2. (}1_1}1(1) hr;)lesql)lde) <T¢|g(r¢x)| 1(rglz| > 0) x vy > 8) =0,
and
. . 1/7‘¢ 1 ¢ k
3. lim lim sup P, — g(rez) L(rglz| > 0) ® v
=0 e ( T 0§:<t( ¢ ¢ )
. <
- /(g(m) . ﬁS(X¢))kds > 8) =0,k=2,3,...

0
for all R-valued, bounded and continuous functions g(z),z € RY, such

that |g(x)| < c|z| in a neighbourhood of O for some ¢ > 0.

Proof. We begin with part 1. We denote
Hs(x) = |z|? 1(|z]| < )+ (x), x € D. (5.2.42)

Let a subnet {(L(X?),rg,py),# € @} of {(L(X?),ry,
Y™ (Hy(X?) > €)), ($,6) €  x (0, 00)} be such that

lim pg = limsup lim sup P(;/r"’ (H5(X¢) > 6)
¢'ed’ 650  ped

and L(X?) 17 at rate 4, where deviability II' is supported by
C. Then for arbitrary n > 0 and t € U

lim sup lim supP(;/r"’ (H(;(X‘b) > e) = lim py
0—0 PpeD P'ed
< limsup P/ (H,(X?) > €) < I (x € C: Hy(x) > €),
P ed

where the latter inequality follows by Corollary 3.1.9 since the conti-
nuity condition on v implies that H, (x) is C-upper-semi-continuous.
Upper semi-continuity of H,(x) on C implies that the sets {x € C:
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H,(x) > ¢} are closed. They converge to () as 7 — 0 by Lebesgue’s
bounded convergence theorem. The 7-smoothness property of devia-
bility then implies that lim, o II'(x € C : H,(x) > ¢) = 0. The first
assertion of part I is proved.

For the second, picking o > 0, we have for § small enough and
x € D,

(x| Ace)1(|z] > 9) * vy (x)
< O(lzf Ae) L(|z| = o) * vy (x)
+ |z 1(jz| < o) * v (x), (5.2.43)

where for the second summand, which is well defined by (2.7.53a)
and (2.7.54), we used Chebyshev’s inequality. Let k(z) = (2|z|/o —
1)* AL, z € R Since the function (|z| Ac)k(z) belongs to C, and we
can assume that ¢ € U, C-exponential tightness of {£(X?), ¢ € ®}
and the continuity condition on v imply by Corollary 3.1.22 that the
net {L((|z| A c)k(z) * vy (X?)),$ € @} is exponentially tight in R;
hence, by Theorem 3.2.3, since 1(|z| > o) < k(z),
€

lim limsupP;/rd’ (5(|$|/\C) 1(jz| > o)*1 (X?) > —) =0.

Inequality (5.2.43) and the first assertion of part I yield the required.
Part I is proved.

Part II is proved in analogy with Lemma 4.2.9, necessary modi-
fications make use of part I and are obvious. O

The next lemma follows by Lemma 5.2.23 in the same way as
Lemma 4.2.10 follows by Lemma 4.2.9.

Lemma 5.2.24. Let the net {L(X?),¢ € ®} be C-exponentially tight
and v satisfy the continuity condition. Then, under conditions (v)
and (D), condition (C) is equivalent to condition (C), which, hence,
does not depend on the choice of h.

Lemma 5.2.25. Under the uniform continuity condition on B and
the continuity conditions on C (or C), v and v, the function G*(\)
satisfies the uniform continuity condition.

Proof. Since under the continuity conditions on v and 7 the conti-
nuity conditions for C' and C' are equivalent, we can assume that the
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continuity condition on C' holds. We prove that each of the func-
tions on the right of (5.2.40) is C-continuous as a map from D into
C(R4,R). The function B® has the required property by hypotheses
and the fact that, in view of the continuity condition on v, the uni-
form continuity condition for B does not depend on a limiter. The
same fact is clearly also true for the next two terms on the right-hand
side of (5.2.40) (use (5.2.38) for the third term).

Let us consider the last term. Recalling the notation i (z) =
x—1In(l1+z), x > —1 (see (4.2.26)), we have, since 9(x) > 0, that it
is sufficient to show that f[fw((e)"x — 1) e #%(x))ds is C—continuous
for each t € U. Let x, - x € C and € > 0. By (5.2.39)

e o1 < / (M —1)0%(dz; x) < eMe—1, x e D.
Rd
Also by Weierstrass’ theorem there exists a polynomial ¢(u) =
22:2dkxk, I > 2,u € Ry, such that |[¢(u) — q(u)] < € for
z € [exp(—|A|a) — 1,exp(|A|a) —1]. Since by the continuity condition
on ¥ and (5.2.38)

i [ (e =1)008 (c)ds = [ a((**~Dyert (),
0

n—00
0

we obtain that

n—00

limsup‘o/w((e)"ﬁlc —1) e 0 (xn))ds

< 2e.

- /w((e“ — 1) e 0%(x))ds
0

Since € is arbitrary, the lemma, is proved. ]

Proof of Theorem 5.2.22. Since by Lemma 5.2.25 the function G®(\)
satisfies the uniform continuity condition, it is sufficient to prove in
view of Theorem 5.1.16 that

1/r¢

1. 4 )
sup |— &P (rgA) =G4 X?)| % 0as e, T > 0.
t<T T¢

(5.2.44)
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The idea is to follow the proof of Theorem 4.2.1 in order to derive
(5.2.44) from convergence of the characteristics of the X®% ¢ € ®.
Let C’g’ @9 denote the modified second characteristic of X9 corre-
sponding to the truncation function z 1(|z| < J) so that

A-CPON =X CPA+ (- 2)? L(ry|z| <) * v

— 3 (A Lrglz|<0) 0P, A e R (5.2.45)
0<s<t

We note that the following conditions hold

1/r¢
(sup B%) sup | B — BH(X?)| % 0 aspe®, T >0,
t<T
(C*) Jimlimsup P (g G2 — CyX?)|| > e) =0, t € Uye >0,
1/r¢

(") fPa) * )" — f@)«vf(X?) D 0 asp €D, teU, f€C,

14 1/r¢
P
(0%) — Z (ryx) oy‘b’) —/(f(x)OQ;L(X‘i’))kds 5 0
"% y<s<t ’
asp e, telUk=23,....f €Cp.

Proof is by the argument of the proof of Lemma 4.2.13. Condi-
tion (sup B®) is actually condition (sup B) with hy(z) as h(z) and
holds since (sup B) does not depend on the choice of a limiter by
Lemma 5.2.19 and Theorem 5.2.20. Since by (5.2.35) for 6 < a

v®4([0,1], In{ry|z| < 6}) = v?([0,#],TN{ry|z| < 5}),

(5.2.45) and (4.1.7) imply that CP™° = C?° when 6 < a, so that
conditions (C*) and (C) coincide. Similarly, the argument of the
proof of Lemma 4.2.13 shows in view of (5.2.38) and (5.2.35) that
(v*) and (%) are implied by (v) and ().

We now prove that conditions (sup B%), (C*), (v*), and (%)
imply (5.2.44). This is carried out analogously to the proof of Theo-
rem 4.2.11. Therefore, we do not give all the details but only indicate
modifications that have to be made in that proof. For this reason,
we extensively use the notation of the proof of Theorem 4.2.11.

Let us first note that by (5.2.37) and (5.2.38) the functions Bj*(x)
and v (I";x) satisfy the same continuity conditions as imposed on
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Bi(x) and 14(I';x) in the statement of Theorem 5.2.22. Also by
Lemma 5.2.19 conditions (sup C*) and (sup %) hold (with obvious
notation).

We now define in analogy with (4.2.14), (4.2.15a)— (4.2.15h), sub-
stituting v%¢ for v?,

a? = v9%({s},RY),

and, for 6 > 0 and A € RY,

29 = z1(rglz| < 5) e P
DY) = (M —1) Lrglz| > 6) e P,
RP'(N) = (exp(r- (z1(rglz| <0) - ¢”5)) -1
X (2 1(rglz| < 8) — 2 ) v
QPN = (exp(=A-2’) =1+ -z 5)(1 —a )
GP'(A) = exp(=A-ad’)DP’(A) + R (A) + QP (M),
UPP(A) = (M —1—X-) 1(ry|z]|<0) * e
VIOA) = (M —1—=X-z) L(ry|z|>8) v
where t € R, ,s € R, , and v%%%(ds,dz) is the continuous part of
v?%(ds, dr).
Let, as in Lemma 4.2.12,
Y20 = Y (D), (5.2.46)
0<s<t
Z000) = Y W+ GPON) + UPI) + 5 A CPA
0<s<t

— > In(1+DP°(N),

0<s<t

and, as in (4.2.23)—(4.2.25),

Vihix) = (-1 A 2)xvf(x),

Vidix) = / B — 1) 0 59(x)) ds,
0
Zi(Ax) = %
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(we “bar” here Y;(A;x) not to confuse it with earlier notation). All
the quantities above are well defined by the same argument as in
Subsection 4.2.1.

Then exactly as in the proof of Theorem 4.2.11 convergence
(5.2.44) would hold provided for every 7' > 0 and ¢ > 0

1/r¢

Q) sup|Bt¢’ —BYX))| % 0 as e d,
t<T

B) %g%hmsupP L/ ¢(sup|—Vt “(rgA) = Vi(X; X?)| > 6) =0,
pe® T

v) hmhmsude)/ ¢<sup|—Y¢6(r¢)\) Yi(\; X?)| > 6) 0,

0—0 ped t<

J) lim hmsupP¢/ ¢ (sup|—Z¢6(7"¢)\) Zi(\ X?)| > 6) =0.
6—0 ped t<T T¢

Limit «) is just (sup B®) which we have already proved. For part
B), we first note that by part II.1 of Lemma 5.2.23 applied to

{L(X?%),$ € ®} and v, in which hypotheses boundedness of the
associated function f follows by (5.2.36) and (5.2.39), we have that

ol Ure (1L 60\ v o x# >_
(}gr(l)hr;leﬂlpP(ﬁ (‘%Vt (reA)—=Vi(A; X?)| > ) =0.

Since by Theorem 3.2.3 and (5.2.39) the net {L((Vi(\;X?),t €
Ry)), ¢ € @} is C-exponentially tight, Lemma 5.2.18 implies £3).

We prove 7) by the argument of the proof of part ) in Theo-
rem 4.2.11 (a similar argument we have already used in the proof of
Lemma 5.2.25). Theorem 3.2.3 implies in view of (5.2.2) and (5.2.39)
that the net {L(Y;(\; X?),t € R,), ¢ € ®} is C-exponentially tight.
Therefore, by (5.2.46) we have, in view of Lemma 5.2.18, that -y)
would follow from

hmhmsude)/rd’ (| Yd)d(r A) =Y\ X?)| > 6): 0,
0—0 ped

e>0,t €U. (5.247)

Next, noting that by (5.2.36) e=Mlo—1 < (emeM® —1)ep@* < elMo—1
and in view of (5.2.39), we have as in the proof of ) while proving
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Theorem 4.2.11 that (5.2.47) is implied by

lim hmsupP L/ro (‘ Z D(M r¢>\

20 gee "6 o s<t
t
/ —1) e (X‘b))kds‘ > 77) =0,
0
0> 0k =23,..., (5248)
All_I}I;o h?_%lp llIgE%lpP¢/ ¢< - Ogt DP( (reA)? > A) 0,
(5.2.49)

and

t
lim limsup P, L d’ /(|6)"I—1|oﬁg(X¢))2ds > A) =0,
A—o0 Ped )

(5.2.50)
where ¢ € U. Limit (5.2.50) follows by (5.2.39). Limit (5.2.49) is
easily deduced from (2%) and (5.2.50). Limit (5.2.48) follows by part
I1.2 of Lemma 5.2.23, (5.2.36) and (5.2.39). Part ) is proved.

To prove §), we introduce as in the proof of Theorem 4.2.11

HEPO) = JIA- (e 1(rgle] <8) — ) o v
AR - ),
WO = gh-af Lrglel < 0) e
Then by (5.2.45) and the definitions of 22 and a?

1. cwa 1
5»05” ) = 3 ACIA+WPO N+ Y HPO(N)
0<s<t

so that by the definitions of Z;b 9(A) and Z;(A\;x) convergence
(sup C*) implies that §) would follow by

&)  limlimsup P L (sup|—(Ut¢6(7“¢)\) Wt¢’6(r¢)\))| > 6) =0,

6—0 ped ¢
£>0,T >0,
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1 . . 1/rg 1 ) )
0 lim lim sup P, (— In(1 4+ G2 (reA)) — (H?  (reA
) s (5 5 a1+ G20 ~ (100

+1In(1 + D¢ (ryA)))| > a) =0, €>0,¢t>0.

Limit &) is proved as 0 ) in the proof of Theorem 4.2.11 if we
note that by Theorem 5.2.20 the net {L(C(X?)),¢ € ®} is C-
exponentially tight so that by (C*) and Theorem 3.2.3

lim limsuplimsup P, il ( ¢CA't¢’a’6| > A)=0. (5.2.51)
A—=0o0  §50 Ped
As for 0"), the argument is again as in the proof of Theorem 4.2.11.
We first note that by part I1.3 of Lemma 5.2.23 and (5.2.36)

/T¢<5 X >_

lim li P E D¢ A =0 0.

550 lrdr)le%lp ¢ \r D (reM)| > € e
0<s<t

Now the rest of the proof is the same as the proof of §”’) in the proof
of Theorem 4.2.11 (with the use of (5.2.51) in due place).

Thus, «), ), 7), and §) have been proved, and (5.2.44) has been
proved. By Theorem 5.1.16, we have thus proved Theorem 5.2.22
under conditions (sup B), (C), (v), and (¢). The fact that (C) can
be replaced by (C) follows by Lemma 5.2.24. Theorem 5.2.22 has
been proved. O

Theorem 5.2.26. Let the net {L(X?), ¢ € @} be C-exponentially
tight, let B satisfy the uniform continuity condition, and let C (re-
spectively, C~'), v, and v satisfy the continuity conditions. Let also v
and v satisfy the C-local boundedness conditions (5.2.8) and (5.2.9).
If conditions (0), (A) + (a), (sup B), (C) (respectively, (C)), (v),
and (¥) hold, then every LD accumulation point of {L(X?), ¢ € ®}
is a solution of (0,QG).

The idea of the proof is to “take the limit as a — 00” in Theo-
rem 5.2.22. The next lemma proves that limits in the weak topology
of solutions to (M®) solve (z9,G).

Lemma 5.2.27. Let v and U satisfy the C-local boundedness condi-
tions (5.2.8) and (5.2.9), B satisfy the uniform continuity condition,
and C, v and U satisfy the continuity conditions. Let deviabilities
1% a >0, on € solve (M®). Let I be a deviability on C and devia-
bzlzty I1 on € be defined as I(x,x') = II(x) 1(x = x), (x,x') € C.
If 11 811 as a — oo, then II solves (0,G).
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Proof. We begin by proving that for every compact K C C

lim sup sup |G4(\;x)—Gs(\;x)| =0, ¢ > 0. (5.2.52)

=0 ycK s<t

By the definitions of G%()\) and G())

|GE(Nsx) — G (A x)| < e 1|2 > a) * vy(x)
t
+ ‘/@b(l + (eMhal®) 1) 0 i5(x)) ds

0
t
_ /¢(1 (M 1) e 0y(x) ds| - (5:253)
0

The first term on the right tends to 0 as a — oo uniformly over
x € K by (5.2.8). Since by (5.2.9) as in the proof of Lemma 4.2.17

lim sup sup e*® 1(|z| > a)  75(x) = 0,
=00 xc K s<t

liminf inf inf(1 +/ (M@ — 1) o s(x)) > 0,

a—00 xeK s<t
Rd
the second term on the right of (5.2.53) also tends to 0. Limit (5.2.52)
has been proved.

Now, for r € R} and (x,x’) € C' we introduce the C'—stopping
times

Y (x,x") = inf{t € Ry : Gy (N X )Vx[+t > r} (5.2.54)
and

(x,x') = inf{t € Ry : G¢* (N X )Vxi+t > r}, a > 0.
(5.2.55)
By Lemma 5.2.25 G’“(A) satisfies the uniform continuity condition,
and (5.2.52) then implies that the map x — (G¢(\;x),t € Ry) is a
continuous map from C into C(R,R). Therefore, by Lemma 5.1.9
7" and 4™* are continuous in (x,x’) € C', also by (5.2.52) for every
compact K' c C'

lim sup |y %x,x)—7"(x,x")| =0, r € R,. (5.2.56)

a—r 00 (X,X’)EK’
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Since II% is a solution to (M%), Y%(\) defined by (5.2.41) is a C'~
local exponential maxingale on (C',I1%). Tt is also continuous in the
time variable, hence, by part 2 of Lemma 2.3.13 and continuity of
A% (x,x') the function YN ()\) = (tht/lwm(x,x')(A; (x,x')),t € Ry)
is a C'-local exponential maxingale on (C',1I%). Since by (5.2.41)
and (5.2.55) Y% ()) is bounded, we conclude that Y%V ()) is a C'~
uniformly maximable exponential maxingale on (C/, ﬁ“) Hence, for
all 0 < s < t and every R;-valued continuous and bounded C;-
measurable function f(x,x’)

sup YA;(/L\,YT,a(nyI)(A; (x,x)) f(x,x")[1%(x,x')
(x,x")eC

= sup Y&

( JeC s/\fyrﬁa(x,x’)o‘; (xax,))f(xuxl)ﬂa(x,xl)- (5257)
x,x')eC

We now prove that the equality is preserved on taking in both sides
the limits as @ — oo. More precisely, we prove that for every R, -
valued bounded continuous function f(x,x’) on C' and ¢t > 0

]'lm Sup }é‘;\r)ﬂ‘,a (X,X’) (>\7 (x7 XI))f(X7 x,)f‘[a (x7 XI)

400 (x x') el
= sup Y/
(x,x")eC
where Y'()) is defined by (5.1.4), i.e., Y/(X; (x,%x")) = exp(A - x; —
Gi(\;x')). As a first step, we prove that

t/\'yT(xyx’)(A; (x,x"))f(x, x')f[(x, x'), (5.2.58)

lim  sup |}A/t‘/1\'y“a (x,x") (>‘7 (X, xl)) - Y;fl/\'yr (x,x") (>‘7 (X, xl))|

400 (x x") el
%(x,x') = 0. (5.2.59)
Let K’ be a compact in C'. By (5.2.56) and Arzela—Ascoli’s theorem

lim sup |Xijayme N — X anr(w )| = 0
Pren (X,x’)EK’| Ay (x,x") tAyY (x,x)| )

and by (5.2.52), (5.2.56) and continuity of G¢(X;x) in (¢,x) € Ry xC

lim  sup |G?/\,yr,a(x,xl) (>\; X,) _Gt/\'yT (x,x") (>‘; xl)| =0,

40 (x x')eK'
which imply that
ali_glo (x )Sc};EK’ |}A/t(}\'y““ (x,x") (>‘7 (X, X’))—Y;’/\,Yr (x,x") (>‘7 (X, X,))| =0.

(5.2.60)

© 2001 by Chapman & Hall/CRC



Convergence of characteristics 403

Let {ag, k € N} be a subsequence, along which limsup,_,,, of the

supremums in (5.2.59) is attained. Since 1% X 11 as k — 00, by
Theorem 1.9.27 the sequence {II*, k € N} is tight. Given ¢ > 0,
we choose K’ such that limsupy,_, . 1% (C'\K') < e. Then, since

}é‘}wzf(xﬁ,)(k; (x,x')) and Y;sl/wr(x,x')()‘5 (x,x')) are bounded above
+|Ar

by e
T b Vit ma ey (s (6, X DI (3, %) < e HADT,
—00  (x,x")eC\K'

limsup  sup YZ/\%% yer (x, x"))I% (x,x') < eeLtAD",

!
koo (x,x')eC\K' (e

These inequalities and (5.2.60) imply (5.2.59) (recall that IT%(x, x') <
1).

Next, using the convergence [ % 1I and the fact that
Y;’/\w(x’x,)(k; (x,x’)) is bounded and continuous in (x,x') € C', we
have by the definition of idempotent weak convergence

]'lm Sup }/;,/\77' (x,x’) (>\’ (X7 x,))f(x’ Xl)f‘[a (x7 XI)

400 (x x') el

= Sup Y;’/\"/T(x x’)()\’ (X7 x,))f(xﬂxl)f‘[(x7 x’)?
(x,x")eC ’
which by (5.2.59) concludes the proof of (5.2.58).
Equalities (5.2.57) and (5.2.58) imply that

( Su)p(C }/tl/\fyr(x,x’)(A; (X, x'))f(x, xl)ﬂ(xv X,)
X,X’ cC

= sup YS’/\’)‘T(X x’)(>‘; (XJXI))f(xuxl)ﬂ(XJXI)J
(x,x")eC ’

and, since II(x,x') = I(x)1(x = x'), we conclude that
(Yinyr (x,x) (A3 %), x € Gt € Ry) satisfies the maxingale property with
respect to II. Being bounded, it is a C—uniformly maximable expo-
nential maxingale on (C,II). Since also (Y;(\;x),x € C,;t € R}) is
C-adapted and 7"(x,x),x € C, is a continuous C—stopping time, it
follows that Y'(\) is a C-local exponential maxingale on (C,II). The
equality II(xg # 0) = 0 holds since

0= liargglff[“((x,x') :xp # 0) > TI((x,%") : x0 # 0)
=II(x : x9 # 0).
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O

Proof of Theorem 5.2.26. By (5.2.7) and Lemma 5.2.24 it is suffi-
cient to prove the part of the statement that concerns C'. Let II be

a deviability on D supported by C that is an LD accumulation point
of {£(X?),¢ € ®} so that along a subnet

£(x?) X4 . (5.2.61)

By Theorem 5.2.20 the nets {L(X%% X?) ¢ € @} are C-
exponentially tight for all ¢ > 0. Therefore, by Corollary 3.1.20
there exists a subnet {(£(X?"% X%"),a > 0),¢" € @'} of
{(L(X?, X?),a > 0), ¢ € &'} such that for every a > 0

£(xe" e x¢') 4 e (5.2.62)

where II% are deviabilities on IV supported by C'. Convergence
(5.2.61) implies that in I/

£(x? x4, (5.2.63)
where II is the deviability on IV defined by

I(x,x') =I(x)1(x =x'), (x,x) e .
Also by Lemma 4.2.16 we have that for every n > 0

lim limsupPé/”’ (Ps((X?, X?),(X?,X?) >n) =0,
a—r o0 ¢€q>
(5.2.64)
where pl is the Skorohod-Prohorov-Lindvall metric on I. Lim-

its (5.2.62), (5.2.63) and (5.2.64) imply by Lemma 3.1.37 that

e % M asa— oo By Theorem 5.2.22 II solves problem (M?).
An application of Lemma 5.2.27 ends the proof. ]

5.2.3 Proofs of the main results

Proof of Theorem 5.2.9. By the majoration conditions in the theo-
rem and Theorem 3.2.3 the nets {L(B(X?)), ¢ € @}, {L(C(X?)), ¢ €
®} (respectively, {L(C(X?)),¢ € ®}), and {L(f * v (X?)),¢ €
o}, f € Cp, are C-exponentially tight. Then by Theorem 5.2.20 the
net {£(X?), ¢ € ®} is C-exponentially tight. Also the continuity and
majoration conditions on B imply the uniform continuity condition.
An application of Theorem 5.2.26 concludes the proof. ]
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Proof of Theorem 5.2.12. The argument is similar to the one in the
proof of Theorem 5.1.10. We give only the main points. Let
XN ¢ € & N €N, be defined by (5.1.21). Then it is verified anal-
ogously to the proof of Theorem 5.1.10 that the net {X% ¢ € @}
satisfies the conditions of Theorem 5.2.9 for every N € N with
By(x), Cy(x), Cy(x), vy (da; x), and 1y (da; x) replaced, respectively, by

BN (x),CN (x),C}N (x), v} (dz;x), and 7Y (dr; x) defined as

vl (dz;x) = vy(de; x)

ol (dx; x) = Dy (de; x) 1(t < 7y (x)).

In particular, the majoration conditions are checked in a manner
similar to the proof of Theorem 5.1.10; checking the continuity con-
ditions is simple (note, however, that the proof of the continuity
condition for #V uses the inequality 7,(R?%;x) < 1).

By Theorem 5.2.9 the nets {L(X?N),¢ € ®}, N € N, are C-
exponentially tight. Let IIV, N € N, be their respective LD accumu-
lation points. It follows as in the proof of Theorem 5.1.10 that ITV
solves (M?). Condition (NE) yields by Lemma 5.1.17

lim limsup P,/" (ry(X?) < 1) =0, t € Ry,
N—o0 ped

which implies, again as in the proof of Theorem 5.1.10, that
{L£(X?),¢ € ®} is C-exponentially tight. The uniform continuity
condition for B follows by the continuity and local majoration con-
ditions. An application of Theorem 5.2.26 ends the proof. U

Proof of Theorem 5.2.15. By the definition of the cumulant for 0 <
s<t

Gi(Ax) — Gs(N;x) < /A-bu(x)du—i-%/)\-cu(x))\du

S S

+/t/ (€M =1 =X+ z)wy(dw; x) du,

5 Rd
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so the linear-growth conditions on bs(x), ¢s(x), and vy(dz;x) imply
that G()\) satisfies the linear-growth condition with

t

t
1
El(\) :)\/lsds+§|>\|2/lsds
0

0
+ /t/ (M =1 — X z)my(dz) ds

0 Rd

Thus, by Lemma 2.8.12 and Remark 2.8.13 condition (NE) holds.
Also equalities (5.2.3), (5.2.5), (5.2.4), and (5.2.7) show that the
linear-growth conditions on bs(x), ¢s(x), and v¢(I'; x) imply the local
majoration conditions for B, C, C, and v. Finally, the linear-growth
condition on vg(dz; x) implies the C-local boundedness condition for
v. Thus, all the hypotheses of Theorem 5.2.12 are satisfied and an
application of that theorem completes the proof of Theorem 5.2.15.
U

5.3 Large deviation convergence results

This section contains corollaries and versions of the results of the pre-
ceding section. In addition, we use results on uniqueness for maxin-
gale problems from Section 2.8 in order to state the results in the
form of LD convergence.

We first show how one can adapt the method of stochastic expo-
nentials of Section 5.1 to the case when the Cramér condition is not
met. For A > 0, we introduce

X=X 3" AX21(|AX?| > A).
0<s<t

Since X4 = (Xf)’A,t € R} ) has bounded jumps, it satisfies the
Cramér condition. Let G»4()\) = (Gf’A(A),t € R;) be the asso-
ciated stochastic cumulant and £%4()\) = (55”‘4()\),25 € Ry ) be the
stochastic exponential of G4 (). Then the following holds.

Theorem 5.3.1. Let the cumulant G(\) satisfy the uniform conti-
nuity condition and the linear-growth condition. Let condition (0)
hold and, for some A > 0,
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PI/T¢
(Ap) v?([0,8],]z| > AV L 0 as e ®, t >0,
1 A P;/Td)
(sup £4) sup|—1n€t/\’TN(X¢)(7“¢)\) — Gipry (x6) (N X% % 0

t<T T
asp € ®, T >0, NeN, A € RZ,

Then the net {L(X?), ¢ € ®} is C-ezponentially tight, and its every

LD accumulation point solves the mazingale problem (xo, G). If the

latter problem has the unique solution T, then L£(X?) LA Il .

Proof. According to the proof of Lemma 4.2.16 condition (Ap) im-
plies that

Py(sup | X - X >0) 50 as pe @, T > 0. (5.3.1)
t<T

Therefore, condition (sup £4) implies that

1/r¢
1
6.4 N x4y e
?‘;me &7 (x6.a)(T6A) = Giary (xo.a) (A XPD)] =0

asped, T >0 NeN, \eR,

By Theorem 5.1.12 the net {L£(X®4),¢ € ®} is C-exponentially
tight, and its every LD accumulation point solves the maxingale
problem (z9,G). By Theorem 3.2.3 and (5.3.1) the net {£(X?),¢ €
¢} is C-exponentially tight. By Lemma 3.1.38 and (5.3.1) every LD
accumulation point of {£(X?), ¢ € ®} is an LD accumulation point
of {L(XP4), ¢ € O} O

Theorems 5.1.5 and 5.1.10 admit similar versions. We next con-
centrate on consequences of Theorem 5.2.15 as the most useful one
for applications. Since considerations below are along the lines of
the content of Section 4.3 and the proofs use similar ideas, we omit
details. As in Section 4.3, we begin with integrable versions when
one can consider nontruncated characteristics. We introduce the fol-
lowing localised versions of conditions (/1) and (I3).

(Wie ~ lim limsup P, (|2 1(rgle| > a) * > ) =0,

?
—00 ¢€<1> INTN (X¢)

e>0,t>0,N eN,
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(I2)toc  lim limsup P, L ¢(r¢|x|2 (rolz| > a) * >¢e) =0,

»®
a— 00 ¢ cd tA77V()(¢)

e>0,t>0,NeN

Clearly, (I2)joc implies (I1)oc- We recall that the modified second
characteristic without truncation C' = (Cj(x), t € Ry,x € C) of X
is specified by the equalities

t
A-CHE)A = A-Cy ()M (M) 251 ( / (\-zoi(x))%ds, \ € RY.
0

Lemma 5.3.2. 1. Let the X9 be special semimartingales. If, in
addition, condition (I)1ec holds, then condition (sup B)ec is
equivalent to the condition

1/7‘¢,

9
tATN (X ®) B;ATN(X¢)(X¢)| - 0

asp€®, T >0,N eN.

(sup B')ioc sup IB

2. Let the X® be locally square-integrable semimartingales. If,
in addition, condition (I2)joc holds, then condition (C)je is
equivalent to the condition

1/r¢
(CN1oe “7"425 t/\r (x%) Cg/\TN(X¢)(X¢)|| % 0 as ¢ €,
teUN €N

The proof is similar to the proof of Theorem 4.3.2. As in Sec-
tion 4.3, in view of the lemma Remark 4.3.3 applies to the setting of
this section as well.

We now introduce simplified versions of the other conditions. For
(2)10e and (v)joc , we consider the conditions

1/r¢
1
(QC)ioe — > VO ({s}, {relz| > e})? 5 0 as g € @,
" 0<SSt/\TN(X¢)
t>0,e>0,N €N,
1 Pl/T¢
(M D)joe T—yd’([O,t ATN(XO)], {rglz] > €}) % 0 as g e @,
[

t>0,e>0,NeN

© 2001 by Chapman & Hall/CRC



LD convergence results 409

Obviously, condition (QC),. implies condition (#),. with 7(I';x) =
0. Condition (M D)., which is stronger than (QC'),, implies both
(0)ioe and (v)je with v(I;x) = 2(I'yx) = 0. It thus defines the
case of moderate deviations considered in more detail below for the
Markov setting. Then by Theorem 5.2.15 we have the following gen-
eralisation of Corollary 4.3.4.

Theorem 5.3.3. Let the limiter h(z) be continuous, and B, C
(respectively, C’), v, and U satisfy the continuity conditions. Let
the linear-growth conditions (5.2.10), (5.2.11) and (5.2.12) hold. If
conditions (0)7 (A)loc+ (a’)loca (Sllp B)loca (C)loc (Tespedively, (é)loc)7
(V)10e; and (QC)ioe hold, then the net {L(X?),¢ € @} is C-
exponentially tight, and its every LD accumulation point solves prob-
lem (z9,G) with cumulant

Gi(\x) = )\-Bg(x)—l—%)\-Ct(x))\—l—(e)"I —1=X-z)*y(x).

If the latter problem has the unique solution IL;, (e.g., either Theo-

rem 2.8.33 or Theorem 2.8.34 applies), then L(X?) ¢ II,, as ¢ €
P.

By Remark 4.3.3 the theorem also has locally integrable and lo-
cally square-integrable versions.

The next result follows by Theorem 5.2.15 with By(x) =
fotus(x) ds, Cy(x) = 0, and v,(I';x) = us(x)1(1 € I'),T" € B(RY),
and Theorem 2.8.10. It extends Corollary 4.3.5.

Theorem 5.3.4. Let d = 1 and conditions (0), (A)ioe + (@)ioc and
(QC) e hold. Let the limiter h(x) be continuous at © = 1. Let
(us(x),x € D,s € Ry) be a D-progressively measurable Ry -valued
function, which is C—continuous in x and satisfies the linear-growth
condition ug(x) < (1 + x})ls, where fot lsds < 0o, t € Ry

If

tATN (X ?) 1/%
sup |B? us(X?)ds| % 0 as ¢ € @,
t<¥| ATy (X 0/ | ¢
T>0,NeN,
lim lim sup P, L " (ry HC’d)’ (X% | >¢)=0,

0—0 HED tATN (
telUe>0,N €N,
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and, for all e € (0,1/2),t € Ry and N €N, as ¢ € D,

tATN (X?) 1/%
v?((0,t ATa (XO)], {|rpz — 1] < e}) — / J(XPds 0,
Té /
1 l/T¢
— (0.t ATv (X)), {Irgal > e} (YIrgz — 1] > €}) = 0,

T

then the net {L(X?),¢ € ®} is C-exponentially tight, and its
every LD accumulatzon pomt solves problem (xo,G) with cumu-
lant Gy(\;x) = () — 1) fo us(x)ds. If the latter problem has a
unique solution (e.g., by Them‘em 2.8.28 inf inf ug(x) > 0 and
s<txeK

sup sup us(x) < oo for every compact K C C and t € Ry ), then
s<t xecK

x¢ 4 x 4 ¢ € ®, where X is the Luzin-continuous idempotent
Poisson process of rate us(X) starting at xo with idempotent distri-
bution Il,,, whose density is given by

I, (x) = exp )\xt— —l)ut(x)) dt)

O:‘-~‘>8

if x is absolutely continuous and xg = xp, and Il (x) = 0 otherwise.

Let us introduce the following conditions.

1/rg
(sup Bj)ioc sup|Bt/\T (x9) — Biry(x )(X¢)| P—> 0 as ¢,
T>0,NeN,
1/r¢
Cioc lIreC ey = Conmaxey KON 5 0 as g e @,
teU, NeN,
I/T¢
(CY)toc IrsC, t/\TN(Xrb) — Cinry(x6) (X % 0asped,
teUN eN,
p./"e
(L2)10c rﬂxﬁlxﬁﬂx|>e)*ugﬁﬂX¢) s 0as¢e O,

t>0,NeNe>D0.
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Note that the latter condition is a localised version of the Lindeberg
condition. As above, it implies both (I3);,. and (M D);,. and allows
us to do without truncation. The following result extends Corollar-
ies 4.3.7 and 4.3.8. The proof is similar and also uses Theorem 2.8.9.

Theorem 5.3.5. Let the functions (bs(x),s € Ry,x € D) and
(cs(x),s € Ry, x € D) be C—continuous and satisfy the linear-growth
conditions

be(x)| < L(L4x), el < L(l+x?),

where l; is Lebesque measurable and f(f lsds < o0, t € Ry. Let
conditions (0) and (A)jeec + (a)1oc hold. If, in addition, either condi-
tions (MD)joc, (sup Bj)ioe and (Co)ioe hold for some limiter h(x)
or conditions (L2)ipe; (Sup B)ioe, and (C}))ioe hold, then the net
{L(X?),¢ € ®} is C-eaxponentially tight, and its every LD accu-
mulation point solves problem (xo,G) with cumulant

1
Gi(\;x) = )\-B;(x)—l—i)\-Ct(x))\.

If, in addition, uniqueness holds for problem (xo,G) (e.g., according

to Theorem 2.8.21, inf inf inf A-cg(x)A > 0 and sup sup [|cs(x)|| <
[A=1s<txeK s<t xeK

oo for every t € R, and compact K C C), then X? Mox gs ¢ €
O, where X = (X4, t € Ry) is the Luzin-continuous idempotent
diffusion

Xy = by(X)+ e/ (X)W, Xo =m0,

whose deviability distribution is given by
17, o
L, (x) = exp(—5 [ (ke—bu(x))-co(x) (ke—br(x)) dt
0

if X0 = xo, x is absolutely continuous and %Xy — by(x) is in the range
of ci(x) a.e., and I, (x) = 0 otherwise.

Now, we turn our attention to conditions (A);e + (a)oc. Let us
introduce the condition
Pl/r¢,
(VSo)ioe  v?([0, ATy (XO)], {rglz] > e})Ye %5 0 as ¢ € @,
t>0,e>0,NeN
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Condition (V' Sp)ioc implies both (A)joe + (@)i0c and (M D)jee so that
by Lemma 5.3.2 and Theorem 5.3.5 we have the following result.

Theorem 5.3.6. Let the X? be locally square-integrable. Then the
assertion of Theorem 5.3.5 holds if instead of conditions (0), (A)je+
(@)ioes (MD)joe, (sup BY)ioes and (Co)ioe 0ne requires conditions (0),
(12)l007 (VSO)lom (Sup Bl)loc; and (C[,])loc-

Conditions (A)jee + (@) are also implied by the following con-
dition (V'S)j0c, which is weaker than (V'.Sp);pc:

(VS)i0e algrglo li1r(;1€s$1pP;/qu (v?([0,t A Tn (X)), {rg|z| > a})/re > £)

=0, t>0,>0,N€eN.

For the sequel, we note that conditions (A);,. + (a)0c are implied by
the conditions

1/r¢

P
(Ao)ioe v?([0,t ATn (X)), 2| > A)Y™ % 0 as ¢ € D,
t>0,N €N,JA >0,
1 Pl/r¢,
(@)oe  — e Llrgle] > a) Ll S A) kv o) D0
as ¢ € D,

t>0,a>0,A>0,N €N, Ja > 0.

If, in addition, the convergence in (ag);oc holds for every a > 0, then
(M D) holds.

Let us assume that the Cramér condition (Cr) holds, i.e.,
el 1(|z| > 1) « Vg) < 00, t > 0, > 0. Then moment conditions
can be used to check (A)je + (@)1 More specifically, let us intro-
duce the conditions

(Ie)ioe  lim limsup P;/rd’ (i o1l 1(rg|z| > a) *
T

¢
=00 4eg VtATN(X¢) > 6)

:07
t>0,e>0,a0a>0,N €N,

1 s P;/%
(Le)ioc a Tl 1(re|z| > €) * Vinr(x6) 0as ¢ € D,

t>0,e>0, NeN
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Note that (Le)je is an exponential analogue of the Lindeberg con-
dition. Then (Le)loc = (Ie)loc = (A)loc + (a)loca(Ie)loc = (IZ)loc
and (Le)ioe = (L2)ioc = (MD)jpe. In particular, we can check
(A)joc+ (@) 10c by checking (I¢);oc (e.g., in Theorem 5.3.3). As another
illustration, Theorem 5.3.4 allows us to state the following extension
of part b) of Corollary 4.3.12.

Theorem 5.3.7. Let Xf) = Nf/rd), where N® = (Nt“b,t € Ry)
are one-dimensional point processes with respective compensators
A% = (A%t € Ry). Let (us(x),x € D,s € Ry) be a D-
progressively measurable Ry -valued function, which is C—continuous
in x and satisfies the linear-growth condition us(x) < (1 + x})ls,
where f[f lsds < oo, t € Ry. Let the mazingale problem (0,G) with
cumulant Gy(\;x) = (e* — 1) fo us(x) ds has the unique solution Il

(e.g., by Theorem 2.8.28 inf inf us( ) > 0 and sup sup us(x) < 00
s<txeK s<t xeK

for every compact K C C and t € Ry ). Let X be the Poisson idem-
potent process of rate ug(X) with idempotent distribution ILj.

If, as p € D,

tATN (X?)

1 1/7‘¢,
¢
o t/\TN (X%) / s(X?)ds s 0
0
and
1/T¢
1 P
— Y (a4 S o,
"o 0<s<tATN (X?)

then X¢ 4 x as ¢ € O.

Since (Le¢)ioe implies (A)pe + (@)ioes, (12)i0c and (M D)joe,
Lemma 5.3.2 and Theorem 5.3.5 result in the following version of
Theorem 5.3.6.

Theorem 5.3.8. Let the Cramér condition hold. Then in The-
orem 5.8.5 one can replace conditions (A)e + (@)ioe;, (MD)joe,
(sup B})ioe, and (Co)ioe with conditions (Le)ioe, (Sup B')ioe, and
(C(l))loc-
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5.4 Large deviation convergence of Markov
processes

We now consider implications of the above results for the Markov
setting. In the next theorem we assume that X? are generally speak-
ing non-time homogeneous “continuous-time Markov processes with
generators Af” in the sense that the Af map the functions (e*?, z €
R?), A € R?, into B(R; ) ® B(R?)/B(R)-measurable functions of (¢, )
and the processes (exp()\-Xg))—exp()\-Xg’)—f(;t AL exp(A-X2)ds, t €
R, ) are well-defined local martingales on (4, F4, Fg, Ps). Let S?
denote the state space of X?.

Theorem 5.4.1. Let g;(\;z),t € R, A € R,z € R, be a
B(R,)®B(RY) @ B(R?)/B(R)-measurable R-valued function such that
g:(0;2) = 0. Let us assume that g/(\;x) is continuous in = and
meets the linear-growth condition gy(\;x) < ky(JA|(1 + |z|)), where
t € Ry, A € R, and the function ki(c) is Ry -valued, Lebesque mea-
surable in t, increasing in «, and f(f ks(a)ds < oo, t € Ry, a € Ry.
1/7‘¢
If, as ¢ € D, Xéb P¢—> xzo and, for T >0, N € N,

1
sup sup |— exp(—m))\-x)Af exp(reA-x)—gi(A;z)| — 0,
t<T geSo:|z|<N T¢

then the net {L(X?),¢ € ®} is C-exponentially tight, and its every
LD accumulation point solves mazingale problem (zy,G) associated
with the cumulant

t
Gi(A\;x) = /gs()\;xs)ds.
0

Proof. Since the processes (exp(rgA- (Xg’ —Xg’)) exp(— f[f exp(—rgA-
X2)A? exp(rgA - X?)ds),t € R,) are local martingales on
(Q¢, Fy,Fg, Pp), Liptser and Shiryaev [79, Theorem 2.5.1] (see also
Ethier and Kurtz [48, Lemma 3.2]), the claim follows by Theo-
rem 5.1.13. U

We next counsider applications of Theorem 5.2.15. The semi-
martingales X¢ are assumed to be Markov processes. To simplify
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the conditions, we distinguish between the continuous- and discrete-
time cases. Let {ag, ¢ € @} and {B4, ¢ € @} be nets of real numbers
tending to oo as ¢ € ®. In the continuous-time case, we assume that
the predictable triplets of X?¢ corresponding to a limiter h(z) are
given by:

B = /b‘f(Xf)ds, (5.4.1)
0
1 t
cP=— /cf(Xf)ds, (5.4.2)
T
0
t
V(10,8 de) = ag [ (8, das X0)ds, (5.4.3)
0

where b%(u) is an R?—valued B(R, ) @ B(R?)/B(R?)-measurable func-
tion such that f(f 6% (x5)|ds < oo for t € R, and x € D, ¢f(u) is a
function with values in the space of symmetric positive semi-definite
d x d-matrices, which is B(R;) ® B(R?)/B(R%*¢)-measurable and
such that fJHcf(xS)H ds < oo for t € Ry and x € D, v¥(dz;u) is
a transition kernel from (R, x R?, B(R, ) ® B(R?)) into (R?, B(R?))
such that

V2 ({0};0) = 0, / 1A [2f2 v (ds ) < o0,

Rd

t
// 1A |z)? v¢(dz; x,) ds < oo, t € Ry, x € D,u € RY.
0 R4

In the discrete-time case, we assume that X¢ is a pure jump process
with predictable measure of jumps

lagt]
v?([0,1], dz) = aj;% (By d; X[i_, o) (5.4.4)
i=1
where ﬁg%(dx;u), for every ¢ € N, is a transition kernel from

(R, B(RY)) into (R?, B(R?)) such that
f/j;%({O};u) =0, aj;%(Rd;u) <1, ieNueR.
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The parameter «y can be interpreted as the frequency of jumps of
X% and the parameter 1/ as the size of the jumps. Depending on
the relative speed at which ay and 34 go to oo, there are two different
asymptotics, which are referred to as “very large deviations”, when
ay and 3y are of the same order and one takes ry = oy = (¢, and
“moderate deviations”, when ag/By — 0o but ay/ ﬁ(% — 0, and one
takes ry = 535/0%.

Let us recall the definition of the essential supremum of a col-
lection of measurable functions, see, e.g., Neveu [94, I1.4]. Let f; =
(fj(z),z € Ry),5 € J, be a collection of B(R; )/B(R)-measurable
R-valued functions on R, ; for a B(R, )/B(R)-measurable R-valued
function f = (f(z),z € Ry), we say that f = esssup ¢, f; if, for
every j € J, f(z) > fj(x) for almost all z € Ry and f(z) < g(z)
for almost all z € Ry for every B(R, )/B(R)-measurable R-valued
function g = (g(z),z € Ry) such that, for every j € J, g(z) > f;(z)
for almost all x € R;. Note that this usage is different from the
interpretation above.

We consider, first, the case of very large deviations: ay = B4 =
r¢. Let us introduce the following versions of the Cramér condition:

ess sup /(e/\'w —1=-X-x) ygb(dx;u) < 00,

|u|<v
Rd

|u|<v

t
/ ess sup / —1-X-x) I/‘f(dx;u))ds < 00,
0

AeERLt e Ry, v €Ry, (5.4.5)

in the continuous-time case, and

/e“f ﬁ;’;w(dac; u) < 0o,A € RY i € Nu € RY, (5.4.6)
Rd

in the discrete-time case.

Under these conditions, the X ¢ are locally square integrable semi-
martingales, so, we may and will take h(z) = x so that B? is the
first characteristic “without truncation” (B? = B'?), and define

1
72(\u) = )\-bf(u)—I—EA-Cf(u))\—i—/(e)"’”—1—)\-30) v (dx; u)
Rd
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in the continuous-time case and

99 (X u) = 1D(1+/(6M—1)ﬁ(er)sJH)/%(dx;U))
Rd
in the discrete-time case.
Let g,(A;u) bea B(R;)®B(R?)®B(R?)/B(R)-measurable func-
tion, which is continuous in w and satisfies the following linear-
growth condition

175 (Au)| < gs (IAI(L+|ul)),

where §,(y) is Ry -valued, B(R, )/B(R)-measurable in s, increasing
iny, fyds(y)ds <oo, t €Ry,y€Ry, and gy(05u) =0.
We then have the following version of Theorem 5.4.1.

Theorem 5.4.2. Let oy = By = 14 and the Cramér condition

(5.4.5) in the continuous-time case, respectively, the Cramér con-
1/r¢
P

dition (5.4.6) in the discrete-time case, hold. Let Xg) % a9 as
pe®. If foral € R, tc R, andv ER,, as ¢ € P,

t
[ esssup 20w =g, ] ds 0,

lu|<v

then the net {L(X?),¢ € ®} is C—exponentially tight, and its every
LD accumulation point solves problem (xy, G) with cumulant

t
Gy(Nix) = /gs(A; x,) ds.
0

If the latter problem has the unique solution Iy, (e.g., the conditions

of Theorem 2.8.32 hold for gs(\;x) = G,(\;xs)), then L(X?) 4
II,, as ¢ € D.

Proof. We have the following representations for the stochastic ex-
ponential £2()\) = (Egb()\),t € Ry),\ € R?, associated with X?. In
the continuous-time case,

t
1
~ o) = [ X7 ds.
Ty
0
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: : tiaa 5P _ =0 ¢ _
In¢the discrete-time case, by the equalities gs = Ilrpsi/rs and Xy =
XLT¢ s|/rey?
lrpt]—1 lrot]/re

?( A X? )= 7
d)lné’ (re)) = Z 90, (%X, ) = / 72 (N X2) ds.

(=)

Therefore, in both cases for N € N

1
) &S o) (T6MN) = Grary (xo) (X Xd))‘

t
< / esssup [77(;u) — 7, (As )] ds
lu|<N

and the claim follows by Theorem 5.1.12. O

We next state a “very large deviation” result in terms of char-
acteristics, which does not require the Cramér condition. We con-
fine ourselves to the continuous-time case. We assume all the above
conditions on bf(u), c’f(u) and v/¢ (dz;u) to hold except the Cramér
condition (5.4.5). Instead, we assume that the first characteristic B?
corresponds to a continuous limiter h(z). We define positive semi-

definite symmetric matrices & (u) by

AW = A-cl(u)A —I—/ (A h?(2))?v? (dz;u), X € R,

Rd

We next introduce the limit idempotent process. Let bs(u) be
an R -—valued B(R,) ® B(R?)/B(R?)-measurable function, c,(u)
be a B(R,) ® B(R?Y)/B(R¥*?)-measurable function with values in
the space of positive semi-definite symmetric d x d—matrices and
vs(dz;u) be a transition kernel from (R, x R?, B(R;) ® B(R?)) into
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(RY, B(R?)) such that

w0k =0, [ (& = 1= X 5)w(dsiu) <,
Rd
AeRY s eR., ue R

Let the following linear-growth conditions be satisfied:

b5 ()] < Ls(L+[ul), lles(u)] < ls(L+|uf?), (5.4.7)

/ (el — 1 — a|z|)vs(dz; )

Rd
< [ D <1~ aal(1 4 ful)m (do), € R

Rd

where [ is an Ry -valued B(Ry)/B(R;)-measurable function such
that f(f lyds < oo and m(dz) is a transition kernel from (R, , B(R, ))

into (R?, B(R?)) such that fot Jga (exp(alz]) — 1 — alz|)my(dz)ds <
00, tERy,a € Ry.

In addition, we assume that the functions

u— bs(u), u— cs(u), u%/f(x)ys(dx;u),
Rd

for f continuous and such that
f (@) < 1A el

are continuous in u € R?,

We also define positive semi-definite symmetric matrices ¢s(u) by

A-Cs(u)h = )\-cs(u)A—l—/(A-h(x))2l/s(d$;u), A e R
Rd

Theorem 5.4.3. Let oy = B4 = 14 and the above conditions hold.
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1/r¢
P
Leth) 2 20 and, for allt € Ry and v € Ry,

t

t
/ess sup |b?(u) — by(u)|ds — 0, /ess sup ||é?(u) — é(u)|| ds — 0,
u|<v u|<v

/ess sup
|u|<v

Let also

/f dmu /f l/sdxu)‘ds—>0 f ey

t
1/r
lim limsup(/esssup v?({|z| > a};u)d ) - 0,

a0 ped |u|<v
veRy, teRy. (5.4.8)

Then the net {L(X?),¢ € ®} is C-exponentially tight. If T is
an LD accumulation point of {L(X?),¢ € ®), then the canonical
idempotent process X is a Luzin-continuous semimaxingale with local
characteristics (b, c,v,0) on (C, C,II). If the idempotent distribution
Li(X) of X is specified uniquely (e.g., Theorem 2.8.34 applies), then
Li(X) =TI, and X* 4 X as ¢ € &.

If, in addition, the Cramér condition (5.4.5) holds, then condition
(5.4.8) can be replaced with the condition

t

lim limsup/(ess sup / el 1 (|| > a)yf(dx;u)>ds =0,
d

a0 ped Ju|<v
teRi,a e Ry,veRy. (5.4.9)

In the latter case we can take h(x) = x, i.e., consider nontruncated
characteristics.

Proof. Condition (5.4.8) implies condition (V'S);,., and condition
(5.4.9) implies condition (l¢)oc. Either one of these conditions im-
plies conditions (a);oc + (A)joc- Therefore, the claim follows by The-
orem 5.2.15. We can consider nontruncated characteristics under
(5.4.9) by Lemma 5.3.2 and the fact that (1) implies (I2)j. O
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We consider now moderate deviations so ay — oo and 45 — oo
in such a way that «y/By — oo and ozd)/ﬁg) — 0. Let ry = ﬁi/o%.
We assume the locally square-integrable case, i.e.,

esssup/|a:|2 (dz;u) < oo,
u|<v

t

/(esssup / |x|2uf(dx;u)>ds<oo, teRy,veR,, ¢ €,
0 d

u|<v
in the continuous-time case, and

/ |x|2lﬁz¢/%(dx;u) <00, i€NueR, $ed,
Rd
in the discrete-time case.

In the discrete-time case we also assume that the X? are martin-
gales, i.e.,

/xvf}a (dz;u) =0, i €N, u e RY, ¢ € ®.

Rd

Then the X?¢ are locally square integrable semimartingales, so
we choose nontruncated predictable characteristics. According to
(5.4.2), (5.4.3), (5.4.4), and the equality rgogy = 535, the (nontrun-
cated) modified predictable second characteristics of the X? are of
the form:

in the continuous-time case
t
0
1P

where ¢ (u) are positive semi-definite symmetric matrices defined
by

m|§
Ol

N

A-EP(u)A = )\-c‘f(u))\—l—/ (A )20 (da; u);

Rd
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in the discrete-time case
lagt]/ay
=% | @i,
0
where é'sd)(u) are positive semi-definite symmetric matrices defined
by

~1 _ 2.0 .
A-¢l(u)A = / (A\-x) V(La¢sj+1)/a¢(dx’u)'
Rd
Let us assume that bs(u) and cs(u) satisfy the conditions stated be-
fore Theorem 5.4.3 (i.e., measurability, linear growth and continuity
in u).
We introduce the following conditions on the predictable mea-
sures of jumps and rates of convergence.
(P) For some § >0

t

limsup/ esssup/|x|2+‘5 ‘i’dx u))d5<oo teRy,veRy,
0

] |u|<v

in the continuous-time case, respectively,
L%tJ

limsup— sup/ |20 j}a (dzr;u) < oo, t€ Ry,ve Ry,
¢ Oé¢ ) |u\<v

in the discrete-time case, and ﬁ¢/(a¢ Inag) = 0as ¢ € .
(SE) For some g € (0,1] and v > 0

t
limsup/(esssup / exp(7|x|'8)uf(dx;u))ds < 00,

¢ lu|<v R

t€Ry,veRy,
in the continuous-time case, respectively,
lagt]
1 8
hmsup— sup / exp(7y|z| ) Vs (dr;u) < oo,

o A ] lul<

t€Ry,veRy,
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in the discrete-time case, and ﬂ;fﬂ/a(ﬁ —0as ¢ e d.
The next theorem extends Theorem 4.4.8.

Theorem 5.4.4. Let ay/By — 00 and ozd)/ﬁg) — 0 as ¢ € ®. Let
either condition (P) or condition (SE) hold. Let the law of a Luzin-
continuous semimazxingale X with local characteristics (b,c,0,0)
starting at xo be specified uniquely (e.g., according to Theorem 2.8.21,

inf inf inf A -cs(u)A > 0 and sup Inf ||cs(u)|| < oo, t € v E
[A[=15<t |u|<v S( ) sglt)\u|§u|| s( )H ’ R—H

Ry ).
1/rg

If, as ¢ € D, Xg) 2 xo, where ry = ﬁi/a@ and for all t € Ry
and v € Ry

t t
/ess sup [b?(u) — bs(u)|ds — 0, /ess sup [|&9(u) — cs(u)|| ds — 0,

lu|<v lu|<v

then X® % X as ¢ € © at rate r4.

Proof. The proof is almost the same as for Theorem 4.4.8. In some
more detail, either one of conditions (P) or (SE) implies (L2)oc.
Since by hypotheses conditions (sup B')je. and (C{)ec hold, accord-
ing to Theorem 5.3.5 one needs to check conditions (A)jee + (@)ioc- If
condition (P) is satisfied, then condition (V' Sp);o. holds, which im-
plies (A)ioe + (a)ipe- If condition (SE) is satisfied, then conditions
(A0)1oc + (ag)ioc can be verified as in the proof of Theorem 4.4.8. O

Remark 5.4.5. We recall that by Theorem 2.8.9 under the hypothe-
ses X s a Luzin-continuous idempotent process satisfying the equa-
tion

X; = by(Xy) + 0 (X)) Wi, Xo = o,

and the deviability distribution of X has density given by

o0

¥ (x) = exp(—% /(ks—bs(xs))-cs(xs)®(k5—b5(xs))ds)

0

if x is absolutely continuous, xg = o and x5 — bs(x) is in the range
of cs(x4) a.e., and ITIX (x) = 0 otherwise.
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We conclude the section with some illustrative examples. To
simplify notation, we consider one-dimensional settings.

Example 5.4.6.

Let R-valued processes X507 = (XtE’M, t € Ry), indexed by
e > 0,6 >0 and v > 0, be defined on respective stochastic bases
(% 5> Fe 54, Fe 5, Pe5,y) and satisfy the equations

t
X0 =g + / bs(XE97) ds + /2 / 05 (X507) AW

0
t

+0 /fs 56’7 Nv(ds dy) — v tds m(dy)] ,
G

(=)

where (G, G) is a measurable space, bs(u),05(u) and fs(u,y) are re-
spective B(R;) ® B(R)/B(R), B(R;) ® B(R)/B(R) and B(R;) ®
B(R) ® G/B(R)-measurable functions, W¢ = (W¢,s € R, ) are R-
valued Wiener processes, m(dy) is a non-negative o-finite measure
on (G,G), and N7 = (N7(ds,dy)) are Poisson random measures on
R, x G with intensity measures 7! dsm(dy). We also assume that
bs(u) and os(u) are continuous in u,

timy [ 17,00~ £.(0,)Play) =0,
G

the following linear-growth conditions are met:
bs(u)® +o(u)? < L (1+u?), [fs(u,y)| < hs(y)(L+]ul),

where [; and hs(y) are Ri-valued and increasing in s, hs(y) is
G/B(R, )-measurable for every s € Ry, [, hs(y)? m(dy) < oo, and
the non-degeneracy condition holds:

inf inf ( /fsuy dy)) >0, te Ry, veR;.

s<t \u|<u

For existence of X% see, e.g., Gihman and Skorohod [54, Chapter
5].

Let us consider the following moment conditions on the jumps of
the X=07:
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(P) for some § > 0

t
[(esssup [ 1.6 md)ds < oo, t € iy € Ry,
0

lu|<v

(SE) for some S € (0, 1] and @ > 0

|u|<v

t
/ ess sup /exp(a|fs(u,y)|ﬂ) m(dy))ds < 0o, t € Ry, v €R,.
0

Let an idempotent Luzin-continuous process X satisfy the equation

X; = bt(Xt)+(Ut(Xt)2+/ ft(XtJy)2m(dy))1/2Wt7 Xo = xo,

where W is an R-valued idempotent Wiener process. The process X
is well defined by Theorems 2.6.24 and 2.8.21.

Theorem 5.4.7. Let v — 0, ¢ = 0, and § — 0 in such a way that
€ = 62 /. If, in addition, either 8>y~ '1In(y~!) — oo and condition
(P) holds, or 6>=Py~1 — 0o and condition (/,S—'\E) holds, then X% “
X at rate 1/e.

Proof. The predictable characteristics without truncation of X&%7
are of the form

&~

t
B/i,ﬁ,"/ — /bs(XE (5,7) ds C ayy _6/US(X§3,6,’Y)2 ds,
0

0
t

ola) vt =7t [ / (8£, (X557, ) m(dy) ds

0
for g Borel and bounded.

It is straightforward to see that the convergence hypotheses of Theo-
rem 5.4.4 hold for ¢ = (€,4,7), ag =71, By =071, bg’dﬁ(u) = bs(u),
6,5,’7( ) =

and ¢ = ¢s(u) = og(u)® + [, fs(u, y)*m(dy). The moment con-

ditions on the jumps are the same as in Theorem 5.4.4. U
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Let us assume, in addition, that the function bs(u) is differentiable
in u (for almost all s) and the derivative b, (u) is bounded on bounded
domains. We denote as (z;,t € Ry ) the solution of the equation

t
T4 ::Jco—i-/bs(xs)ds
0

(for existence and uniqueness of (x;) see, e.g., Coddington and Levin-
son [26, Chapter II]).

We introduce the processes X" = (X',f’", teRy) b

where 7 > 0 and define “a non-time-homogeneous idempotent
Orustein-Uhlenbeck process” X = (X;, t € Ry) b

X, = 0} (w) X+ (o0 (20) 2+ / fil@r,y)2 mldy)) * W, Xo =0,

where W is an R-valued idempotent Wiener process. By Theo-
rem 2.6.26 the latter equation has a unique Luzin strong solution
with idempotent distribution specified by the density

o0

2(3) — ex _1 Xt—bi(wt)xt)2
17 () = exp 20/Ut )2+ [ fil@e, y)? m(dy) dt)

if xo = 0 and x is absolutely continuous, and X (x) = 0 otherwise.

Theorem 5.4.8. Let e — 0 and n — 0 in such a way that n/e — oo.
If, in addition, either condition (P) holds and nln(e™') — oo, or
condition (SE) holds and n* Pe? — oo, then X" X at rate
1/n.

Proof. We again invoke Theorem 5.4.4. Since X" satisfies the equa-
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tion

XN = / \/§<b5<\/g)~(§’" + x) - bs(xs)>ds
0
t
+ \/7_]/05<\/%X§’" + xs)dW;
0

t
e 0/ G/ f<\/§X"+xy> N(ds, dy) — e "ds m(dy)] .

it follows that the predictable characteristics of X¢" without trun-
cation are of the form

¢
1e,n Ui € S,
B = 0/ \/g<bs<\/%Xs 4 acs) — bs(xs))ds,
t
Ccpl = n/as(\/gff;’" + x5> 2d5,
, n
¢

g(z) x vy =€ 1/ g \/_fs \/7X€’"+xs, m(dy) ds,

0
for g Borel and bounded.

Therefore, letting ¢ = (e,7), ag = € and By = (en)~'/2, in the
notation of Theorem 5.4.4

bo(u) = g<b5<\/%u +xs) - bs(ﬂﬁs))a
&) = as<\/?u+xs>2
/fs \/7u+$s, )Qm(dy)

so that we have the convergences
¢ t

/ess sup |b?(u)—by(u)|ds — 0, /ess sup &2 (u)—c,|ds — 0,

lu|<v lu|<v
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by(uw) = W, (), s = oy () *+ / Folary)? midy).
G

Now the claimed LD convergence follows by Theorem 5.4.4. O
Example 5.4.9.

Let R-valued processes X" = (X/*,t € R, ), where n € N, be de-
fined on respective stochastic bases (2, Fp, F,, = (Ff*,t € Ry), Py)
and have the form

= /f X2,¥2) ds),

where f(x,y) is an Ry-valued Borel function, N™ = (N/*, t € Ry)
are Poisson processes on (2,,, F,,, Fy, Py), and Y™ = (Y,", ¢t € R,) are
Ornstein-Uhlenbeck processes on (£2,,, F,, Gy, (.7-"[} ,teRL), Py):

t
1
}/;n = —/st d8+ %th,
0

Wnm = (W, t € Ry) being Wiener processes on (2, Fp, Gn, Py).
The processes X" are well defined since the N are piecewise con-
stant.

We assume that f(z,y) is continuous at points (z,0) for x € Ry
and is such that supy<,<, yer f(7,y) < oo for a > 0, f(z,0) > 0 for
xz € Ry, and the function f(z,0) grows at most linearly as z — oo.

We prove that the X™ LD converge at rate m to the Luzin-
continuous idempotent process X satisfying the equation

t
—N(/f(Xs,O)ds>,
0

where AV is a Poisson idempotent process, and having the idempotent
distribution with density

o0

¥ (x) = exp(—/sup()\)'ct—(e/\—l)f(xt,())) dt)

AER
0

© 2001 by Chapman & Hall/CRC



LD convergence of Markov processes 429

if x is absolutely continuous, increasing and xg = 0, and II* (x) = 0
otherwise. The idempotent process X is well defined by Theo-
rem 2.6.33.

Let us denote 0 =Y. For 0} we have the equation
wz—y/%m+Wﬁ (5.4.10)

where W" = (W, t € R,) is a Wiener process on (Q,, Fp, Fpu, Py).
One can show that the nX" have F,-compensators A} =
nfo F(X7,07)ds so that by Theorems 2.8.10, 2.8.28, and 5.3.7 the
claim would follow by

tATN (XT™) tATN (X™)

1/n
sup / f(X7,00)ds — / f(X s| ™0 as n — 0o,
t<T /

(=)

T>0,N €N.

By continuity of f at points (z,0), where z € Ry, and the bound-
edness condition sup,cpo o] yer f (2, y) < 00, for arbitrary e > 0 there
exists 0 > 0 such that

tATN (X™) tATN (X™)

FX?,0M)ds — /‘ FX?,0)ds| > ¢
0

2

sup
t<T

S

T
C /1mm>®@>§ ,
0

so by “the Chebyshev inequality” it is sufficient to show that

hmfﬂn/wm%1@>ny=mn>& (5.4.11)

n— 00

Let g(z),x € R, be a twice differentiable non-negative function
with bounded first and second derivatives, and such that g(z) =
z?/2,|z| <1, and zg'(z) > 1if |z| > 1 (e.g., g(z) = 1/2 + In|z| +

© 2001 by Chapman & Hall/CRC



430 Maxingale problem

(In]z])?,|z| > 1). By Ito’s formula and (5.4.10)

t t t
A 1
o0 =30) = [ GO0 ds+ [ o2 awr + 5 [ g0
0 0 0

Since ¢’ is bounded, for all A € R

T T
2
E, exp(A / g’(Hg)dWs”—% / §(07)2ds) = 1
0 0

and hence
T T
By exp(\g(65) ~ Ag(0) + n [ g/@2)07ds 5 [ g(02)ds
0 0
X[
-5 [ 4'(09)%ds) =1,
0

which implies, since g is non-negative, ¢’ and ¢” are bounded, ¢'(z) =
z,|z] <1, and ¢'(z)z > 1 for |z| > 1, that for some function F'(\)

T
E, exp(An/|92|2/\1 ds) < F(N).
0

Hence,
T
limsupPé/n(/ 0212 A1 ds > n)

n—00
0

n—00

T
< exp(—An) limsup[E, exp()\n/ 0212 A1 ds)] Y/n
0

< exp(—An).

Since A is arbitrary, (5.4.11) is proved.

© 2001 by Chapman & Hall/CRC



LD convergence of Markov processes 431

Example 5.4.10.

This example considers a discrete-time case and builds on Exam-
ple 4.4.12. Let n — oo, a — oo and 8 — oo in such a way that
nja— oo, and £2,i = 1,2,..., where ¢ = (n,a, ), be i.i.d. indica-
tor random variables, which equal 1 with probability «/(nf) and 0
with probability 1 — a/(n/3). We define random variables Y,f by

Lﬂf(Y]j)_l/a)J
Y, =Y+ Z ¢, vy =0,
=1

where f(x) is a continuous positive function, growing no faster than
linearly as © — co. Let the process X? = (X;b,t € R, ) be defined
by X o = Yﬁlt | /a. Then aX? is a point process whose compensator
A? = (Af ,t € R, ) relative to the filtration generated by X is given
by

nt]—1

AY = EBeP Y IBAXS))
=0

We have
2 " srxd)
ot ] S _ ]
Lo [razyas) < S - s
0 0
t
+ f(X?)ds
[nt]/n
and

Loy (AA;”)2§ > lnt] sup (Bf(x))%.

2132
a n
s<IATN (X ?) p OseshN

Hence, by Theorems 5.3.7 and 2.8.28 the net {X?, ¢ € ®} LD con-
verges at rate o to the semimaxingale X with local characteristics
(b,0,v,0), where bs(x) = f(x,) and v(I';x) = 1(1 € I') f(x5); equiva-
lently X is the Luzin solution of the equation X; = J\/(f(;t f(X5) ds),
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where N is an idempotent Poisson process, whose idempotent distri-
bution has density

¥ (x) = exp /sup Ax;— (e —1)f(Xt)) dt)
s AER

if x is absolutely continuous, increasing and xg = 0, and II% (x) = 0
otherwise.

Remark 5.4.11. It is straightforward to extend Examples 5.4.6,
5.4.9 and 5.4.10 to the case where the coefficients depend on the
past.
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Chapter 6

Large deviation
convergence of queueing
processes

In this chapter we apply the results on large deviation convergence of
semimartingales for deriving large deviation asymptotics in queueing
systems.

6.1 Moderate deviations in queueing
networks

In this section we prove LD convergence of queueing processes in sin-
gle server queues and networks of single server queues to idempotent
diffusions.

6.1.1 Idempotent diffusion approximation for single
server queues

We consider a sequence of FIFO single server queues indexed by 7.
For the nth system, we denote by A} the number of arrivals by
time ¢, by S}* the number of customers served for the first ¢ units of
the server’s busy time, by D}* the number of departures by time ¢,
by @} the queue length at time ¢, by W)* the unfinished work at
time ¢, by Cj* the completed work at time ¢, by H;' the waiting
time of the kth customer, and by L} the departure time of the kth

433
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customer. We also introduce
Vit =min{t e Ry : S' >k}, ke Z,, (6.1.1)

which, for £ € N, is the cumulative service time of the first £ cus-
tomers. All the objects referring to the nth system are assumed to
be defined on a complete probability space (,,F,, P,). Also all
the processes are assumed to have trajectories from the associated
Skorohod space.

The above processes are connected by the following equalities

Wit =Wg + V"o Ay = CY,
t t
on :/ (W™ > 0)d / 1(Q" > 0)d (6.1.2)
0
Qt_Q0+Atn_Dt7 :
Dl =S"o (P, (6.1.4)

Let b, — oo and b,/\/n — 0 as n — oo, and A, and pu, be
positive numbers. We define the associated normalized and time-
scaled processes by

A= (A, teRy), 4] = (A", — \unt),  (6.1.5)

1
b/
1
m(sgt — pnnt), (6.1.6)
—n N vl 1
Q :(QtateR—F)a Qt :m Zt? (617)

_ _ — 1
C"=(C},teRy), C?:m( nt — nt), (6.1.8)

S"=(S;,teR;), S; =

—n —n —n 1 n -1
V= (Vta teRy), Vi = W(VLntJ — Hn nt),
D" =Dy, teRy), D b \/—( — pnnt),

Wn:(WllatER—F)a Wt_b\/_ nt7

= bn\/ﬁ Fnt]—i—l?
n

H"=(H/, teR,), H
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We assume that A\, = A >0 and p, = p >0 as n — oo, and “the
near-heavy-traffic condition” holds:

1
b—\/ﬁ()\n—,un) — ¢, ceR (6.1.9)
n

Note that (6.1.9) implies that A = p.

We recall that the one-dimensional Skorohod reflection map x —
R(x) is characterised by the property that z = R(x) is an only R, -
valued function such that z = x 4+ y, where y is increasing, yo = 0
and [;° 1(z; > 0) dy; = 0. It is a continuous map from D(R4,R) to
D(R4,R) and can explicitly be written as

R(x); = X~ If x,A0, L ERy, (6.1.10)

where x € D(R;,R) and x¢ € Ry, see, e.g., Ikeda and Watanabe
[66].

Let Wy = (Way, t € Ry) and Wy = (Wsy, t € Ry) be inde-
pendent idempotent Wiener processes on an idempotent probability
space (§2,1I). Let 04 and og be real numbers. As above we denote
e = (t, t € R;). In the theorems below LD convergence refers to the
Skorohod topology and rate r, = bZ.

o — ., PR
Theorem 6.1.1. Let (A",5") 4 (0AWa,05Ws) and Qf "™ qo.

Then Q" e Q, where Q = (Q¢, t € Ry) is an Ry -valued Luzin-

continuous idempotent process defined by
Q= R((IO +oaAWy —osWg + ce).

Proof. Let us denote A = 04Wy4 and S = osWg. By (6.1.3), (6.1.4),
(6.1.2), (6.1.7), (6.1.5), (6.1.6), and (6.1.8)

t
+\b/—fun/ 1(Q} = 0)ds, (6.1.11)
0
t

C, = ——/ 1(Q = 0)ds, (6.1.12)
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where

t
—m 1
c,' = ~Cpy = / (@ >0)d (6.1.13)
0
Since @? is non-negative and f(f 1(@: = 0) ds increases only when
Q; =0, (6.1.11) allows us to conclude that
Q"=R (@3 +A" S 0" + g(kn - ,un)e> . (6.1.14)

n

Since by (6.1.12) and (6.1.11)

Mn Qo +A -s" C +b£(>\n_ﬂn)e_ana

it follows by (6.1.14) that

G =T+ = 5" 0T + Y, e
_R(Qg‘i‘zn—gnoém‘f‘g()‘n_ﬂn)e)'
n

Therefore, by (6.1.10)

'Un|6?| < 2512; ‘Qg +ZZ _gn oéfsn + gO‘n - ,Un)s

n

L tER,.

—=n Pl/b% —n —an, Id
The convergences Q, “— qo and (A,S") = (A4,S5), the fact that
A and S are proper idempotent processes, the inequality 6? <t,
and (6.1.9) imply that

lim limsup P, L0 " (1n|CY) > a) = 0.

=0 p—oo

Hence, by (6.1.12) and the facts that /n/b, — oo and p, — p >0
t 2
. pLE
/ 1(Q, =0)ds '™ 0 as n— oo, t € Ry, (6.1.15)
0

1/b2

which implies by (6.1.13) that C'" "= e. Then “the time- change
theorem” (Lemma 3.2.11) implies by the LD convergence of (A", S")

—/n Py
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o (A, S) that the sequence {(A",5" o C""),n € N} LD converges to
1/b2
(A, S) as well. Since Qp N g0, we have that (Qy, A",5"oC'") % LA

((Io, A, S) by Lemma 3.1.42. By (6.1. 14) and cont1nu1ty of reflection
Q" is a continuous function of (Qg, A", 8" 0C", (v/i/bn) (An — pin)e).
Therefore, the LD convergence of (Qy, A", S" o C’m), the near—heavy
traffic condition (6.1.9), and the contraction principle yield the re-
quired LD convergence of {Qn, n € N}. The idempotent process @
is Luzin-continuous since A and S are Luzin-continuous and R is
continuous. O

Remark 6.1.2. If we assume, in addition to the hypotheses of The-
— 1/b2

orem 6.1.1, that Wo N q/p, then (Q", D", W" C",H",L" )

(Q,D,W,C, H, L), where

Dy =0aWay —Qr+ct, Wy = %7
Was—osW. t
C = oAaWar —osWg+c —w,
W
D
Hy =W (t/p), Ly = ;/“

The following lemma gives an explicit expression for the idempo-
tent distribution of ). Let II? denote the idempotent distribution
of Q and I9(q) = — InTI?(q) be the associated rate function.

Lemma 6.1.3. Let ‘7124 + agw > 0. The rate function I? is given by

o
I9(q) = /lqt>0 (q¢ —c)? dt
0

UA + US
0)c [
(c >
/ i(q
2(c% + US)
0
if q is a non-negative and absolutely continuous function such that

do = qo, and Ig(q) = oo otherwise.

For a proof, we need the following result.

© 2001 by Chapman & Hall/CRC



438 LD convergence for queues

Lemma 6.1.4. Let z € C(Ry,R) be non-negative and x € C(R4, R)
be absolutely continuous. Then z = R(x) if and only if z is absolutely
continuous and there exists an absolutely continuous function y €

C(R4,R) such that
it = }'Ct—i-yt a.ce.
and

yo=0, y: e Ry a.e, zy; =0 a.e.
Also zy = 0 a.e. on the set {t: z; = 0}.

Proof. Sufficiency of the condition follows by the definition of the
reflection mapping. Conversely, if y = R(x) — x, then y, —y, <
fst|ku| du for 0 < s < t, so y is absolutely continuous. The other
conditions on y follow from the definition of reflection. For the final
part, note that a.e. z; = limy_,o(z44+, — 2¢)/h. The numerator in
the latter fraction being non-negative since z; = 0 implies that the
fraction is non-negative for h positive and non-positive for h negative.
Hence, the limit is zero. U

Proof of Lemma 6.1.3. Let 0? = 031 + agw. By Corollary 2.4.11 we
may assume that c4Wya +o0sWg = oWy, where W is an idempotent
Wiener process. By Theorem 6.1.1 and the definition of the image
idempotent measure

11%(q) = sup{II" (w), q = R(qo+ow+ce)}.

Therefore, qy = ¢o and q is absolutely continuous I1%-a.e. For these
q by the definition of an idempotent Wiener process, Lemma 6.1.4
and Lemma A.2 in Appendix A

o0

1
I19(q) = inf - / W dt
(q) y:yo=0,y:€Ry, 2 t

']'(qt>0)}.’t:p7 0
qt=ow¢+c+yt

2

/ inf qr—c— yt) dt
Yt yteR+’

0 (at>0)y:=0
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‘ -

l(qt > 0) (qt — 0)2 dt

)
)
[N}

_l’_
[\~
&l -
0\8 0\8 0\8

1(q; =0) inf (¢ —c— y)zdt

yeR 4
1 1( 0) 2 ®
. 2 c > Ujc
0

O

The next lemma formulates the LD convergence conditions in
the hypotheses of Theorem 6.1.1 in terms of interarrival and service
times. Let U = inf{t € Ry : A} >k}, k € Zy, and Uy = (UL, —
fin ' nt) / (bny/n). Recalling also (6.1.1) we have by Lemma 3.2.13 the
following.

Lemma 6.1.5. The LD convergence (A", S") L4 (0aAWa,05Ws)
holds if and only if the sequence {(U",V”), n € N} LD converges to
(UA)\73/2WA, 05#’3/2W5).

We now specify the results to the case of GI/GI/1 queues, i.e.,
we assume that the A™ and S™ are renewal processes. Let us denote
by u?, i € N, the time between the ith and (i + 1) th arrivals and
by v!',% € N, the service time of the ith customer in the nth
system. By hypothesis the sequences {u?, i € N} and {v}, i € N}
are independent i.i.d. Theorem 4.4.8 provides us with the following
way of checking the convergence requirements of Lemma 6.1.5.

Lemma 6.1.6. Let either one of the following conditions hold:

(i) sup,, E,(u?)*¢ < oo, sup,, B, (v})?T¢ < oo for some € > 0, and
b2 /lnn — 0;

n n

(ii) sup,, B, exp(a(u})?) < oo, sup, Ey,exp(a(v])?) < oo for some
a>0,0<B<1, and b277 /b2 = 0.

If Bpul — XY Epot — pot, Vargu? — o4 /X3, and Var,ot —
o /i3, then (T, V") 24 (0aN3/2Wa, 05132 Wy).
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440 LD convergence for queues

We now establish LD convergence for stationary waiting times.
Let partial-sum processes U™ = (U'},k€Z;) and V" =
(Vi*, k € Z4) be given by

k k
Umn— Zu?, U’g =0, Vi'= Zv;‘, Vgt =0, (6.1.16)
=1 i=1

so that, as above, V', for k& € N, is the cumulative service time of
the first £ customers. The equation for waiting times is

Hp. = H{L+Vk”—U’Z—11321]6(H{‘+Vi”—U’?)/\0. (6.1.17)
_Z_

We recall that if E,v]" < Eu?, then the waiting times H;' converge in
distribution as k — oo to the proper random variable sup;.;, +(an —

U'.) (see, e.g., Borovkov [15]). We denote the latter by H{' and let
7N
Hy = Hg /(bov/n) .

Theorem 6.1.7. Let either one of conditions (i) or (ii) of
Lemma 6.1.6 hold. Let (v/n/by)(Eu} — Ev}) — ¢ > 0, Varyu} —
02U, Var,v} — 0‘2/, where 0(2] + 0‘2/ > 0, as n = oo. Then the
sequence {Fg, n € N} LD converges in distribution to an ez-
ponentially distributed R, -valued idempotent variable with density

I(z) = exp(—2dz/(c} + 0%)), z € Ry,

Proof. Since Hy is distributed as supyez, (V" — U')), we have, for
a Borel subset A of R, ,

bnv/n 0<k< |nt]

P,(H; € A) - P, (— sup (VP —U"}) € A)

< P,( sup (V' — U'Z) > 0).

k>|nt]
Let
- - - 1 "
U™ = (U, t € Ry), U = (U gy = Buftn),
1

V= (V" teERY), Vit = (Vjny — Bvint).

b/t
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Since by Theorem 4.4.8 (U™, V") 4 (oyWa,ovWs), (Enu? —
E,0t)y/n/b, — ¢ by hypotheses, and

sup (V* =U"})
bn T 0<k<|nt| g g

— sup (V? L (B — Byl
0<s<t

i)

by the contraction principle and the fact that cyWa+oyWg = oW,

where 0?2 = 0124 + 0?9 and W is an idempotent Wiener process, we
have that
sup (V'=U".) = 4 su p (cWs—C's).
b/ 0<k<|nt| 0<s<t

Let & denote the idempotent variable on the right-hand side and
§ = supger, (0Ws — ¢’s). It is an easy exercise to check that ¢
has idempotent distribution II in the statement of the theorem;
in particular, it is a Luzin idempotent variable. We show that &
converges to £ as t — oo in idempotent distribution. The map
w — SUPy<s<i(ows — 's) from C(Ry,R) to R is continuous, so &
is a Luzin idempotent variable as well. Assuming that both ¢ and
& are defined on (C(Ry,R),II"), we have that & — & monotoni-
cally converges to zero II' -almost everywhere, so by Theorem 1.3.10
the convergence is actually in deviability II" and by Lemma 1.10.7

& 4 ¢. Thus, by Lemma 3.1.37 the required would follow by

lim limsup P, L0 ((sup (V'=U'"y) >0) =0. (6.1.18)

t=%0 n—oo k> |nt]

Denoting 6,, = E,(ul — o) and &' = v' —ul + 9§, , we have, since
0n >0,

Pu( sup (V2 —U"3) > 0)
k>|nt]

: an " (’“ 212 (Zé} k5> )

I=log(
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< Z P, Zgg > 215
I=|logy(nt)] i=1
) k
P, n > 9l=lg,
Y (k:1111ax2l Zgl )
I=log, () i=1
[eS) k
<2 Y P ( max 125? > 2l15n> .
1= log, (nt)] k=120

Limit (6.1.18) now follows by Lemma A.3 in Appendix A and the
near-heavy traffic condition (y/n/b,)d, — ¢ >0 as n — . O

6.1.2 Idempotent diffusion approximation for
queueing networks

We now extend some of the results of the preceding subsection to
the queueing-network set-up. We consider a sequence of networks
indexed by n. The nth network has a homogeneous customer pop-
ulation and consists of K FIFO single server stations. The net-
work is open so customers arrive from outside and eventually leave.
For the nth network, let A"* k = 1,..., K, denote the cumulative
number of customers who arrive at station k from outside the net-
work during the interval [0,¢], and let S/"*, k = 1,... K, denote
the cumulative number of customers who complete service at sta-
tion k during the first ¢ units of busy time of that station. We
call A" = (A™F |k =1,... K), where A" = (A* ¢ € R,), and
S" = (S™F k=1,...,K), where S"™F = (S{L’k, t € Ry ), the arrival
process and service process, respectively (note that some of the en-
tries in A™ may equal zero). We associate with the stations of the net-
work the processes R™* = (R** 1 =1,... K), k=1,...,K, where
R = (R m e N), and Rjs* denotes the cumulative number of
customers among the first m customers who depart station k£ that
go directly to station [. The process R" = (R™* k,l =1,...,K) is
referred to as the routing process. We consider the processes A™F,
Sk and R™F as random elements of the respective Skorohod spaces
D(R,,R), D(R,,R) and D(R,,RX); accordingly, A", S™ and R"
are considered as random elements of D(R, ,RX), D(R,,RX) and
D(R,, RE*K) " respectively. We assume that the data associated
with the nth network is defined on a probability space (Q,, Fp, Py).
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Moderate deviations for networks 443

We next introduce normalized and time-scaled versions of the
arrival process, service process and routing process. Let A, ; € Ry,
png € Ry, and pyy € [0,1], k=1,...,K,l =1,..., K. We define

Zn’k _ AZik — Angnt gn,k _ Svrzbz;k — Pn gl
! buy/n by
n,kl
Rn,kl _ RLntJ ~ Pkl LntJ
t bn\/ﬁ ?

where, as above, b, — oo and b,/v/n — 0, and let A" =
@A k=1,... ,K),8 =" k=1,.. ,K),R"=@®&"=
L,...,K)k=1,....K,and R" = (B"",k,1=1,...,K). Again the
latter processes are considered as random elements of D(R ,R¥),
D(R, ,RE), D(R,,RE), and D(R, ,REXK) respectively. Also we
denote A, = (M\pi,k = 1,...,K), pp = (pni,k = 1,...,K) and
P=(pp,k=1,...,K,l =1,...,K). Elements of RE are regarded
as column-vectors.

(6.1.19)

(6.1.20)

Our main concern here is the queue-length process Q" =
Q" k =1,...,K), where Q"* = (Q!"*, t € R,), Q™" denoting
the number of customers at station & at time ¢. The associated nor-
malized and time-scaled process Q" = (@nk, k=1,...,K) is defined
by

Q!
bu/n

In analogy with the hypotheses of Subsection 6.1.1 we assume
that A\, = A= (A1,...,Ax) and py, = p = (f1,...,flx) as n — o0,
where p is a component-wise positive vector, and that “the near-
heavy traffic condition” holds: for some ¢ € RE

N

b—()\n—(EK—PT),un) —c asn — oo, (6.1.22)
n

Q" = (6.1.21)

in particular,
A= (Ex —P")p. (6.1.23)

(Recall that Ex denotes the identity K x K matrix.) We also assume
that the spectral radius of the matrix P is less than unity.
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444 LD convergence for queues

We recall that the skew reflection mapping Rp, Harrison and
Reiman [59], Reiman [115], is defined as the map from D(R, ,RX)
into D(R , R associating to each x = (x4, t € Ry) € D(R,RX)
such that x’g €ER,k=1,...,K, afunction z = (z;, t € Ry) €
D(R,,R¥) such that

1. z=x+ (Eg — Py,

2. y is componentwise increasing and y’g =0,k=1,...,K,
o

3. zf e Ry and/zfdyfzo, k=1,...,K.
0

The map Rp is well defined and Lipshitz continuous for the lo-
cally uniform and Skorohod topologies on D(R, , RX), Harrison and
Reiman [59], Reiman [115], Chen and Whitt [23].

As in Subsection 6.1.1 all LD convergences below refer to the rate
r, = b and the Skorohod topology. We recall the notation intro-
duced at the end of Section 3.2. If x € D(R;,RX) has component-
wise increasing R -valued paths, then, for y € D(R, , RX), we denote
yox = ((Yiif,k =1,...,K), t € R,); analogously, if r; = (rf', k,l =
1,...,K) € REXE "then rox; = (rf{l,tc,k,l =1,...,K). For vectors

a=(at,...,af) € RE and 8 = (B,...,8%) € RX | we denote
a®pB = (af,...,a"p%) € RE . Let 1 denote the K-vector with
all the entries equal to 1.

Theorem 6.1.8. Let the near-heavy-traffic condition (6.1.22) hold.
-—-n l/b% —n =N N

Let Qg Pu’y qo. Let the sequence {(A",S ,R"),n € N} LD converge

in DRy, RE x RE xREXK) to an idempotent process (A, S, R), where

A= (AL,... AK), S = (S',...,8%), and R = (R'",...,RK") are

defined by

A=Wy, S=%sWs, RF=SEWE k=1,...,K,
Wa, Wg, WII%, k = 1,...,K, being mutually independent K-

dimensional idempotent Wiener processes and Y4, Xg, Z’E, k =

1,..., K, being K x K matrices. Then Q" LA Q, where Q is a

Luzin-continuous idempotent process given by

Q = Rp(qo+A+(Rope)'1—(Ex —P1)S+ce).
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Proof. The proof is a straightforward extension of the proof of Theo-
rem 6.1.1. In analogy with (6.1.3), (6.1.4) and (6.1.2), we have that
fork=1,..., K

Q?k Q8k+Ank+ZRnlkoDnl an,
=1

where D} k— gk . Introducing

JE QY *>0)ds

we then have by (6.1.19), (6.1.20) and (6.1.21) that

/nl

Q?,k:QO —i—Ank—FZRnlk :

K

K
=l Al —mk /0
+Zplk5 oC'y —S" Ct +E(>\n,k+;plkﬂn,l_ﬂn,k)t
¢

Vi S |

n —n,k —mn,l

+— Hn,k/ 1(Q :O)dS_Zplk,un,l/ 1(Qs" =0)ds |,
=1 ’

bn
0
or in vector form
Q' =Qp+A"+([R'oD"'1- (Ex — PD)S"oC"

+ g(/\n — (Bx — P")pn)e — (B — P )u, ® ", (6.1.24)

Wherea?—(6?’kk:1,---7K)76?’k: (\/_/b)fo Qs =
1,k /" w7k

0)ds, C'y = (C', k=1,...,K),and D} = (D', k=1,...,K).
Hence, by the definition of the reflection map Rp

Q' =Rp(@Qy+4"+(R' o D)1 - (EBx - PT) 5" 0"

+ g(xn — (Bx — P)pn)e), (6.1.25)
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so that from (6.1.24)

(EK—PT) Nn®€n
=+ A"+ (R oD")T1—-(Bxk-PT)S" 0T

/m

PV, (B PP e
n
—Rp(@Qy + A"+ (R" oD 1 (Bx —P") 5" o T"
n
+ bi(An — (Ex — P)pn)e).

n
Since Rp is a bounded map (in the sense that if z = Rp(x), then
Supg<s<¢ Zs < K (t) supg<s<; [xs|, where K(t) depends only on ), the

—, pi/tn e — — .
convergences Qg Py 0, (A", 5", R") Lt (A,S,R), and /n/b, —

00, the near-heavy-traffic condition (6.1.22), and the facts that Ex —
PT is nonsingular and p is component-wise positive yield by the
argument of the proof of (6.1.15)

2
1/62

t
/1@2”“:0)4.9‘% Oasn — oo, k=1,...,K,t € R, ,
0

2
. . —mk P/ . 1k
implying that C “+ eas n — oo. Then, since D, =
P L, Pt —m /¥
St oC " /nand S™F/n "> pe, we have that D' " "> pue, so by

Lemma 3.2.11 (Q), A", "o C "\ R"oD") 4 (g0,A,S Rople)

in D(Ry,RE x RE x REXK) " The claim now follows by (6.1.22),
(6.1.25), continuity of the reflection and the contraction principle.
The idempotent process @) is Luzin-continuous since the idempotent
processes A, S and R are Luzin-continuous and R p is continuous. [

Remark 6.1.9. One can also prove LD convergences for waiting and
sojourn times. Let th’k,k =1,...,K, denote the virtual waiting

time at station k at time t. We define W?’k = W,:”t’k (bp/n)
and let W, = ((W?’k,k =1,...,K),t € Ry). For a vector k =
(k1,..., k), where k; € {1,2,..., K}, let Atn’k denote the number of
customers with the routing (k1, ko, ..., k) who exogenously arrive by
t, Yﬁ’k denote the sojourn time of the m th exogenous customer with
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. —n.k —n.k
the routing (k1,ko,..., k), and Y? = L:Lz’:jﬂ/(bn\/ﬁ), Y™ =
(??’k,t € Ry, Ak~ (AZ;k/n,t € Ry). If, in addition to the

. piita
hypotheses of the theorem, W wy, where gy = p ® wy, then
o _ 1/by,
Q" w") e (Q, W), where Q = pQW . If, in addition, A;l,k Py
Axe as n — oo, where A\ >0, then (Wp,Y k) LA (W,Y), where

Yo(he)=3"' W, .

We now give an explicit expression for the idempotent distri-
bution of (). We define some more notation. For a subset J of
{1,2,...,K}, weset Fy = {a = (al,...,a) € RY : o =0k €
J,aF >0,k € J} and Fy={a=(a},...,aF) € Rﬁf o =0,k €
J}; 1; denotes the K -vector with entries from J equal to 1 and
the rest of the entries equal to 0; J¢ denotes the complement of
J . Let also Rf’o denote the interior of Rf , and K the set of all
the subsets of {1,2,..., K} except the empty set. We introduce the
positive semi-definite symmetric matrix

K
I =330+ (Bx — PT)SeSE (Bx — P)+ Y uSriShy
k=1
Lemma 6.1.10. Let I' be positive definite. Then the idempotent
distribution of Q has rate function
oo
/ 1(qr € RYO) (@ —7) - T (@ — ) dt
0

Ig(q) =

N —

(0.0)
1 e .
+Z—/ L(qe € Fy) inf (@®1se—r—(Bg—PT)y)-I7!
JeK 2 0 yEFJc

(t® 15c —r — (Ex — PT)y)) dt

when q € C(R;,RF) is absolutely continuous and qy = qo, and
Io(q) = oo otherwise.

For a proof we need the following lemma which extends
Lemma 6.1.4 and has a similar proof.

Lemma 6.1.11. Let z € C(Ry,R¥) have Ry -valued entry functions
and x € C(R,,RE) be absolutely continuous. Then z = Rp(x) if
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and only if z is absolutely continuous and there exists an absolutely
continuous function y € C(Ry ,RE) such that

z =%+ (Ex — Py a.e.
and

ylg =0, yf eR;y a.e., z,’fylltC =0 ae, k=12,...,K.
Also z¥ =0 a.c. on the set {tc Ry : zF =0}, k=1,2,..., K.

Proof of Lemma 6.1.10. By the definition of ¢ and Lemma 6.1.11
I9(q) = oo unless qy = gy and q is absolutely continuous. Since the
idempotent Wiener processes W4, Wg and W}%, k=1,...,K, are
mutually independent, we have by Corollary 2.4.11 that

K

A+ (Rope)"1— (Ex — PT)SSAWa + > SpWi o (iF1e)
k=1

— (Ex — PT)SgWy = I'/2W,

where W is a K-dimensional idempotent Wiener process. Therefore,

o0

1
19(q) = inf - / wy|? dt
(q) vee o) 2 |
a=Rp(go+I"/ ?w+ce) 0
o0

1
== inf y—c— (Ex — PT)y) - 11
2/y€M:q§,yk0(qt (Ex — PT)y)
0

(4t — ¢ — (Ex — P1)y) dt,

which obviously coincides with the expression for I¢ in the statement
of the lemma. O

Let us now consider the i.i.d. case. Let, for some K', S\k >0
when & = 1,...,K', and A" = 0 when & = K' +1,...,K.
Let the processes Zn’k,k = 1,...,K', gn’k,k = 1,...,K, and
Rn’k,k = 1,..., K, be mutually independent for each n. Let the
processes Zn’k,k =1,...,K', and gn’k,k =1,...,K, be renewal
processes with times between renewals having finite second moments.
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Let ™% k = 1,...,K', denote the generic exogenous interarrival
time and 9™*,k = 1,..., K, the generic service time, for station k.
Let, in addition, the routing mechanism not depend on n and be
i.i.d. at each station with pg; being the probability of going directly
from station k£ to station [.

Lemma 6.1.12. Let under the above hypotheses, as n — oo,
Epi™ — 1/ X, Var 4™ —» 02, k=1,...,K’,
Eni™* — 1/, Var ™" — o34, k=1,..., K,
and either one of the following conditions be met:
(i) sup,, B, (a™*)2T¢ < oo, k = 1,...,K', and sup, E,(9™F)*¢ <
0, k=1,...,K, for some e >0, and b>/Inn — 0;
(ii) sup, E,exp(a(a™*)?) < oo,k = 1,...,K', and sup, E,
exp(a(0™F)?) < o0, k = 1,...,K, for some o >0 and 0 < B < 1,
and b2 Inf/2 = 0.

Then the LD convergence (A", 8" | R") L (A, S, R) in the hypotheses

of Theorem 6.1.8 holds for
EAZ£ = dia‘g(OzA,l? T 7U2A,K)7
2521‘57 = dia‘g(o'%',l? cee 70%',1()7

(Zk ZkT> _ { Pri(1 = pra), z:fm:l,
RERJ —PkiPkm,  if m#I,

k,l,m=1,...,K.

)

where

0124,k :Ui,kj\z7 k: 1,...,K,, 0124,k :0, k :K,+1,...,K,

U%,k = U’?},kﬂz7 k = 1, . ,K.

Proof. Since the Zn, §" and }_%n’k, k=1,..., K, are mutually inde-
pendent, by Lemma 3.1.42 it is sufficient to prove the entry-wise con-
vergence, i.e., A SAWa, S" 4 YsWg and }_%Z L YriWrk, k=
1,..., K. All of them follow by Theorem 4.4.8. In more detail, for
the LD convergence of the R we write

Ry =) t——
t ; b/
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where pr, = (pri, L = 1,...,K) and Cin’k, i € N, are i.i.d. K-vectors,
which have one entry equal to 1 and the rest equal to 0, the probabil-
ity of the Ith entry being equal to 1 being py;. Clearly, the conditions
of Theorem 4.4.8 are met with b,+/n as b, and

()i = Pri(l — pra) %fm =1,
—PkiPkm itm #1.

O

6.2 Very large and moderate deviations for
many server queues

In this section we derive results on LD convergence for many server
queues. We consider a sequence of many server queues with expo-
nential service times and Poisson arrival processes, which may be
non-time-homogeneous. Arriving customers who find no available
servers form a queue and are served in the order of arrival. At time
t the nth queueing system has K" homogeneous servers in parallel,
arrival rate A} and service rate pi'. We assume that the following
expansions hold

AL =nXo + Vb + O(Vn), (6.2.1a)
bn

pi = po + N O(1/v/n), (6.2.1b)

Kg’ =nops + \/ﬁbnal,t + O(\/’I_l), (6.2.10)

where b, — 00, b,/y/n — 0, the functions A0,ts Aty 0,ts M1t €O,
and a1 are Lebesgue measurable, the functions Ao ¢, A1¢, oy, f1,t,
and «aq; are bounded on bounded intervals, and the O’s are uniform
in ¢ over bounded intervals. We do not rule out the case ag; = oo,
which corresponds to an infinite server queue.

Let A" = (AP, ¢t € Ry) and B"F = (Bt € R.), k € N,
be independent Poisson processes of respective rates A} and uy at
time t. We assume that the objects associated with the nth system
are defined on a complete probability space (2, Fn,P,). All the
processes are considered as random elements of D(R;,R). Denoting
by @} the number of customers in the nth system at time ¢, we have
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that distributionally the process Q" = (QF,t € Ry) satisfies the
equation

Qr = Qi+ A}~ Z/ (Q" > k)dB™*. (6.2.2)

k=17

Let
K} t
/ 1(Q7_ > k) (dB™F —p™kds).

Ml = A} — / ?ds+
=10
(6.2.3)
Then M™ = (M, t € Ry) is a local martingale with respect to

the filtration F* = (F*, t € Ry), where ' = Ne>0Gf, . and G is

the sub-o-algebra of F" generated by Q, A7, B?’k, s € [0,t],k =
1,..., K, and sets of P,-measure zero. The predictable quadratic-
variation process of M™ has the form
¢
(M™), = /)\ ds+/Q ANK{ 1 (6.2.4)
0
We write equation (6.2.2) in the form
t
QY = QZH/AQ ds— /Q ANKD p% ds+ M. (6.2.5)
0

The following auxiliary result is standard. We denote by By conver-
gence in probability.

Lemma 6.2.1. Let Qf/n By qo € Ry asn — oo. Then, forT € Ry,

sup ‘——qt‘ —TﬁO
tejo,1] T

where ¢ = (qq, t € Ry) is the solution to the differential equation
Gr = Mot —po,e(qr Ao ). (6.2.6)

Remark 6.2.2. Equation (6.2.6) has a wunique solution by
Caratheodory’s theorem, see, e.g., Coddington and Levinson [26].
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Proof of Lemma 6.2.1. Tt is easy to check that A7/n? B . By
(6.2.4) (M™), < [IArds + [[Qiulds < [IAMds + Qpt +
JEA U ds so by (6.2.1a), (6.2.1b) and (6.2.1c) (M™);/n? 8 0 as
n — oo, which implies by the Lenglart-Rebolledo inequality that

supyeqo,r| M¢'|/n B0 asn— . Applying a standard tightness ar-
gument to (6.2.5) and using the fact the functions Ao s, A1, poy, and
1,; are bounded on bounded intervals, we conclude that the sequence
of laws of the processes Q™ /n is relatively compact in distribution, all
the limit points satisfying equation (6.2.6) with probability 1. The
solution of the latter equation being unique completes the proof. [J

The next result gives an idempotent diffusion approximation for
Q". Let

X == (—t _Qt) (6.2.7)

and X" = (X7, t € R,).

1/62
Theorem 6.2.3. Let X Py 29 € R as n — oo. If, in addition,

infse[o,t](>\0,5+M0,s(qS/\ao,s)) >0,te Ry, then X" ;—Z> X asn — oo

for the Skorohod topology, where X = (X, t € Ry) is the idempotent
diffusion specified by the equation

Xi = Ay — paga A o)
—po(L(ge < 1) Xe+ (g = c0,) (XA )+ (g > cop)any)

+ \/AO,t + pro (g A o)Wy, Xo = o,

with W = (Wy, t € Ry) being an idempotent Wiener process.

Proof. By (6.2.5), (6.2.6) and (6.2.7) we can write

X=X+ [ ~— (= = Xoys) ds
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K? 1
\/_/ qs-i-Xn )/\——qs/\ags),uosds—l—\/ﬁbthn.

Therefore, the first characteristic of X™ without truncation is

B30 = Y (2 20,) = (0 +um) A TE) Y2~ )

n b K?
- £ ((QS + U—n) ns —gs A\ aO,s)NO,s-
n

The modified second characteristic without truncation cm =
(C}™, t € R}) coincides with the predictable quadratic-variation pro-
cess of (M["/(y/nby), t € R;) and by (6.2.4) has the form

where

& (u) = £+ "(( +b—"u)/\K?)
s T Hs (s N n/
Easy calculations show that for t € Ry and v € Ry

t
lim [ esssup |by(u) — bs(u)|ds =0,

n— 00 ‘u|§,u
0

t
lim [ esssup |é)'(u) — ¢s|ds =0,
n— 00 ) ‘U|SU

where

bs(u) = >‘1,s - MI,S(QS A 050,5) - ,UfO,s( 1(Qs < aO,s)u
+ l(qs = aU,S)(u A al,s) + 1(Qs > aO,s)al,s)a
Cs = >\0,s + Ho,s (QS A aO,s)-
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Thus, the convergence conditions of Theorem 5.4.4 are satisfied. The
moment conditions are satisfied since the jumps of X™ are bounded
above by 1/(b,y/n). Also the law of the semimaxingale with lo-
cal characteristics (b, ¢, 0,0) is uniquely specified by Theorem 2.8.21.

Therefore, by Theorem 5.4.4 X" X at rate b2 as n — oo. O

Remark 6.2.4. We note that the idempotent distribution of X has
density

1 [ (%= by
¥ (x) = exp —5/ % — bilx)) dt)
0

if x is absolutely continuous and xo = o, and [1* (x) = 0 otherwise,
where by and ¢; are defined by the respective equalities (6.2.8) and
(6.2.9).

We consider now very large deviations. Let us assume, in addi-
tion, that inf,crg 4 ans > 0,% € Ry. Let a process Y" = (Y}, t €
R, ) be defined by Y;" = Q}/n. Let N7 = (Ni(t),t € R;) and
Ny = (Na(t), t € Ry) be independent Poisson idempotent processes
on an idempotent probability space (©,1I). Let Y = (Y3, t € Ry) be
a Luzin solution of the equation

t t
Y%:y[]"i_Nl(/)\Ost /Y/\a[]su[]sd5> y0€R+7
0 0

such that the idempotent distribution of Y has density

(0.0)
Y (x) = exp /Sup AXy — e —1D)Xoy
) AER

— (e = 1) (x¢ A o) poyt) dt)

if xg = 5o and x is absolutely continuous, and ITY (x) = 0 otherwise.
It is well defined by Theorems 2.6.33, 2.8.10 and 2.8.29.

1/n

Theorem 6.2.5. If Y Fay Yo, then Y™ My as n — oo for the
n
Skorohod topology.
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Proof. By (6.2.5)

¢ ¢
n
Y=Y /—S /Y”/\— py ds+— Mt
n
0 0

Therefore, Y is a squarely integrable semimartingale. Its first char-
acteristic without truncation is given by

Bé":/(f (55 Ju) s

0

the predictable measure of jumps in view of (6.2.2) is given by

V([0,1],T) = n/(% 1(% € F>+u’; (YS"AKT?> 1(—% € r)) ds,
0

and the modified second characteristic without truncation in view of
(6.2.4) is given by

cr =t [ (7))

0

Then the convergence conditions of Theorem 5.4.3 hold with h(z) =
x for

bs(u) = >\0,5 - (u A aO,s)HO,s; Cs (u) = >\0,5 + (U A aO,s)HO,sa
I/s(F) = )\075 1(1 S F) + (u A 040,5);1,075 1(—1 S F)

The Cramér condition holds since the jumps of Y™ are not greater
than 1/n. Thus, by Theorem 5.4.3 the sequence of laws of the Y™ is
C(R4, R)-exponentially tight of order n and every LD accumulation
point for LD convergence of rate n is the law of a semimaxingale with
local characteristics (b,0,v,0). By Theorem 2.8.29 the latter law is
unique, hence, it is the LD limit of the laws of the Y. O
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Appendix A

Auxiliary lemmas

This Appendix contains lemmas we referred to in the main body of
the book.

We first prove the fact from convex analysis used in the proof
of Lemma, 1.11.5. For it we adopt the usual definitions and nota-
tion from convex analysis, Rockafellar [117]. For a subset A of a
Euclidean space, cl A denotes its closure, ri A the relative interior,
rb A = cl A\ri A the relative boundary, and conv A the convex hull
of A. Let f be a function from R?, d € N, into | — 00, 00]. Its
conjugate (or the Legendre—Fenchel transform) f* is defined by

f*(N\) = sup (A-x—f(w)), e Re,
z€Rd

and the bipolar f** of f is defined as the conjugate of f*:

f*(z) = sup (\-z—fF*(N)), = € R
A€ER4

Obviously, f** is convex and lower semi-continuous.

We denote by epi f the epigraph of f: epif = {(z,y) € R? x R:
y > f(z)},and let dom f = {x € R : f(x) < oo} denote the effective
domain of f. The convex hull conv f of f is defined by epi(conv f) =
conv(epi f) and the lower semi-continuous hull cl f by epi(cl f) =
cl(epif). If f is convex, then Jf(z) denotes the subdifferential of
f at x. We say that f is essentially strictly convex if it is strictly
convex on every convex subset of the set of those x for which the
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set df (z) is nonempty. If f is essentially strictly convex, then it is
strictly convex on ri(dom f**), Rockafellar [117].

Lemma A.l. If f : R? =] — 00,00] is a lower semi-continuous
function and its bipolar f** is strictly convex on ri(dom f**), then

f=f

Proof. 1t is obvious that f** < f. So we prove the opposite inequal-
ity. By Rockafellar [117, Corollary 12.1.1 and the argument below]
we have

[ =cl(conv f). (A.1)
We first prove that
[ (x) > f(x), © € ri(dom f**). (A.2)

Assume the contrary, i.e., that for some zy € ri(dom f**) and v > 0
we have

f@o) > [ (o) +7. (A.3)

Since zy € ri(dom f**), by Rockafellar [117, Theorem 23.4] the set
Of**(zo) is nonempty. Let A\g € df**(xp). Then by the definition of

i

(@) > Moz —f*(Xo) (A.4)
and by Rockafellar [117, Theorem 23.5]

(o) = Xo-zo— f*(No). (A.5)
It is easy to see that strict convexity of f** implies that

() > Xo-z—f*(No), T # xp. (A.6)

Indeed, if for some = # xy we had equality in (A.4), then by convexity
of f* and (A.5) f*™(z) < Xo -z — f*(Xo), for every z € [zg,z],
which together with (A.4) would yield f**(z) = Ao -z — f*(N\o), 2z €
[0, z[. On the other hand, [z¢, z[C ri(dom f**) (by Rockafellar [117,
Theorem 6.1] and since z € dom f** if there is equality in (A.4)).
Thus, f** would fail to be strictly convex on ri(dom f**), and (A.6)
is proved.
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By lower semi-continuity of f we can choose ¢ > 0 such that
g|Ao| < 7v/3 and

f() > flao) =3, le—ao| <. (A7)
For this €, we choose § > 0,d < y/3, satisfying the inclusion
{z: Aoz—f"(No)+d > [ (2)} C{z: |z—x0| < €} (A.8)

In order to show that such a § exists, let us denote by Ay the set on
the left of (A.8). Then by (A.5) and (A.6)

() 45 = {zo}- (A.9)

>0

The hyperplane in R? x R defined by the equation y = Ag-z— f*(Xo)+
5, = € R,y € R, is parallel to the hyperplane y = \g - 2 — f*(Xp).
The latter in view of (A.5) and (A.6) has with epi f** the only point
zp in common. Then by Rockafellar [117, Corollary 8.4.1] the sets
As are bounded. They are closed since f** is lower semi-continuous.
Thus, the Ay are compacts and (A.9) easily implies that for all § > 0
small enough A; C {z : |z — 29| < €} proving (A.8).
For the chosen ¢ and ¢, we define

foe(z) = max(f**(x), Ao-x—f*(ko)—l—(S). (A.10)

Obviously, fs. is convex, lower semi-continuous and f5.(zo) >
f**(xzo) by (A.5). If we show that

fé,s(x) S f(x)a HANS Rda (All)

this would contradict (A.1), and (A.2) would be proved. It is clear
that (A.11) holds on the set {z : | — z¢| > €} since f5.(z) = f**(z)
for these =z by (A.8) and (A.10). If |z — z¢| < ¢, then using (A.5),
(A.3) and (A.7) we have

Aoz — f5(Xo) +0 = Xo+ (z —x0) + [ (20) + 6
2
< eldol + f(w0) =y + 3 < elhol + fla) = 5+ < f(a)
(the latter inequality holds by the choice of € and §). Since, as we

noted, f** < f, this proves (A.11) on {z : |x — z¢| < ¢}. Thus (A.2)
is proved.
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Now if z € rb(dom f**) we have by Rockafellar [117, Theorem
7.5] in view of lower semi-continuity of f** that for arbitrary z €
ri(dom f**)

£ (2) = lim f**((1-0)z+6x). (A.12)

By Rockafellar [117, Theorem 6.1] [z, z[C ri(dom f**), and then by
the part just proved

F((1=0)z+0z) = f((1-0)z+0z), 0 <0 < 1,

so that by lower semi-continuity of f and (A.12) we have that
f**(z) > f(x) proving the assertion of the lemma for z € cl(dom f**).

Finally, for z ¢ cl(dom f**) we obviously have f(z) = f**(z) =
00. O

For the next lemma we recall that Ag denotes the set of all R%—
valued piecewise constant functions (A(¢),¢ € R;) of the form

k

At) =D Nil(t € (tioa, ti]),

i=1
where 0 <ty <t; <...<tp, Ny €R i=1,...,k, keN

Lemma A.2. Let f(t,\),t € Ry, A € RY, be an R-valued function,

which is Lebesgue measurable in t, continuous in A, and is such that

f(t,0) =0 and fo f(t, \)dt is well defined for T € R, and X\ € R?.
Then for T € R+

T T
sup f(t,\) dt = sup f(t, (A.13)
/ [

A€Rd ))eAo

Proof. We denote F(t) = supycgra f(t, A). Since the supremum may
be taken over the rational A in view of continuity of f(¢,\) in A, the
function F'(t) is Lebesgue measurable and non-negative, so that the
integral on the left-hand side of (A.13) is well defined.

Given arbitrary € > 0, we introduce the set

A= {(6N) € [0,TIXB > 1(1,0) > (F()-2) " AL},

™
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By a measurable selection theorem, see, e.g., Clarke [25], Ethier and
Kurtz [48], there exists an R?-valued Lebesgue measurable function
Ae(t) such that

1 ~ 1

= 2 f(t,Ae(t) > (F(t)—e)" A, t€[0,T].

€ €
By Luzin’s theorem there exists a continuous function A, (¢) such that
J 1 (A () # A(t)) dt < €. Then

T

T
/f(t,/\e(t))\/Odt>/ft>\ dt—ezo/ ata-e

0

Since (A¢(t)) is continuous, it can be approximated by functions from
Ag. Since f(t,A) is continuous in A and f(¢,0) = 0, by Fatou’s lemma
there exists a function Ay € Ag such that

T T
/f(t, Xo(t)) dt > /f )VOdt—e.
0 0

Thus, since € > 0 is arbitrary,

T T
/ sup f(t,\) dt < sup /f
AER4 ))EAD
0 0
The reverse inequality is obvious. O

We state and prove the lemma used in the proof of Theorem 6.1.7.

Lemma A.3. Let {£!',i € N},n € N, be a triangular array of row-
wise 1.0.d. real-valued r.v. with zero mean on respective probability
spaces (Qp, Fpn, Py). Let by, — 0o as n — 0o, and o > 0.

(i) If bp/\/n — 0 as n — oo and, for some € > 0, we have
sup,, B, [€721¢ < oo, then there exist ng, to > 0, C; > 0, and Cy > 0
such that, for all t > tg and n > ng,

P, (k {I,la, ” \/_Zfz > at) < exp(—C1b2V1)

b2+€ 1

+ Cy2

Wﬁ- (A..]_4)
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(ii) If, for some v > 0 and B € (0,1], we have sup,, E, exp(y|¢}|?) <
0o and by P [nP/2 = 0 as n — oo, then there exist ny, t) >0, C} >0
and C% > 0 such that, for all t > t{ and n > ny,

P, (k max WZ@ >at> < exp(=CiHVA)

+ exp(—Cy(buVnt)P). (A.15)

Proof. The argument uses the ideas of the proof of Theorem 4.4.8.
Let the conditions of (i) hold. We first prove that there exist C; > 0
and tg such that for ¢ > ¢,

P, (k max \/—Zﬁz (%Iﬁ?l Sﬁ) >at>

< exp(=C1b2vA). (A.16)

We denote B = sup,, E,[¢7*T¢ + 1 and

o= (e (D < vi) - magra (e < i) )
(A7)

By Doob’s inequality (see, e.g., Liptser and Shiryaev [79, Theorem
1.9.1]), for A > 0,

. ( B, e /\é?) [nt]
En <k max i 28 7) S ora (A8

Since E,&" = 0, |€7] < 2v/t and E,(£7)2 < E,(€7)2b2 /n, it follows
that

B, P8 < 14202V, (87 < 1+2A2e4m%3,
S0

(EneZ/\f?> il < exp(2A264/\‘/thbi).
Choosing in (A.18) A = 1//t, we obtain for t > ty = (4e*B/a)? and
Ci=a/2

Pn (k {Il Int b2 Zgz > %) <exp( Clb2\/_) (Alg)
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Now note that, since E, {1 =0,

bn n n bn n
‘Ens? 1 (%w < ﬁ)‘ _ \Enfl 1 (ﬁm > x/i)‘

bite B
n(1+e)/2 ¢(1+€)/2’

hence,

[nt] n < pa-an
En1 < Bt :
bpv/n ‘i \/_ il <a)| < n5/2

so, by the fact that b,/\/n — 0 as n — oo and (A.17), for all n large
enough and t > %

k
1 b
Fn (kZ{I,la,)fntJ b/ Zzzlfz 1 (\/ﬁ|£z | > \/7?) > Ozt)

k
1 n at
= Bl Ela,)fnugz >

which together with (A.19) proves (A.16).
The estimate (A.14) now follows by (A.16) and the inequalities

P, (k {r,la, - n\/_Z@ >at>

by | .n
< P <k Loonn] b \/_Zgl <%|£Z < ﬁ) g at)

+ P, (k:?%ﬂ %m > \/2_f> (A.20)
and
P (_max | P> VE) < lnaip (e > Vi)
< nty 2P

Part (i) is proved.
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For part (ii), we write

P, (k {ryla: - n\/_Z@ >at>

by . at
<P <k max % \/—Zé} <%|§i | < \/¥> > 7)

Lnt)
A CERG RS BNCED

Noting that the conditions of part (ii) imply the conditions of part
(i), we estimate the first term on the right of (A.21) with the help of
(A.16). For the second, we use the inequality

[nt]
1 n bn n
P, mZ|§i|1(%|&|>\/Z>>_
<P <b \/_k 1’ ’ |§Z|>\/_>

Lnt)
(b;jmau(f%A>ﬂ)

1< vi) > 5).

1(mwﬁ

We first work with the second probability on the right. We have, for
A > 0 by Chebyshev’s inequality

1 [nt)
IZmemwO

&)< vi) > )

(v ;
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< (Enexp(zx7|§1 | 1(3’%&1% > Vi)
1(jmli < Vi) ™ exp(-Ma)

< exp(ntlogE (exp<2)\\/_|§1 |) (3’%|§{L| > \/Z)
€r] < \/Z)) - Ab,%at). (A.23)

l(bm/ﬁ

Next, for 0 < 8 < 1,¢ > 0 and Ac < /4,

bn n bn n 1 n
Bvesp (i) 1 (Lfet] > V) 1 (1t < Vi)
< Buexp (2022 ip) 1 ( Zleti > o)
1 n
1 (m|§1| < \/Z>
bn | .n b | nii— b .
+ Ep exp (2>\%|§1 |> 1 <%|§1 1< C) 1 (ﬁ|§1| > \/E>
25
< exp <2Abix/¥ —y (Cbﬁ) ) Buexp (+1€117)

+ E, exp ((ZAc—i— ) 135 |ﬂ) exp (—% <g>ﬂ> . (A.24)

Taking A\ = 1/(2Vt) and ¢ = vv/t/2, and using the condition
n5/2/b,2fﬂ — 00 as n — oo, we conclude that the rightmost side
of (A.24) is not greater than exp (—C’ (\/ﬁ/bn)ﬂ> for some C' > 0.
Substituting the estimate into (A.23) and again using the conver-
gence nf/? / b?fﬂ — oo implies that, for all n and t large enough,

[nt]
(n}2|@|1(f|sz|>x/¥)

€< Vi) > %)

2

1<bm/ﬁ
< exp (—C{'bi\/Z) .
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By a similar argument, this bound is seen to hold for § =1 as well.
Finally, the first term on the right of (A.22) is estimated as

1 E. elér?
P, | —— s W) <=
n (bm/ﬁ max & f) = b/t

< exp(—C3(bnVnt)”).

Substituting the estimates into (A.21) finishes the proof of (ii). [
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Appendix B

Notes and remarks

Part 1

This part considers idempotent analogues of the constructions of
probability theory. They also belong to the realm of possibility the-
ory so one can replace the adjective “idempotent” with “possibilistic”
(or, perhaps, “fuzzy”). The observation of the analogy between cer-
tain probabilistic and “max-plus” constructions seems to have first
been made in Baccelli et al. [8].

Section 1.1

It appears that maxitive measures were first introduced by Shilkret
[119], who also studied properties such as convergence, Egorov’s the-
orem, and others. Idempotent measures are known as possibility
measures in fuzzy measure theory, see, e.g., Dubois and Prade [40],
Wang and Klir [133], de Cooman, Kerre and Vanmassenhove [33],
Pap [101] (who also uses the term “maxitive measure”), Mesiar [86],
and references therein; and as A-measures in idempotent measure
theory, see Kolokoltsov and Maslov [73] (del Moral in Kolokoltsov
and Maslov [73] uses the name “performance measure”). Another
name is “cost measure”, see Akian, Quadrat and Viot [2, 3]. Both
Wang and Klir [133] and Kolokoltsov and Maslov [73] use the re-
quirement of T-maxitivity as a definition and call the property fuzzy
additivity and complete additivity, respectively. Pap [101] uses the
name “complete maxitivity”. Some authors replace the T-maxitivity

467
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property by o-maxitivity, see, e.g., Akian [1], Pap [101]. In the topo-
logical setting similar objects have been studied by Norberg [95], and
O’Brien and Vervaat [97]. The latter authors use the name “sup-
measure”, which is explained by the “sup-representation” (1.1.2),
and require certain inner and outer regularity properties rather than
T-smoothness. Possibility measures with inner and outer regularity
properties on topological spaces have been considered by Janssen, de
Cooman and Kerre [68].

Our usage of the concept of 7-smoothness is consistent with
the one adopted in measure theory, see Topsge [125], Vakhania,
Tarieladze and Chobanyan [126]. A 7-smooth idempotent measure is
a specific case of a Choquet capacity, see, e.g., Meyer [88] or Neveu
[94]. Our study uses some of the ideas as well as the terminology of
the theory of Choquet capacities. The definition of a maxitive set
function is due to Norberg [95].

Since the collection &, contains the collection of £-analytic (or
Suslin) subsets of €, see, e.g., Kuratowski and Mostowski [76], Meyer
[88] or Neveu [94] for the definition, Theorem 1.1.7 is a (very simple)
analogue of Choquet’s theorem, Meyer [88, T19], Neveu [94]. The
definition of a paving is borrowed from Meyer [88].

Theorem 1.1.9 is in the theme of Meyer [88, Theorem II1IT23] and
Wang and Klir [133, Theorem 4.9], and runs parallel to the result on
the extension of a measure from a ring to a o-ring, see, e.g., Halmos
[58]. The proof uses the construction of Wang and Klir. One can also
obtain the same extension of u by applying the construction used by
Meyer [88, IIIT23]: define, for A € &,,

p*(A) = sup u(F),
Fe&
FCA

and, for arbitrary B C €2, let

* o *
p(B) = inf 7 (A).
ADB

However, checking the necessary properties is more complicated. The
latter approach is better suited to o-maxitive measures, cf. Akian
[1].

Objects that we call T-algebras have been known in possibility
theory as ample fields or complete fields, see Wang [132], De Cooman
and Kerre [31, 32|, and Wang and Klir [133]. Both our definition

© 2001 by Chapman & Hall/CRC



Appendix B 469

of and notation for atoms are consistent with Wang [132], and De
Cooman and Kerre [31, 32]. Most of the properties of T-algebras
stated in this section can be found in these papers. Corollary 1.1.22
has been prompted by Neveu [94, Proposition 1.6.1].

Section 1.2

Functions measurable with respect to ample fields are called fuzzy
variables in fuzzy measure theory, see Wang [132], De Cooman and
Kerre [31, 32], and Wang and Klir [133]; Janssen, de Cooman and
Kerre [68] use the name “possibilistic variables”. Measurability prop-
erties for more general set functions are considered in Pap [101].
Images of possibility measures are considered in Wang [132], de
Cooman, Kerre and Vanmassenhove [33].

Lemma 1.2.7 is an analogue of Doob’s theorem on representation
of measurable functions, see, e.g., Meyer [88, IT18]. The proof is also
along the lines of the proof given in Meyer [88, IT18].

O’Brien and Vervaat [97] distinguish between tightness and clas-
sical tightness. We need only the latter concept for which we reserve
the name “tightness”.

The notion of Luzin measurability with respect to idempotent
measures is an analogue of Luzin measurability in measure theory,
see Schwartz [118], Vakhania, Tarieladze and Chobanyan [126]. The-
orem 1.2.14 is an abstract version of a result in large deviation theory
(cf., e.g., Deuschel and Stroock [36]).

Section 1.3
Modes of convergence have also been studied by Shilkret [119] and
del Moral in Kolokoltsov and Maslov [73]. Extensions of many of the

results of the section to more general set functions are given in Pap
[101]. For analogues in probability theory see, e.g., Shiryaev [120].

Section 1.4

The notion of idempotent integral has been introduced by Shilkret
[119], who also studied its basic properties, but the name seems to
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be due to Maslov [84, 85]. Similar constructions appear in Nor-
berg [95], see also Vervaat [130]. More general integrals are stud-
ied in fuzzy measure theory, see Dubois and Prade [40], de Cooman,
Kerre and Vanmassenhove [33], Wang and Klir [133], Wu, Wang, and
Ma [137], Pap [101], de Cooman and Kerre [31], Mesiar [86], Guo,
Zhang, and Wu [56], Mesiar and Pap [87], and references therein;
integrals of lattice-valued functions have been considered in Akian
[1], de Cooman and Kerre [31], Mesiar and Pap [87], Pap [101].

Lemma 1.4.5 also holds for so called pan integrals, Wang and Klir
[133]. Part 1 of Lemma 1.4.7 appears in Kolokoltsov and Maslov [73],
Theorem 1.4.11 is stated by del Moral in Kolokoltsov and Maslov
[73], it also appears in Puhalskii [111]. Sufficiency of the existence
of the function F' for uniform maximability in Corollary 1.4.14 is
stated by del Moral in Kolokoltsov and Maslov [73], who also studies
convergence of idempotent integrals. Our analysis of the convergence
properties is based on Puhalskii [111]. For convergence properties in
a more general setting see Pap [101].

The proof of Theorem 1.4.22 uses the ideas of the proof of
Daniell’s theorem in Meyer [88, 111.2.24]. For another form of the
Daniell property see Pap [101].

Section 1.5

Products of idempotent measures have been studied in more gen-
erality in fuzzy set theory, see, e.g., de Cooman, Kerre and Van-
massenhove [33], Janssen, de Cooman and Kerre [68], and references
therein; they have also been analysed by Kolokoltsov and Maslov
[73]. Products of ample fields have been considered by Wang [132].

Section 1.6

Exposition is based on Puhalskii [111], who however conditions on
collections of analytic sets rather than 7-algebras. The notions of
independence and conditioning for idempotent variables in the fuzzy
set theory context have been studied in Wang [132], de Cooman,
Kerre and Vanmassenhove [33]. Similar properties as well as a defini-
tion of conditional idempotent expectation with respect to o-algebras
are considered by del Moral in Kolokoltsov and Maslov [73] (see Re-

© 2001 by Chapman & Hall/CRC



Appendix B 471

mark 1.6.26). For other approaches see Akian, Quadrat and Viot
2, 3].

Absolute continuity has been studied in the fuzzy set theory con-
text, see, e.g., Mesiar [86] and references therein; a general treat-
ment appears in Pap [101]; however, the definitions are stated for
o-algebras and the weaker notion of absolute continuity (cf. Re-
mark 1.6.30).

Section 1.7

The concept of Luzin measurability for idempotent variables on topo-
logical spaces has been introduced in Puhalskii [111], for the measure-
theoretic analogue see Schwartz [118], and Vakhania, Tarieladze and
Chobanyan [126].

The first result in the theme of Theorems 1.7.21, 1.7.23, and
1.7.25 seems to be due to Choquet [24]. Theorems 1.7.21 and 1.7.25
appear in Breyer and Gulinski [17]; our proof of Theorem 1.7.25 uses
their idea of invoking the Stone-Czech compactification. Puhalskii
[107, 108] proves a similar result for metric spaces under the addi-
tional condition of sub-additivity of the functional V. Kolokoltsov
and Maslov [73, Theorem 1.5, ch.1l] prove the result of Theorem
1.7.21 for a locally compact normal space and functions with val-
ues in an idempotent metric semiring. They also prove the stated
representation for the case where V' is a continuous homeomorphism
from C’b+ (E) equipped with the topology of pointwise convergence
to an idempotent metric semiring and E is Tihonov. Akian [1] con-
siders the same characterisation in terms of continuity for integrals
of lattice-valued functions. Algebraic versions appear in Litvinov,
Maslov and Shpiz [80, 81].

Section 1.8

In this section we use some of the ideas of Schwartz [118]. The result
in Lemma 1.8.3 is a special case of a result in large deviation theory
due to Dawson and Gértner [28], see also Dembo and Zeitouni [35].
The setting of Theorem 1.8.6 for regular possibility measures has
been considered by Janssen, de Cooman and Kerre [68].
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Sections 1.9 and 1.10

The results are modelled after weak convergence theory of probability
measures, see Billingsley [11], Parthasarathy [102], Topsge [125, 124],
Vakhania, Tarieladze and Chobanyan [126]. For a prototype see Ver-
vaat [129]. The setting of metric spaces is studied in Puhalskii [108].
For facts about uniform spaces used in the proof of Theorem 1.9.2 see,
e.g., Engelking [47]. Theorem 1.9.28 is an analogue of Ranga Rao’s
result, see Vakhania, Tarieladze and Chobanyan [126]. More general
compactness results and other properties of the vague topology are
in O’Brien and Vervaat [97] and O’Brien and Watson [99].

For the definitions of the Prohorov and Kantorovich-Wasserstein
metrics for probability measures see, e.g., Dudley [41]. Jiang and
O’Brien [69] define the Prohorov metric on a space of set functions
that includes idempotent probability measures and probability mea-
sures and show, in particular, that it metrises convergence of se-
quences in the narrow topology; they also show that the Kantorovich-
Wasserstein metric has this property for sequences of the exponen-
tials of rate functions and address the issue of characterising tight
collections as totally bounded sets.

For the definition and properties of Mosco convergence see Mosco
[92], Zabell [138] and references therein.

Section 1.11

Kolokoltsov and Maslov [73] refer to the Laplace-Fenchel transform
as the Fourier-Legendre transform. The inversion formula appears in
Puhalskii [108]. Lemma 1.11.19 is also taken from the latter paper.
For required facts from convex analysis see Rockafellar [117] and
Appendix A.

Sections 2.1 — 2.6

The results and approaches are analogous to those in stochastic cal-
culus, see Dellacherie [34], Elliott [45], Ikeda and Watanabe [66], Ja-
cod and Shiryaev [67], Liptser and Shiryaev [79], Meyer [88], Neveu
[94], Oksendal [100], and Stroock and Varadhan [123]. Idempotent
martingales have been considered by Del Moral in Kolokoltsov and
Maslov [73] (for conditional expectations with respect to o-algebras).
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For other approaches see Akian, Quadrat and Viot [2, 3]. “Possibilis-
tic” processes have been studied in Janssen, de Cooman and Kerre
[68].

Theorems 2.2.26 and 2.2.27 are taken from Puhalskii [108]. Sec-
tion 2.3 is based on Puhalskii [111]. The definitions of the idempo-
tent Wiener and Poisson processes in Section 2.4 are motivated by
the fact that the associated rate functions appear in the large devi-
ation principles for Wiener and Poisson processes, respectively, see,
e.g., Borovkov [13], Freidlin and Wentzell [51].

For the properties of the pseudo-inverses of matrices see, e.g.,
Campbell and Meyer [20].

Theorem 2.6.22 is in essence the Picard-Lindelof-Caratheodory
theorem, see, e.g., Coddington and Levinson [26], Hartman [60].

Sections 2.7

The results are based on Puhalskii [109, 111]. We follow the ideas
of stochastic calculus, see, e.g., Liptser and Shiryaev [79], Jacod
and Shiryaev [67]; in particular, the definition of a semimaxingale
is analogous to the exponential characterisation of semimartingales.
Del Moral in Kolokoltsov and Maslov [73] has considered idempo-
tent semimartingales for conditional expectations with respect to o-
algebras.

Lemma 2.7.5 is in essence due to Liptser and Shiryaev [79, The-
orem 6.2.3], whose argument also applies to the proof.

Theorem 2.7.16 admits a revealing interpretation in terms of Or-
licz spaces, Krasnosel’skii and Rutickii [75]. Specifically, for x € C
and t € Ry, let LZ(X) (0,t) denote the set of all functions f(s),s < t,
such that

t
/gs (éf(s);x) ds < 00,
0

for some « > 0. Lg(x) (0,¢) is easily seen to be a vector space. Let
for f € Ly, (0,%)

t
: (1,
11 15,5000 = int(a >0+ g (L7(x) as<1).
0
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This can be shown to define a seminorm on Lz(x)(O,t), which is a
norm if §s(A;x) # 0 for A # 0 (cf. Krasnosel’skii and Rutickii [75]).
Let us assume, for the moment, that gs(A;x) does not depend on
s: gs(A;x) = g(A;x). Then the above norm is called the Luxem-
bourg norm and LZ(X)(O,t) is called an Orlicz space, Krasnosel’skii
and Rutickii [75]. Also in this case the set of functions, for which
(2.7.18) holds, is the closure of the space of bounded functions in the
Luxembourg norm, Krasnosel’skii and Rutickii [75]. In analogy with
Krasnosel’skii and Rutickii [75], we denote this set by Ej () (0,t). We
then have the following insight into the statement of Theorem 2.7.16.
Let Ly(x)(0,) be the set of functions f such that

t
/g(f(s);x) ds < oo.
0
Then, by Krasnosel’skii and Rutickii [75], we have the strict inclu-
sions
Eg(x) (Out) - Lg(x) (O,t) - LZ(X) (Ovt)a

unless §(\;x) satisfies the weak growth condition (or the Ag-—
condition):

lim sup 92X x)

— < 0.
A—00 g()‘; X)

If g(A\;x) has the semimartingale representation (2.7.55), then the
weak growth condition means that K,(R?;x) = Ls(R%;x) = 0, i.e.,
it holds only in “the diffusion case”. Hence, generally, the class of
functions \, for which we have proved that Z()) is a I-local expo-
nential maxingale, is smaller than the class defined by the condition

/|gs(>\(S,X);x)|ds < 00.
0

We do not know if Theorem 2.7.16 can be extended to a larger set
of functions A\. We also note that the proof of Theorem 2.7.16 has
been prompted by the methods of the theory of Orlicz spaces.
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Section 2.8

The results are based on Puhalskii [112]. Our conditions for unique-
ness of solutions to maxingale problems are similar to conditions re-
quired for corresponding martingale problems. It is thus instructive
to compare our results with those for martingale problems in Tkeda
and Watanabe [66], Jacod and Shiryaev [67], Stroock and Varadhan
[123].

The setting of Theorem 2.8.5 corresponds to the situation where
a martingale problem is specified by a deterministic triplet of pre-
dictable characteristics so that the associated process is a process
with independent increments; the problem then has a unique solu-
tion, see, e.g., Jacod and Shiryaev [67, Theorem I11.2.16].

The function A(s,x;y) in the hypotheses of Theorem 2.8.27 exists
and equals the gradient Vhs(y; x) if the latter exists for (almost all)
s € Ry,y € G and Il -almost all x, and is bounded on the sets
[0,t] x K x Gy, where t € Ry ,m € N and K is compact in C.

The role of conditions 1 and II and the conditions in Theo-
rem 2.8.33 is analogous to the role of conditions A-F in Wentzell
[134]. A distinctive feature of our conditions is that they are stated
only in terms of the cumulant and do not invoke its Fenchel-Legendre
transform (as in Wentzell [134]). We believe that this makes the con-
ditions easier to check. Also we relax the requirements on bounded-
ness and continuity of the cumulant.

Condition (2.8.14) is analogous to condition III in Liptser and
Puhalskii [78].

The regularisation approach of Lemma 2.8.26 applied later in
the section has earlier been used in Wentzell [134], and Liptser and
Puhalskii [78] in the large deviation setting.

For background on the notions used in Lemma 2.8.31 see Aubin
and Cellina [5], von Leichtweiss [131], and Rockafellar [117]. For
measurable-selection theorems see Clarke [25, Theorem 4.1.1], Ethier
and Kurtz [48], or Dellacherie [34, IT37].

Part 11

Exposition is based on Puhalskii [106] — [114]. Standard manuals
on large deviation theory are Freidlin and Wentzell [51], Varadhan
[128], Deuschel and Stroock [36], Dembo and Zeitouni [35].
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Section 3.1

Some of the results of this section are large deviation convergence ver-
sions of the results formulated in the setting of the large deviation
principle, see Varadhan [128], Stroock [122], Deuschel and Stroock
[36], Dembo and Zeitouni [35], Bryc [18], Dinwoodie [37]. For an
approach from the point of view of convergence of capacities see
O’Brien and Vervaat [97], O’Brien [96], O’Brien and Watson [99].
Since this section considers similar issues as Section 1.9, most of the
comments to that section apply here. In particular, there are many
analogies with results in weak convergence theory, see, Billingsley
[11], Parthasarathy [102], Topsge [125, 124], Vakhania, Tarieladze
and Chobanyan [126]. The definition of the large deviation conver-
gence and the term itself have been introduced in Puhalskii [108, 109].
Properties of a more general type of convergence have been consid-
ered by Pap [101], Mesiar and Pap [87].

Theorem 3.1.3 for the setting of metric spaces has appeared in
Puhalskii [107]. It combines a number of earlier results. The fact that
part 3 implies part 2 is “Varadhan’s lemma”, Varadhan [127], who
also proves Lemma 3.1.12, the converse under the additional con-
dition of exponential tightness is due to Bryc, see Varadhan [128],
Bryc [18], Dembo and Zeitouni [35]. Instead of the definition we have
adopted for large deviation convergence one could use part 2 of The-
orem 3.1.3 in order to define “weak large deviation convergence”. It
would then be equivalent to the large deviation principle, or “narrow
large deviation convergence”, cf. Remark 1.9.6.

The name “contraction principle” as given by Varadhan [128]
refers to the case of continuous f in Corollary 3.1.15. Corollary 3.1.15
for convergence of sequences has appeared in Puhalskii [106], it is re-
ferred to in Puhalskii and Whitt [113] as the extended contraction
principle. Theorem 3.1.14 for metric spaces and sequences of prob-
ability measures has been proved in Puhalskii [110]; Chaganty [22]
proves the statement in the setting of Polish spaces under the as-
sumption that the convergence f,,(z,) — f(z) holds for every z € E,
a similar type of condition has been used by Dinwoodie and Zabell
[38]. Other versions and generalisations have been considered by
Deuschel and Stroock [36] and O’Brien [96].

Theorems 3.1.19 and 3.1.28 are analogues of Prohorov’s crite-
rion for weak convergence, Prohorov [104], see also Billingsley [11],
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Vakhania, Tarieladze and Chobanyan [126]. Theorem 3.1.28 has ap-
peared in Puhalskii [106]. The proofs here are along the lines of the
one in Puhalskii [107], who also mentions the extension to Tihonov
spaces. A more general setting has been considered by O’Brien and
Vervaat [97] so that Theorems 3.1.19 and 3.1.28 for separable metric
spaces follow from Theorem 3.11 and Lemma 5.2 there; an announce-
ment had been made in Vervaat [129]. Lynch and Sethuraman [82]
have proved that LD convergence implies exponential tightness for se-
quences of probability measures on complete separable metric spaces;
an extension appears in Jiang and O’Brien [69]. De Acosta [30] has
generalised and simplified the proof of Puhalskii [106] to give weaker
conditions for part 1 of Theorem 3.1.19 to hold, in particular, extend-
ing the result to Hausdorff topological spaces (similarly to Prohorov’s
tightness criterion in weak convergence theory, see Topsge [125]) and
probabilities on non-Borel o-algebras. For other versions and exten-
sions see Vervaat [129], O’Brien and Vervaat [98]. The vague large
deviation convergence has extensively been studied by O’Brien and
Vervaat [97, 98] who prove Theorem 3.1.34.

Jiang and O’Brien [69], considering a more general setting, prove
that the Prohorov and the Kantorovich-Wasserstein metrics metrise
LD convergence of sequences. They also address the issue of char-
acterising tight collections as totally bounded sets. See also Dembo
and Zeitouni [35] for some of the results.

Theorem 3.1.31, which is usually referred to as the Gartner-
Ellis theorem, has been proved by Gértner [53] for the case where
G(A) is smooth and finite everywhere. The extension to the essen-
tially smooth case has been obtained by Freidlin and Wentzell [51]
and, later and apparently independently, by Ellis [46]. The name
“Géartner-Ellis” appears to have been first used in Bucklew [19]. Our
method of proof follows Puhalskii [109] and O’Brien and Vervaat
[98].

Theorem 3.1.32 is an analogue of Ranga Rao’s result in weak
convergence, see Vakhania, Tarieladze and Chobanyan [126]. In a
somewhat different form it appears in Jiang and O’Brien [69]. Part
1 of Lemma 3.1.42 in the form of the LDP extends to regular spaces,
see Cegla and Klimek [21].
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Section 3.2

For more background on the concepts and properties concerning
stochastic processes on Skorohod spaces the reader is referred to
Ethier and Kurtz [48], Jacod and Shiryaev [67], Lindvall [77], Liptser
and Shiryaev [79], Skorohod [121], and Whitt [135].

The notion of C-exponential tightness has been introduced in
Liptser and Puhalskii [78]. Theorem 3.2.3 is an analogue of Aldous’
tightness condition, Aldous [4], and has appeared in Puhalskii [106].
Lemma 3.2.5 can also be used in order to give a somewhat different
proof of Aldous’ original result. Feng and Kurtz [50] obtain different
expounential tightness conditions.

For the Lenglart-Rebolledo inequality, see, e.g., Liptser and
Shiryaev [79, Theorem 1.9.3].

Theorems 3.2.8 and 3.2.9, taken from Puhalskii [106, 107, 109,
111], are analogues of the methods of finite-dimensional distributions
and the martingale problem in weak convergence theory, cf. Jacod
and Shiryaev [67], Liptser and Shiryaev [79], Ethier and Kurtz [48].

Lemmas 3.2.11 and 3.2.13 are LD convergence versions of results
in Puhalskii and Whitt [113], which are also more general. See also
Lemma 4.2 there for more detail about the proof of Lemma 3.2.13.
Prototypes for weak convergence are in Whitt [135].

Chapter 4

The method of finite-dimensional distributions is essentially an adap-
tation of projective limit arguments, see Dawson and Gértner [28],
to the setting of stochastic processes. It was first used by Varad-
han [127], see also Dembo and Zeitouni [35]. Our exposition follows
Puhalskii [108, 109]. The main results, both in content and form, are
analogous to results on convergence in distribution of a sequence of
semimartingales to a process with independent increments in Liptser
and Shiryaev [79] and Jacod and Shiryaev [67]. For results on the
LDP for processes with independent increments see Varadhan [127],
Borovkov [13], Mogulskii [90, 91], Lynch and Sethuraman [82], de
Acosta [29], Puhalskii [106].

Lemma 4.1.1 is an analogue of results in Liptser and Shiryaev
[79, Chapter 2, §3|, Jacod and Shiryaev [67, Chapter 2, §2d] for
complex-valued stochastic exponentials. Theorem 4.1.2 is an ana-
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logue of Jacod and Shiryaev [67, Theorem VIII.2.30]. Lemma 4.2.6
is a variation on the theme of Polya’s theorem, see, e.g., Liptser and
Shiryaev [79, Problem 5.3.2].

The proof of Theorem 4.2.11 uses the method of the proof of
Theorem 5.4.1 in Liptser and Shiryaev [79]. In particular the fun-
damental decomposition (LS?) originates in Lemma 5.4.1 there. In
the proof of Theorem 4.2.11 condition (#) has been used only while
proving convergence y). Since 7y) clearly holds under the condition

— Z f(roz) e d’—ln(l—i—f(wx)ouf))
" 0ot
t 1/r¢

—/(f(x)oLs—ln(1+f(x) Ly))ds % 0

0

(log ©)
aspe @, tel, feCly,

and, as the proof shows, condition (#) implies condition (log ©), it
follows that the theorem holds when condition (#) is replaced by con-
dition (log ). One can show that these two conditions are actually
equivalent.

Corollary 4.3.5 and its proof are analogous to Proposition
VIII.3.40 in Jacod and Shiryaev [67].

Condition (Lz) and Lemma 4.3.9 originate from Djellout [39].
The argument of the proof of Theorem 4.4.6 follows Djellout [39].

LDPs for partial-sum processes have been studied in Varadhan
[127], Borovkov [13], and Mogulskii [90, 91].

Conditions (4.4.10) have been found by Ibragimov and Linnik [61,
Theorem 13.1.1] who studied exact asymptotics in the nonfunctional
case and showed that the moment condition in (4.4.10) is in a certain
sense necessary, see [61, Theorem 13.1.2]. Mogulskii [90, Theorem
1] has established a functional LDP under (4.4.10) for the setting of
Theorem 4.4.6. Logarithmic asymptotics for sums of i.i.d.r.v. under
(4.4.9) can also be derived from the estimates of the convergence rate
in the CLT in Ibragimov and Linnik [61, Chapter 3] and Petrov [103,
Chapter 5].

Example 4.4.13 is motivated by Theorem VIIL.3.43 in Jacod and
Shiryaev [67].
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Chapter 5

The results are based on Puhalskii [111, 112] (note, however, that
our condition (N £) is somewhat stronger than in Puhalskii [111], so
a correction needs to be made in that paper). The majoration and
continuity conditions are similar to those used in weak convergence
theory, see, e.g., Jacod and Shiryaev [67, VI.3.34]. Theorems 5.3.3,
5.3.4 and 5.3.5 are analogues of respective Theorems 8.2.1, 8.4.2 and
8.3.1 in Liptser and Shiryaev [79]. For the case where Af is contin-
uous Theorem 5.3.7 is an analogue of Theorem 8.4.1 in Liptser and
Shiryaev [79]. Theorem 5.4.3 is an analogue of Theorems IX.4.8 and
IX.4.15 in Jacod and Shiryaev [67].

The setting of Liptser and Puhalskii [78], who have considered
large deviations for quasi-continuous processes with the Cramér con-
dition on the jumps and linearly growing coefficients, is a special
case of the setting of Theorem 5.3.3 for the case where conditions
(A)oe + (a)ioc are checked by checking (I¢);oe. In particular, The-
orem 2.2 there follows by Theorem 5.3.7. As for Theorem 2.1 of
Liptser and Puhalskii [78], it is not quite clear if it follows from our
results since both results require some implicit conditions on the rate
functions, which are difficult to compare. However, for the case of
explicit sufficient conditions given by Theorem 9.1 in Liptser and
Puhalskii [78], one can obtain Theorem 2.1 there as a corollary of
Theorems 5.3.3 and 2.8.33.

The Markov setting has been analysed in Freidlin and Wentzell
[561], Wentzell [134], Dupuis and Ellis [43], Feng [49], Feng and Kurtz
[50], see also Azencott [7], Baldi [9], Baldi and Chaleyat-Maurel [10],
Friedman [52], Makhno [83], Micami [89], Narita [93], Remillard and
Dawson [116]. Diffusions with dependence on the past have been con-
sidered by Cutland [27]. Markov processes with discontinuous statis-
tics have been studied by Blinovskii and Dobrushin [12], Dupuis,
Ellis and Weiss [44], Dupuis and Ellis [42], Korostelev and Leonov
[74], Ignatyuk, Malyshev and Scherbakov [65].

Theorem 5.4.1, taken from Puhalskii [111], is a large-deviation
analogue of a result that derives convergence of Markov semigroups
from convergence of associated generators, see, e.g., Ethier and Kurtz
[48]. Feng [49] has obtained a similar result for Markov processes
with values in general metric spaces by the methods of nonlinear
semigroup convergence, see Feng and Kurtz [50] for further develop-
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ments in this direction.

Theorem 5.4.4 relaxes the assumptions of Theorems 4.4.1, 4.4.2,
4.4.2') and 4.4.3 in Wentzell [134], and Theorem 5.4.2 in combina-
tion with Theorem 2.8.33 relaxes the assumptions of Wentzell’s The-
orems 4.3.1, 3.2.3 and 3.2.3’. The main improvements are that we
do not require that either bs(u), or cs(u), or vs(dz;u), or gs(A;u) be
either continuous in the time variable or bounded, and the associated
convergences may take place only locally uniformly, not necessarily
uniformly on the entire space.

Theorem 5.4.8 has been motivated by Theorem 4.5.2 in Wentzell
[134]. A similar result can be proved for discrete-time processes.

Example 2 is prompted by Problem 8.4.1 in Liptser and Shiryaev
[79]. The proof of (5.4.11) is based on Liptser’s idea (private com-
munication).

Section 6.1

The results are based on Puhalskii [114], where more detail is given.
They complement results on diffusion approximation for queues in
Kingman [72], Prohorov [105], Iglehart and Whitt [64], Borovkov
[15], and Reiman [115]. Theorem 6.1.7 is an analogue of diffusion
approximation results in Prohorov [105] and Borovkov [15]; the proof
borrows ideas used in these proofs. The results of Subsection 6.1.2
are inspired by Reiman [115].

Section 6.2

Theorem 6.2.3 complements diffusion approximation results by Igle-
hart [62, 63], Borovkov [14, 16], Halfin and Whitt [57], and Whitt
[136]. For other results on large deviation asymptotics for many
server queues see Glynn [55] and Zajic [139].
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